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PREFACE 


This book is based on the notes written by J. J. Apalategui 
for presentation in his class in aircraft analytic geometry, con- 
ducted in the Douglas Santa Monica plant at intervals during 
the past four years for the training of loftsmen, engineers, and 
tool designers, and recently taught in the ESMWT Tooling 
Training Program at the University of California at Los Angeles. 

The material has been carefully organized and arranged so that 
designing and tooling engineers in the industry may, through 
home study of this work, gain a working knowledge of a basic 
mathematical concept that will greatly facilitate geometric and 
trigonometric computations in their fields. 

The book constitutes a new approach to a certain class of 
problems which arise in the engineering, lofting, and tooling of 
airplanes. The approach is mathematical and is based on the 
principles of plane and solid anal3rtic geometry. Some of the 
ideas treated are calculation of the true length of a line segment, 
true angle between two lines, true distance from a point to a line, 
shortest distance between two lines in space, true angle between 
a line and a plane, true angle between two planes, true distance 
from a point to a plane, equations of lines and planes, revolution 
of a point about a line, mathematical calculation of single-canted 
and double-canted ribs, rotation of axes in one plane, rotation of 
axes through both incidence and dihedral, graphical and mathe- 
matical analysis of conics, locating points and determining angles 
and dimensions necessary in engineering, tool designing, layout, 
and jig building. 

The book is intended for use by men in the lofting, tool design- 
ing, and jig-building departments and will also be very useful 
for men in the layout and development groups of the engineering 
department. It will be of particular interest to students and 
insti-uctors of college and ESMAVT (U‘seri})tive geometry courses, 
since it explains methods which sim])lifv the mathematical check- 
ing of layouts made by d(‘scriptive geometry. . Since the applica- 
tion of this method is new to the industry, it should be welcomed 
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PREFACE 


by all technical men for reasons of their interest in progressive 
developments. 

The methods outlined in this book have proved invaluable to 
the tooling division of the Douglas Aircraft Company, Inc, 
They have initiated an exactitude in tool design and tool fabri- 
cation by mathematical analysis which has aided in the evolution 
from cut-to-fit and drill-to-match methods to those of mass pro- 
duction which permit the manufacture of accurately formed 
detail parts that arrive at the final assembly line for installation 
without further rework. 


J. J. Apalategui, 
L. J. Adams. 

Los Angeles, Calif., 

Santa Monica, Calif., 

January , 1944. 
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FOREWORD 


This book is based upon ideas and mathematical methods 
developed in the tooling division of the Douglas Aircraft Com- 
pany, Inc., by J. J. Apalategui, tooling project supervisor in 
charge of lines layouts and lofting procedures. It presents an 
exact approach to a large class of geometrical problems which 
arise in the lofting, engineering, and tooling of airplanes — an 
approach which has contributed largel}^ to the ever-increasing 
demands of the industry for precision manufacturing. 

The application of analytic geometry as a precise method in 
the location of fundamental points, lines, and planes and in the 
calculation and rotation of angles was initiated by the author in 
1937 during the tooling of the prototype C-54 and developed to 
its highest point on the B-19 superbomber. The complete analysis 
and definition of loft lines layouts by the equations of conics 
were introduced in 1940. 

Credit for the development and refinement of this work is due 
to the initiative, ability, and resourcefulness of Mr. Apalategui 
and his associates in the tooling division. 

The selection and organization of the material included in this 
book are largely the work of L. J. Adams, head of the department 
of mathematics, Santa Monica Junior College, who also has made 
valuable contributions to the chapters dealing with the mathe- 
matical analysis of curves used in lofting. 

The authors, in presenting this difficult subject in a practical, 
simplified, and self-explanatory form, have unquestionably made 
a major contribution to the entire industry and to the war effort. 

Although this text contains all the essential material, Mr. 
Apalategui is still conducting and encouraging research along 
lines which transcend even the limits of this presentation. 

A. W. Davies, 

Santa Monica, Calif., Superintendent of Tooling 

Jammnj, 1944 . Santa Monica Plant 

Douglas Aircraft Company, Inc 
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AIRCRAFT ANALYTIC GEOMETRY 


CHAPTER 1 
TRIGONOMETRY 


This chapter constitutes a brief review of trigonometrj". 
Particular emphasis is placed on those topics of trigonometry 
which find applications in the 
succeeding chapters of this book. 

The definitions of the trigono- 
metric functions, interpolation, 
inverse interpolation, the solution 
of triangles, and the fundamental 
trigonometric identities are essen- 
tial to the work that follows this 
chapter. 

1 . 1 . Definitions. In the right 
triangle of Fig. 1.1 the side a is the opposite side, h is the adjacent 
side, and c is the hypotenuse. The definitions of the six trigono- 
metric functions and their abbreviations are 



sine A 
cosine A 
tangent A 
cotangent A 
secant A 
cosecant A 


opposite "side 
hypotenuse 
adjacent side 
hypotenuse 
opposite side 
adjacent side 
adjacent side 
opposite side 
hypotenuse 
adjacent side 
hypotenuse 
opposite side 


• A ^ 

Sin A = - 
cos A 
tan A =~ 
cot A - - 
sec A = ~ 

CSC .1 == 


1.2. Unit sides. If one side is taken to be unity (one unit 
long), then the diagrams in Fig. 1.2 result. From Figs, l.l and 
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Example 3. In Fig. 1.1, let 6 = 16 and A = 35°. Find a. 

tan 35° = 0.70021. 
a = b tan A. 

a = (16)(0.70021) = 11.203. 


Example 4. In Example 3 find c. 

cos 35° = 0.81915. 
c = h sec A 
16 

^ “ 0.81915 

Example 6. In Fig. 1.1, let a = 21 and A =- 17“. Find 6. 

cot 17° = 3.2709. 
b = a cot A. 

b = (21) (3.2709) = 68.689. 


b 

cos A 
= 19.532. 


Example 6. In Fig. 1.1, let a = 64 and A — 38°. Find c. 


sin 38° = 0.61566. 
a = c sin A. 
a 

sin A 
64 
0.61566 


= 103.953. 


Example 7. In Fig. 1.1, let b = 8- and A == 20°. Find c. 


cos 20° = 0.93969. 
b = c cos A. 

^ 

cos A 
8 


8.513. 


0.93969 

Example 8. In Fig. 1.1, let a = 36 and A = 40"". Find h. 

tan 40° = 0.83910. 
a = b tan A. 


b = , • 

tan A 

36 


0.83910 


= 42.903. 
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Exercises (see Fig. 1.1) 

1. c == 24, A = IS'". Find a. 

2. c = 72, A = 15^. Find b. 

3. & = 72, A = 28°. Find a. 

4. 6 = 72, A = 28°. Find c. 

5. a == 37, A = 19°. Find 6. 

6. a = 54, A = 31°. Find c. 

7. 6 = 18, A = 43°. Find c. 

8. a = 66, A = 22°. Find b. 

1.4. Interpolation. When the angle is given in degrees, 
miniites, and seconds, the value of the function can be determined 
by interpolation. 

Example 1. Find sin 17°23A2". 

sin 17°24' = 0.29904. 
sin 17°23' = 0.29876. 

Tabular difference = 28. 

-J# X 28 = 5.6 = 6. 

, sin 17°23'12" = 0.29876 + 0.00006. 

= 0.29882. 

Example 2. Find cos 17°23T2". 

cos 17°23' = 0.95433. 
cos 17°24' = 0.95424. 

Tabular difference = 9. 

■if X 9 = 1.8 = 2. 

cos 17°23T2" - 0.95433 - 0,00002 - 0.95431. 

The sine is an inci^asing function, and the cosine is a decreas- 
ing function for the angles between 0° and 90°. The tangent and 
secant are increasing functions, and the cotangent and cosecant 
are decreasing functions for the angles between 0° and 90°. The 
method for interpolating the increasing functions is as shown in 
Example 1 above, and the method for decreasing functions is as 
in Example 2. 

1. Find sin 18°15A5". 

2. Find cos 28°16'20". 

■ 3. Find tan 19°25T5". 

4. Find sin 34°18T6". 

5. Find cos 30°46'37''. 

6. Find tan 8°15'51". 


Exercises 
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1.5. Functions of complementary angles. 

sin (90° — A) = cos A, 
cos (90° — A) = sin A, 
tan (90° — A) = cot A. 
cot (90° ~ A) = tan A. 
sec (90° — A) = CSC A. 

CSC (90° ~ A) = sec A. 

Example 1. Find sin 75°16'. 

90° - 75°16' = 14°44'. 
sin 75°16' = cos 14°44'. 
sin 75°16' = 0.96712. 

Example 2. Find cos 58°42'. 

90° - 58°42' = 31°18'. 
cos 58°42' = sin 31°18'. 
cos 58°42' = 0.51952. 

Example 3. Find tan 81°7'. 

90° - 81°7' 8°53'. 

tan 81 °7' = cot 8°53'. 
tan 81 °7' = 6.3980. 

Exercises 

1. Find sin 86°15'. 

2. Find cos 48°52'. 

3. Find tan 81°35'. 

4. Find cot 46°17'. 

6. Find sin 52°16'31". 

6. Find cos 62°4S'52". 

7. Find tan 77°16'45". 

1.6. Inverse Interpolation. When the function is given, the 
angle can be determined by inverse interpolation if the function 
is not in the tables. 

Example 1. CUvon sin A = 0.18942. Find A. 

sin 10°56' = 0.18967. 

sin A = 0.18942. 
sin 10°55' = 0.18938. 

Tabular dilTorence = 29. 

5%- X 60" = 8". 

A = 10°55'8". 
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Example 2. Given cos A — 0.98014, Find A. 

. cos 11‘=’26' = 0.98016. 
cos A = 0.98014. 
cos 11°27' = 0.98010. 

Tabular difference = 6. 
i X 60" = 40". 

60" - 40" = 30". 

A = 11°26'20". 

The increasing functions are calculated as in Example and 
the decreasing functions as in Example 2. 

Exercises 


1 , 

Given sin A 

== 0.61650. 

Find A 

2 .. 

Given cos A 

= 0.76971. 

Find A 

3 . 

Given tan A 

= 0.75548. 

Find A 

4 . 

Given sin A 

= 0.76631. 

Find A 

6 . 

Given cos A 

= 0.69395. 

Find A 

6 . 

Given tan A 

= 1.1286. 

Find A, 

7 . 

Given cot A 

= 1.1842. 

Find A, 

8 . 

Given esc A 

= 1.0892. 

Find A. 

9 . 

Given sec A 

= 1.2168. 

Find A, 

10 . 

Given sec A 

= 1.5155. 

Find A. 


1.7. Solving right triangles when two sides are given. When 
two sides are given, the acute angles can be calculated by using 
the tables. 

Example 1. In Fig, 1.1, let a = 12 and h 7, Find A. 

tan ^ = -V- = 1.7143. 
tan 59°45' = 1.7147. 

tan A = 1.7143. 
tan 59^44' = 1.7136. 

Tabular difference = 11. 

^ X 60" = 38". 

A = 59°44'38". 

Example 2. In Fig. 1.1, let a = 15 and c = 32. Find A. 

sin A ^ a = 0.46875. 
sin 27®58' = 0.46896. 

sin A = 0.46875. 
sin 27°57' = 0.46870. 

Tabular difference = 26. 

■fy X 60" = 12". 

A = 27°57T2". 
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Example 3. In Mg. 1.1, let 6 = 17 and c = 32. Find A. 

cos A = = 0.53125. 

cos 57°54' = 0.53140. 

" cos A = 0.53125. 
cos 57°55' = 0.53115. 

Tabular difference = 25. 

M X 60" = 24". 

60" - 24" = 36". 

A = 57°54'36". 

Exercises (see Fig. 1.1) 

1 . a = 43, 5 « 21. Find A. 

2 . b - 17, c - 24. Find A. . 

3. 6 = 8, c =» 29. Find A. 

4. a = 14, c == 42. Find A. 

1.8. Applications. The ideas and principles of the preceding 
articles can be used to solve many types of problems that arise 
in the lofting and- related departments. Some of these, which 
bear directly upon the chapters to follow, are illustrated in these 
examples and exercises. 



Fig. 1,3. 


Example 1. In Fig. 1.3 the line segment AC is the front spar trace on a 
normal rib plane with B as the intersection with the chord, the line segnaent 
DF is the center spar trace on the normal rib plane with E as the inter- 
section with the chord, and the line segment GI is the rear spar trace 
on the normal rib plane with II as the intersection with the chord. The 
following dimensions are given: 

AB = 15.128. BC - 8.140. DE = 16.976. 

EF = 10.013. GII = 8.798. HI = 5.439. 

(a) Find the length of AT A. 


ZABM 

A£A 

'ab 

AIA 
AI A 


= 180° - 93°21' = 86°39'. 

= sin 86°39'. 

= (15. 128) (0.99829). 

= 15.102. 
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(h) Find the length of NC. 


= sin 86'^39'. 


ZNBC = 86°89'. 

NC 
BC 

NC = (8.140) (0.99820). 
NC = 8.126. 


(c) Find the length of MB. 


MB 

AB 

MB 

MB 


cos 86“39'. 

- (15.128) (0.05844), 
= 0.884. 


(d) Find the length of 


— = cos 86°39'. 

NB = (8.140) (0.05844). 
NB - 0.476. 


Find the lengths of 

1 . OD. 
3 . OE. 

6. QG. 

7 . QH. 


Exercises 


2. PF. 
4 . EP. 
6. RI. 
8 . RH. 


Example 2. The cosine of the true angle between two lines is 0.98717. 
Find the angle. 

cos 9°11' - 0.98718. 

cos d = 0.98717. 
cos 9°12' = 0.98714. 

Tabular difference = 4. 

f X 60'^ = 45'^ 

60" - 45" = 15". 

e = 9niT5". 


Example 3. In the plan view of a chord plane wing, the semispan is 
600 in. and the angle of sweepback of the leading edge is 4°30'. Find the 
length of the leading edge in this view. The diagram is similar to Fig. 1.1, 
where h is the semispan, c is the leading edge, and angle A is the sweepback 
angle. 

7 = sec A. 
o 

c = (600)C1.0031). 
c = 601.86. 
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Example 4. The cosine of the true angle between the center line of the 
flap hinge and a normal to the plane of a vertical rib is 0.99717. The. true 
angle between the center line and the vertical rib is the complement of the 
true angle between the center line and the normal to the rib plane. Find the 
true angle between the center line and the plane of the vertical rib. 

cos 4°18' = 0.99719. . 

cos A = 0.99717. 

cos 4'‘19' = 0.99716. 

Tabular difference = 3. 
i X 60" = 20". 

60" — 20" = 40". 

A = 4“18'40". 

90° - 4°18'40" = 85“41'20'^ 

+ Y 



Another method would be to make use of the fact that sin (90° — A) = cos A. 

sin 85°42' - 0.99719. 
sin (90° - A) = 0.99717. 

sin 85°41' = 0.99716. 

Tabular difference = 3. 
i X 60" = 20". 

90° - A = 85°41^20". 

That is, in this example use the table of sines instead of the table of cosines. 

1.9. Angles greater than 90°. The definitions of the six 
trigonometric functions can be extended to the case of angles 
greater than 90*^ (see Fig. 1 .4). In Fig. 1.4 the arrow on the x axis 
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denotes the direction in which x is positive, and the arrow on the 
y axis denotes the direction in which y is positive. Any angle 
obtained by rotating counterclockwise from the positive direction 
of the X axis is a positive angle. When a triangle is constructed 
for determining the functions of an angle greater than 90® the x 
axis is always a side of the right triangle (see Fig, 1.5). The 
hypotenuse is always the line that generates the angle, and the 

+Y 



other side of the right triangle is always drawn perpendicular to 
the X axis. The hypotenuse is always positive. The signs for 
the sides of the right triangle can be determined by their location 
with respect to the positive and negative directioiQLS of the x axis 
and y axis. 

The four quadrants are numbered with roman numerals in 
Fig. 1.5. All six trigonometric functions are positive in the first 
quadrant. The sine and cosecant are positive in the second 
quadrant, and the other four functions are negative in the 
second quadrant. The tangent and cotangent are positive in 
the third quadrant, and the other functions are negative in 
the third quadrant. The cosine and secant are positive in the 
fourth quadrant, and the other functions are negative in the 
fourth quadrant. 
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The following formulas are useful in finding the trigonometric 
functions of angles larger than 90°. Here A represents an angle 
less than 90°. 


sin (90° 

A) 

= 

COS A . 

sin (90° + A) 

COS A. 

sin (180° 

A) 

= 

sin A. 

sin (180° + .4) 

— sin A. 

sin (270° 

A) 

= 

— cos A. 

sin (270° 4- 4) 

— cos A, 

sin (360° 

A) 

= 

— sin A. 

sin (360° + A) 

sin A. 

cos (90° 

A) 

= 

sin A. 

cos (90° + A) 

— sin A. 

cos (180° 

A) 

== 

— cos A. 

cos (180° + A) 

— cos A, 

cos (270° 

A) 

= 

— sin A. 

cos (270° + A) 

sin A. 

cos (360° 

A) 

= 

cos A. 

cos (360° + A) 

cos A. 

tan (90° 

A) 

= 

cot A. 

tan (90° + .4) 

— cot A, 

tan (180° 

A) 

= 

— tan A. 

tan (180° + A) 

tan A. 

tan (270° 

A) 

= 

cot A. 

tan (270° + 4) 

— cot A. 

tan (360° 

A) 

= 

tan A. 

tan (360° + A) 

tan A. 


Example. The cosine of the true angle between two planes is —0.98717. 
Find the angle. If cos A = 0.98717, then A = 9°11'15". Since the cosine 
is negative, the angle lies in the second quadrant. Therefore the true angle is 

180° - 9°11T5" = 170'’48'45". 

The angle between two planeis is always less than 180°, and therefore, when 
the cosine of the angle between two planes is negative, the angle in the second 
quadrant should be used as the answer. 


Exercises 

Using the tables and the formulas for the functions, of angles greater than 
90°, find the numerical values of the following functions: 


1 . sin 92° 16'. 
3 . tan 98°48'. 

6. cos 17i°18'. 

7 . sin 201 °23'. 
9 . tan 264°6'. 

11 . cos 315°23'. 
13 . sec 165°15'. 
16 . cot 112°19'. 


2 . cos 93°27'. 
4 . sin 151 °10'. 
6. tan 178T2'. 

8. cos 224°58'. 
10 . sin 302°58'. 
12 . tan 356°11'. 
14 . CSC 201°17'. 


1-10. Graphs of the trigonometric functions. The graphs of 
the trigonometric functions arc given in Fig. l.G. Notice how 
each function varies as the angle increases from 0° to 360*^. From 
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the graphs the following values of the functions at the given 


angles may be read: 
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(a) sin 0® = 0. 

sin 90® = 1. 

sin 180® = 0. 

sin 270° = 

sin 360° = 0. 

(c) tan 0° = 0. 

tan 90° ■ = CO . 

tan 180° = 0. 

tan 270° = oo . 

tan 360° = 0. 

(e) cot 0° = oo . 

cot 90° = 0. 

cot 180° = — CO . 

cot 270° = 0, 


cot 360° — — 


4-Y 



1 . 6 . 


(b) cos 0° = 1 

cos 90° = 0 

cos 180° = - 1 

cos 270° = 0 

cos 360° = 1 

(d) sec 0° = 1 

sec 90° = CO 

sec 180° = - 1 

sec 270° = — CO 
sec 360° = 1 

f 0 CSC 0° = CO 

CSC 90° = 1 

CSC 180° = CO 

CSC 270° = - 1 

CSC 360° = - CO 


oo 
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1.11. Solving oblique triangles when two angles and one side 
are given. In this case the sine law can be used (see Fig. 1.7). 



Fig. 1.7 


sin A _ a 
sin B b 
sin B _ h 
sin C c 
sin A __ a 
sin C ~ c 


Example. A = 33°15', C -- 65°10', c = 31. Find a, b, B, 


sin A 

a 

sin C 

c 

sin 33T5' 

a 



sin 65T0' 

31 

0.54829 

a 

0.90753 


a 

0.54829 

= 31 X 

0.90753 
= 18.729. 

33^5' + 65T0' 

= 98°25'. 

180° - 98°25' 

= 81°35' = B. 

sin B 

b 

sin C 
sin 81°35' 

b 

sin 65° 10' 

31* 

0.98923 

b 

0.90753 

31* 

b 

. 0.98923 

b 

0.90753 
= 33.791. 


1.12. Solving oblique triangles when two sides and an angle 
opposite one of them are given. The sine law can be used in 
this case. 
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Example. A =-= 130^48^ a = 92, 6 = 71. Find B, C, c. 

sin A 
sin B 
sin 13 0°48^ 
sin B 
0.75700 
sin B 
sin B 
sin B 
B 

130'=48' 4- 35®44'50" 

180° - 166°32'50" 
sin A 
sin C 

sin 130°48' 
sin 13°2740" 

0.75700 
0.23265 


c 

If A < 90°, a < h, a > h sin A, there are two triangles that satisfy the given 
conditions, and this is therefore called the ambiguous case. 

1.13. Solving oblique triangles when two sides and the included 
angle are given. In this case the cosine law can be used. 

= h- + — 2hc cos A. 

•52 == ^2 _j_ ^2 _ 2ac cos B. 

_ ^2 52 _ 2ah cos C, 

Example, b = 60, c = 48, A = 41°22'. Find a, C. 

= 52 ^2 _ 25c cos A. 

a 2 = QQ 2 4 g 2 _ 2(60) (48) cos 41°22'. 

= 3,600 + 2,304 - 2(60) (48) (0.75050). 
a2 = 5,904 - 4,322.88. 

= 1,581.12. 
a = 39.763. 

To find B, use 

sin A a 

sin B b 



Then to find C use 


r = 180° - (A + B), 




1.16. Angle revolution chart. In Fig. 1.9 the measured angle 
oj is rotated through the angle /3 and the true angle is <p. If 
a and /? are given, then angle 4> can be determined from this 
nomograph. 
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Example. If a is 21° and /3 is 48° then the true angle is determined by 
laying .a straightedge from 21° on the tx scale to .48 on the ^ scale and then 
reading the result on the 4* scale, which in this case is 29.7 . 


o 



If OL and <i> are given, then /3 can be determined by setting the 
straightedge on the a and values and reading the answer on 
the id scale. 
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If /3 and 4> in'© given, then a can be determined by setting the 
straightedge on the and (f> values and reading the answer on 
the a scale. 

Notice that the plane containing the angle a must be perpen- 
dicular to one of the two given planes. It is a common mistake 
to use this chart when this is not the case. When the plane 
containing od is not perpendicular to one of the given planes, twm 
rotations are necessary to obtain the true angle. This case will 
be discussed later. The angle revolution chart can he used only 
when the plane containing the measured angle a is perpendicular 
to one of the given planes. 



Exercises 


1. 

oi ~ 15°, 


= 55°. 

Find <f>. 

2. 

a: = 41°, 


= 32°. 

Find <^. 

3. 

a = 36°, 

/y 

= 41°30'. 

Find (f>. 

4. 

a = 9°15', 

13 

= 52°45'. 

Find 4>. 

6. 

/3 = 30°, 

cfy 

= 41°. 

Find a. 

6. 

^ = 37°, 


= 52°. 

Find ce. 

7. 

Oi = 36°, 

<t> 

= 43°, 

Find IS. 

8. 

« = 39°, 


= 46°, 

Find (S. 

1.16. Milling 

setup. 

Figure 


1.10 shows a trigonometric* 
method for determining the true angles for a milling setup. 
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Example. If angle T is 25°10' and angle R is 32°20', find angle L and 
angle S. . 

tan 25^^10' == 0.46985. 
cos 32°20' = 0.84495. 

tanZ/ - (0.46985) (0.84495). 
tan JL ~ 0.39700. 

JL = 21W11". 
tan;8 = (0.63299) (0.39700). 
tan = 0.25130. 

S = 14‘’6'23^'. 


Exercises 

X..S= 15n0', L = 20°30'. Find R, T. 

2, jS 10°40', L = 25"16'. . Find R, T, 

3, R = 30^15', T = 22^35'. Find Z, S, 

4, - 31°28', T = 24°17'. Find Z, S. 

1.17. Miscellaneous exercises. 


oir 



Example 1. See Fig. 1.11. If the closed bend angle /3 is 12°, the thick- 
ness of the metal is 0.040, and the radius R is 0.165, find the distance AZ, 
from A to the heel line. 


90° - 12° = 78°. 

or = i X 78° = 39°. 

CA = 0.165 + 0.040 = 0.205. 


AB^ 

CA 


cot or. 


AB = CA cot or. 


AB = (0.205)(1.2349). 
AB = 0.253. 


Example 2. In Fig. 1.12 the seniispan is 500 in. and the root chord is 
200 in. If the sweepback angle of the leading edge or is 7° and the sweep- 
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forward angle of the trailing edge ^ is 4®32', find the offsets marked a and h 
and find the length of the tip chord. 



a 


tan 7°. 


a = (500) (0.12278). 
a = 61.390. 


h 

500 


tan 4°32'. 


6 = (500) (0.07929). 

5 = 39.645. 

Tip chord = 200 - (61.390 -h 39.645). 
Tip chord = 98.965. 



CHAPTER 2 


PLANE ANALYTIC GEOMETRY 

This chapter constitutes a brief review of certain topics in 
plane analytic geometry that are essential to the remainder of 
this book. Since engineering drawings give the projections of 
points, lines, and planes on a system of three basic reference 
planes, the material in this chapter is necessary to the study of 
solid analytic geometry as applied to the airplane. When one 
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Fig. 2.1. 


orthographic view is sufficient to describe an object completely, 
plane analytic geometry is sufficient to effect the solution of 
such problems as true length of a line segment, slope of a line, 
angle between two lines, and distance from a point to a line. 

2.1. System of axes. Consider two perpendicular lines inter- 
secting at 0. The horizontal line is the x axis, the vertical line 
is the y axis, and the point 0 is the origin. A point in a plane is 
determined by tivo ordered dimensions, or values, given with 
reference to the x axis and the y axis. Consider the point P, 
as shown in Fig. 2.1. The perpendicular distance from P to the 

20 
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y axis is called the abscissa {x distance) of P, and the perpendicu- 
lar distance from P to the x axis is called the ordinate {y distance) 
of P. The abscissa of P is positive (-|-) when P lies to the right 
of the y axis, and is negative ( — ) when P lies to the left of the 
y axis. The ordinate of P is positive (-T) when P lies above the 
X axis, and is negative ( — ) when P lies below the x axis (see 
Fig. 2.1). 

An ordered pair of real numbers determines one point. Thus 
(3, —5) determines the point which is 3 units to the right of the 
y axis and 5 units below the x axis. The abscissa is always stated 
first and the ordinate is always stated second. Every point 
determines an ordered pair of real numbers. 

The X axis and y axis can be thought of as a reference system 
or reference framework for locating points. 

These axes apply to a single plane. In engineering drawings 
two views are necessary to determine a canted (skew) line or a 
canted plane. Often three views are given, but two views are 
sufficient, since the third view can be obtained by orthographic 
projection. The system of axes described above will apply to 
one view only. For example, the system of axes can be used to 
act as a reference framework for the plan view of a wing, while 
another system would be necessary for the front view of the wing. 
The use of a system of three mutually perpendicular reference 
axes for three-view drawings will, be explained in the next 
chapter. In this chapter attention will be given to single views, 
and the projections of points, lines, planes, angles, etc., on a 
single plane at a time. If, as is sometimes the case, a point, line, 
or angle lies in the plane of the paper, then this system of axes 
will be sufficient to describe its location; but, if the object is out 
of the plane of the paper, then this reference S 3 ^stem will describe 
only its projection on the plane of the paper. 

In the plan view of a wing lofted by the wing chord plane 
method, the chord plane lies in the plane of the paper, and the 
leading edge of the wing lies in the plane of the paper, so that the 
equation of the leading edge will completel^’^ represent the leading 
edge. In the case of a wing lofted b^^ the Aving reference plane 
method, the leading edge of the wing is not in the plane of the 
paper, and the equation of the leading edge in the plan view of 
the wing will represent only the projection of the leading edge 
on the wing reference plane. 
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2.2. Length of a line segment. The length L of the line 
segment' P 1 P 2 joining the point Px{xi, 2/i) “to the point yi) 

is given by the formula 

L = y/ {xi — x^y -h (2/1 — y^y. 

See Fig. 2.2. 
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Example 1. Find the length of the line segment joining the two points 
(2, 3) and ( — 4, 7), as shown in Fig. 2.3. 

L = •\/(-4 - 2)2 + (7 - 3)2. 

L = V(- 6 )^ + ( 4 >. 

L = V36 + 16. 

L = VHi- 

i = 7.211. 

Example 2. The rear spar traee on the chord plane is a line segment 
determined by two points. These points are the point of intersection with 
normal rib station 0, whose coordinates are (0, 23.145), and the point of 
intersection with normal rib station 135, whose coordinates are (135, 15.346). 
Find the length of the rear spar trace on the chord plane (see Fig. 2.4). 

L = -\ /(135 - 0)2 + (L5.3 46 - 23.145)^ 

L = V(135)2 + (-7.799)’“. 

L = 135.225. 

The formula for the length of a line segment is actually the 
expression for the length of the hypotenuse of a right triangle, as 
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obtained by the theorem of Pythagoras (see Fig. 2.2). Notice 
that the true length of the line segment is not obtained if the line 
segment is part of a canted line in space: That true length will 
be discussed in a succeeding chapter. In the present chapter the 
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Fig. 2.3. 



Fig. 2.4. 


length obtained is the length of the projection of the canted line 
segment on the reference plane of the paper. It will be the true 
length of the line segment if, and only if, one of the other two 
basic views of the line segment is a level line, in the sense of level 
lines as used in descriptive geometiw and .orthographic projection. 
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These lengths of projected line segments are useful in them- 
selves. In Fig. 2.4 the ^^rear spar trace is the intersection of 
the plane of the forward face of the rear spar with the wing chord 
plane. In this drawing- the wing chord plane is the plane of the 
paper, and the rear spar is normal (perpendicular) to the plane 
of the paper. Therefore the length obtained for the rear spar 
trace is the true length of this segment of the line of intersection, 
since the trace lies in the plane of the paper. 

Exercises 

Find the lengths of the line segments joining the following pairs of points: 

1. (8, 2). and (4, 1). 

2 . (25, -3) and (7, 2), 

3 . (6, -8) and (-17, 4). 

4 . (-11, 6) and (-3, -9). 

5 . (-15, -12) and (-25, -16). 

2.3. Inclination of a line. The inclination of a line is the angle 
from the x axis to the line, measured from the x axis to the line 
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in a counterclockwise direction (see Fig. 2.5). The inclination 
is always measured above the x axis. 

Example 1. Find the inclination of the line through the two points 
(10, 3) and (1, 2). 

tan« ^2- =1=0.11111. 

Of = 6°20'25". 
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Example 2. Find the inclination of the line through f6, 17) and (2, 25). 


tan a 


17 ~ 25 __ -8 
6 ~ 2 ” 4 


arc tan 2 = 63®26'4". 
arc tan — 2 = 180° - 63°26'4" 
a = 116°33'56^'. 


_ 2 . 


116“33'o6". 


Example 3. Find the inclination of the rear spar trace in Fig. 2.4. This 
line is determined by the two points (0, 23.145) and (135, 15:346). 

15.346 - 23.145 
135-0 
-7,799 
135 

-0.05777. 

176°41'37". 


tan O' = 

tan O' = 
tan oi = 

O' = 


Notice that when the tangent is negative the angle is in the second quadrant, 
i,e., the angle lies between 90° and 180°. 

This trace, by the definition of the word trace, is in the plane 
of the paper, and the angle is therefore the true angle between 
the X axis and the trace. 

Two lines that have the same inclination are parallel. This 
applies strictly to two lines which lie in the plane of the paper. 
If the lines are skew lines in space then it is only their projections 
on the plane of the paper that are parallel, according to this test. 

^ Exercises 

Find the inclinations of the lines through the following pairs of points: 

1. (17, 23) and (9, 15). 

2. (12, -3) and (7, -4). 

3. (1, 0) and (16, -9). 

4. (-3, -2) and (2, -5). 

6. (14, 2) and (16, 9). 

2.4. Slope of a line. The slope of a line is the tangent of the 
angle of inclination. The slope m of the line through Pi (a- 1 , '^i) 
and V^) is given by the formula 

X2 — :ri 

Example 1. Find the slope of the line through the two points (2, 8) and 
(1, 3). See Fig. 2.6. 
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Example 2. The slope of the line of intersection of a normal rib plane 
with the rear spar plane is determined by two points. These points are the 
point of intersection, of the top lofted line of the rear spar on the normal rib 
plane Pi(76.149, 10.907), and the point of intersection of the bottom lofted 
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line of the rear spar on the normal rib plane ^2(75.290,. —8.317). 
Fig. 2.7. 


Slope == m 


10.907 - (-8.317) 
76.149 - 75.290 
19.224 
0.859 


22.380. 


See 


Exercise 


Find the slopes of the lines in the exercises in Art. 2.3. 
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Example 3. Find the slope of the line whose inclination is 2°. 

« = 2 °. 
m — tan a. 
m — tan 2*". 
m = 0.03492. 


Example 4. Find the inclination of the line of intersection of the plane of 
a fuselage canted frame with the plane of symrnetry. This line is deter- 
mined by two points : the point of intersection of the canted frame with the 
top of airplane (115.375, 56.049) and the point, of intersection of the 
canted frame with the bottom tof airplane (105.437, —40.906). 


Slope = 7n — 


56.049 — (-40.906) 


Inclination 


115.375 

96.955 

9.938 

84 ° 8 ' 51 '^ 


105.437 
= 9.7560. 


Two lines that have the same slope are parallel. If m is 
^iie slope of one line and n is the slope of another line, and if 
qnn = ~~ 1 , then the two lines are perpendicular; i.e., two lines 
are perpendicular if and only if their slopes are negative recipro- 
cals. For example, if the slope of one line is 2 and the slope of 
another line is — then their slopes are negative reciprocals, 
( 2 )(— -I-) = — 1 , and the lines are therefore perpendicular. If 
the two lines are in the plane of the paper, they are actually 
parallel or perpendicular, according to these tests, but if they are 
skew lines in space then their projections on the plane of the 
paper are parallel or perpendicular, according to these tests. 

In a subsequent chapter tests will be developed to determine 
whether two skew lines in space are parallel or perpendicular. 

2 . 5 . Point-slope equation of a straight line. If the slope of a 
given line is m and if the line passes through the point Pi(xi, ?/i), 
then the equation of the line is . . ‘ 


y — ^ m{x — Xi). 

This equation can be derived as follows: The slope of a line is 
^ = m. Substitute u’, 2/ for a:2, 2/2. This gives = 771, 

X2 Xi ^ 

or 2/ — 2/1 = m(x — Xi). 
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Find the equation of the line through the point (2, 5) with 

2/ — 5 = — 2). 

3?/ - 15 = a; - 2. 
sV = a; 4- 13- 
y — A- 

When the equation is in this form given values of x may be sub- 
stituted and the corresponding values of y can be calculated: 

Exercises 

Find the equations of the lines determined by the following points and 
slopes: 

1, (3, 2) and w = -J-. 

2, (—4, 6) and m ~ S. 

3, ( — 5, —7) and m == —2. 

Reduce the answers to the form y = mx -f- 5. 

Example 2. Find the equation of the leading edge of the rudder, which is 
determined as a line intersecting normal rib station 15 at the point 14.196 i%. 
forward of the center line of the hinge, and having a definite “sweepback” 
angle, the slope of which is — 0.12146 (see Fig. 2.8). 

7 / — 2/1 = — ^i)> 

Xi = 16. 

2/1 = 14.196. 
m = -0.12146. 

y — 14.196 = -0.12146(0; - 15). 

y = -0.121460; -h 14.196 + 15(0.12146). 
y = -0.12146O: -b 16.018. 

When the equation of the leading edge of the rudder is given 
in this form, it is possible to determine its point of intersection 
with any other normal rib plane. 

Example 3. Find the coordinates of the point of intersection of normal 
rib station 70 (a; = 70) with the leading edge of the rudder (refer to Fig. 2.8). 

y = —0.12146a: A- 16.018 (refer to Example 2). 
a: = 70. 

y = (-0.12146) (70) + 16.018. 
y = -8.502 + 16.018. 
y = 7.516. 

Example 4. Find the equation of the trailing edge of the rudder, whicdi is 
determined as a line intersecting rib station 1 st tho ooint 1 f\ 9..^S off nf fU^ 


Example 1. 
slope -g-. 

Simplifying, 
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center line of the hinge, and having a ‘‘sweepforward'’ or slope of 0.18805 
(see Pig. 2.8). 

2 / — 2/1 == m{x — Xi). 

, Xi = 15. 

2/1 == -16.238. 
m = 0.18805. 

2/ - (-16.238) - 0.18805(x - 15). 

2 / = 0.18805a; - 16.238 - 2.821. 

2/ = 0.18805a; - 19.059. 

Here x represents the station distance as measured along the center line of 
rudder hinge and ?/ represents the offset aft of the center line. To find the 
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offset to the trailing edge at station 70, merely substitute x = 70 in the 
equation of the trailing edge, 

2/ = (0.18805) (70) - 19.059. 
y = —5.896. 

Notice that the equation of a line in this form is well adapted 
to use with calculating machines. In the equation of the trailing 
edge, ‘^dock” the number 19.059 in the machine negatively and 
enter the constant factor 0.18805 on the keyboard- Then any 
number of x values can be put into the machine and the complete 
2/ value can be read directly in one operation. The exact details 
of this manipulation depend upon the make of the calculating 
machine, but the principle is the same on most machines. 
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In writing the equation of a line when the sweepforward or 
sweepback angle or slope is given, care must be taken- to use the 
correct sign for the value of the slope m (see Fig. 2.5). If the 
inclination, as defined in Art. 2.5, is less than 90°, the value of m 
is plus; if 'it is greater than 90°, the value of m is minus. 

In the equation of a line, such as ^ — 0.18805rr — 19.059, the 
quantities 0.18805 and —19.059 are constants and the x and y 
are variables. The equation of a line can be thought of as a 
formula that enables one to determine whether or not a given 
point lies on the line. For example, the point (2, 3) does not lie 
on the line, because when 2 is substituted for a: and 3 is substituted 
for y the equation is not satisfied, ^^e., the left-hand side of the 
equation is not equal to the right-hand side. However, the point 
(15, —16.238) does lie on the line, because when 15 is substituted 
for X and —16.238 is substituted for y the equation is satisfied. 
Therefore the equation of a line is a relation between pairs of 
numbers x, y which is satisfied by all those points, and only those 
points, which lie on the line. In this sense the equation of a line 
represents the line. 

2.6. Two-point equation of a straight line. If a given straight 
line passes through the points Px(xi, y{) and y^) then its 

equation is 

This equation can be derived as follows. The slope of a line is 
^ = m. Substitute rr, 2 / for 0 ^ 2 , 2 / 2 . This gives ^ — m. 

X 2 Xx X Xi 

and = ra, ' so 

X2 — X\ X. ~ Xi X ~~ Xi X2 — Xi 

Therefore y — yi ~ - — (x — o^i). 

^ ^ X2 — Xi^ ^ 
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Exercises 

Find the equations of the straight lines through the following pairs of 
points: 

1. (7, 3) and (6, 8). 

2. (-4, 1) and (10, -2). 

3 . (3, —1) and (0, —4). 

4 . (-4, -8) and (-7, 2). 

Reduce the answers to the form y ~ mx + h. 

Example 2. Find the equation of the trailing edge of the elevator. This 
line is determined as being 30.046 in. aft of the center line of hinge at normal 
rib station 10, Pi (10, —30.046), and 15.098 in. aft of the hinge center line 
at rib station 50, P2(50, —15.098). 


.y — yi = ^ (x — xi), 

X2 — Xi 

Xi = 10, 2/1 = “30.046. 

X2 = 50, 2/2 = —15.098. 

/ -15.098 - (-30.046) , 

y - (-30.046) 60 - 10 C® ” 10). 

14.948 

y + 30.046 — — (a; — 10). 

y + 30.046 = 0.37370 (a; - 10). 

y = 0.37370a; - 33.783. 

Notice that the two-point form of the equation of a straight 
line is actually equivalent to the point^slope form. 


y — = m{x — Xi). 




This is true because 


m' = 


ya - 2/1 


Xo — CCi 

These two forms can be written 


X — Xi 

y — y \ ^ 2/2 — 2/ 1 

X — Xi X2 ~ 

The matter of writing the equation of a line is one of the basic 
fundamentals of this book and is used in later chapters as well as 
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here. Many maj or applications of solid analytics to the airplane 
depend primarily upon writing the equations of lines. Lines in 
space will be shown to be a simple extension of the instance of a 
line that lies entirely in one plane. 

It is important to check the equation of a line. If a point and 
slope are given, then the equation should be checked to see 
whether the given data are satisfied. If two points constitute 
the given data, the equation should be checked by substitut- 
ing the coordinates of these two points for x and y in the final 
equation. 

2.7. Slope -intercept equation of a straight line. The equation 
of the straight line \vhich intersects the y axis at the point (0, fe) 
and has .a slope equal to m is 

y = mx + h. 

This equation can be derived as follows : The point-slope form 
of the equation of a line is 2/ — 2/i = — a;i). Let rci = 0 and 

y-L = h. Then y h ^ m(x — 0), or y — h mx, or finally 
y = mx + 6. 

Example 1. Find the equation of the straight line which crosses the y 
axis at the point (0, 3) and which has the slope -g-. 

y = mx -f" b. 

6=3, m •== ^. 

y = lit -h 3. 

Example 2. Write the equation of the leading edge of the rudder. This 
line is determined by its intersection with normal rib station 0, which is 
16.018 in. forward of the hinge center line, and its sweepback, or slope, 
of —0.12146 (see Fig. 2.8). 

y — mx -h h. 
b = 16.018. 
w = -0.12146. 
y = -0.12146a; + 16.018. 

Notice that the leading edge of the rudder is in the p^ane of 
the paper and that this equation therefore completely represents 
the leading edge. 

2.8. Lines parallel to the axes. The equation of a line parallel 
to the y axis and a units from the origin is a: = a. In Fig. 2.8 
the equation of the station 15 line is a; = 15 and the equation 
of the station 70 line is :r = 70. The equation of a line parallel 
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to the X axis and a units from the origin my = a. The equation 
of the rudder hinge center line in Fig. ^.8 is ?/ ~ 0. 

2.9. Distance from a point to a line. The distance from the 
point (xij yi) to the line y = mx + 6 is 

D = — 2/1 + ?> 

mA 1 

This is the length of the perpendicular drawn from the point 
{xij yi) to the line y = mx + h. 

Example 1. Find the distance from the point (2, 3) to the line y = 4j; + 5. 


X\ = 2 . 

2/1 = 3. 
m = 4. 
6=5. 


D = 


(4) (2) - (3) + (5) 


+ 1 


D 


10 

Vl^ 


2.425. 


Example 2. In Fig. 2.8 find the length of the perpendicular from the origin 
to the leading edge of the rudder. The equation of the leading edge of the 
rudder is y = — 0.12146rc + 16.018: The origin is the point (0, 0). 


Xx = 0 . 

2/1 = 0. 

m = -0.12146. 

6 = 16.018. 

^ ( -0. 12146) (0) - (0) + (16.018) 

V(-0*12146)2 + 1 
^ 16.018 
1.00735’ 


D 15.901. 


Example 3. In Fig. 2.8 find the perpendicular distance from the point 
(5, 8) to the leading edge of the rudder. 


a:i = 5. 


2/1 = 8 . 

rn = -0.12146. 
6 = 16.018. 


^-0.12146) (5) -- (8) -H (16.018) 


_ 7.411 
” 1.00735 
1) = 7.357. 
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Example 4. In Fig. 2.8, a certain point on station 15 is 5.250 in. from the 
leading edge of the rudder, the distance from the point to the line being 
measured normal (perpendicular) to the line. Find the offset of this point 
from the hinge center line. This offset is the y coordinate of the point. 



Fig. 2.9. 


D 

_ niXi — yi -\-b 



a/w 2 -h 1 


D 

= 5.250. 


Xi 

==15. 


m 

= -0.12146. 


b 

= 16.018. 


5.250 

(~0.12146)(15) - 2/x 

4- 16.018 

■\/ (-0.12146)2 

T1 

5.250 

— 1.822 - 2/x + 16.018 

1.00735 


5.250 

14.196 - yi 

1.00735 


5.289 

14.196 - yu 


yi 

■ 8.907. 
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2.10. Plotting curves. Consider the equation y = x^. Assign 
numerical values to Xj and each time calculate the corresponding 
value of y. This leads to a collection of pairs of numbers, and 




Fig. 2.11. 


each pair of numbers determines a point. The points may be 
plotted on graph papei*, and the collection of points determines a 
curve. The equation y = represents the curve analytically, 
and the curve represents the equation geometrically (see Fig. 2.9). 
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Example 1. Draw the graph of the curve represented by the equation 
. = ±2 — (see Fig. 2.10). This is a curve of a type which is very 

useful in design and lofting. It will be discussed in detail in a subsequent 
chapter. 

Example 2 (see Fig. 2.11). Draw the graph of the curve 
y = -1.260a: + \/2.075x^^+ 16:c. 



Fig. 2.12. 


Example 3 (see Fig. 2.12). Draw the graph of the curve 
V = 0.6x + V-0.44a:2 4. 12^. 

Exercises 

Draw the graphs of the following curves: 

1. y = 

2 . y = -l.5x + ■ \/2x^ + 15a:. 

3. 2/ = 0.52 + V -0.52= + 102. 



CHAPTER 3 

CARTESIAN COORDINATES 

In plane analytic geometry points are located with reference 
to a pair of perpendicular lines. After this reference system is 
established many relations .can be developed. In Chap. 2 we 
examined some of these relations, such as the distance between 
two points, the inclination and slope of a line, the distance from 
a point to a line, equations of straight lines and curves, and many 
others. This type of reference system is adapted to relations 
in a single plane or to projections of points, lines, angles, and 
curves on a plane. 

In solid analytic geometry a reference system based on three 
mutually perpendicular lines is used to develop a corresponding 
body of theory dealing with points, straight lines, planes, angles, 
and curves in space. Since engineering drawings deal largely 
with objects in space, solid analytic geometry is the natural 
mathematical tool in working with blueprints and problems that 
arise in the design, engineering, lofting, and tooling of airplanes. 
It constitutes an analytical counterpart of descriptive geometry. 

Any of the fundamental operations of descriptive geometry 
can be performed analytically, and the results are as accurate 
as the given dimensions. Some of these fundamental problems 
are true length of a line segment, true angle betw^een Uvo lines, 
true distance from a point to a line, true angle betw^een tw^o 
planes, true distance from a point to a plane, true angle betw'een 
a line and a plane, true (shortest) distance between two lines, 
point of intersection of a line and a plane, line of intersection of 
two planes, and the true angle betw-een the lines of intersection 
of two given planes wuth a third plane. In addition many of the 
fundamental problems of lofting, such as the development of 
single- and dou])le-canted ribs and the location of tooling points 
and jigging angles, can be treated by these analytical methods. 

The application of solid analytic geometry to problems 
ordinarily solved by descriptive geometry layout methods is one 

37 
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of the chief objectives of this book. The purpose is not to sup- 
plant layout methods entirely, but rather to supplement layouts 
and keep the layouts mathematically accurate. 



3.1. Coordinates in space. The idea of the x axis, y axis, and 
origin system of locating points in a plane can be extended to 
three dimensions in space, as follows: 

Consider three mutually perpendicular planes xy, yz, and xz 
intersecting at 0, the origin. The planes xz and xy intersect in 

the X axis, the planes xy and yz 
intersect in the y axis, and the 
planes yz and xz intersect in the z 
axis (see Fig. 3.1). The positive 
and negative directions along the 
axes are as indicated in Fig. 3.1. 
The perpendicular distances from a 
point P in space to the yz^ xz, and 
xy planes are the x, y, z coordinates 
of the point P, respectively. To 
every ordered set of three numbers 
corresponds a point P, and any 
point P determines an ordered set of three numbers. The 
coordinates of a point are always given in the order x, y, z. 

To locate the point P -whose coordinates are (2, 3, 5), measure 
2 units along the x axis in the positive direction, then measure 3 
units parallel to the y axis in the positive direction, and measure 


+z 



Art. 3.3] 


RIGGED AXES 


39 


5 units parallel to the z axis in the positive direction. We arrive 
at the point (2, 3, 5). See Fig. 3.2. For three orthographic 
views of the axes, see Fig. 3.3. 

3.2. Cartesian coordinates in the airplane. The establishment 
of a reference system for the airplane is the first step in appl;>dng 
the concepts and methods of solid analytic geometry to the air- 
plane. The location of the reference system of axes for the air- 
plane in rigged (flying) position is determined first and depends 
upon the design of the particular airplane under consideration. 


-r Y 



PLAN VIEW I 
-Y 


FRONT VIEW 


-Y- 


PROFILE VIEW 
tL.H. SIDE) 


Fig. 3.3. 


The choice of location depends upon the design of the wing and 
the relation of the wing to the fuselage. Wings are usually 
designed according to the chord plane system, the wing reference 
plane system, or combinations of these two systems. We shall 
restrict our attention to a typical example of the chord plane 
system and a typical example of the whng reference plane system. 
Since the airplane is in almost all cases geometrically symmetrical 
about the plane of symmetry of the fuselage, Ave shall deal Avith 
the left-hand side of the airplane unless otherAvise specified. 

3.3. Rigged axes in a chord plane wing. In a chord plane 
wing the leading edge, trailing edge, root chord, and tip chord 
lie in one plane (see Fig. 3.4). This Aving is attached to the 
fuselage by rotating the Aving through an angle of incidence and 
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an angle of dihedral. In this case the rigged (flying) position 
system of axes can be convemently located as follows. 

et the vz plane he the plane of symmetry. The plane of 
symmetry is a vertical fore-and-aft pUne that “slices the air- 



Pig. 3.4. 



Fig. 3.5. 


plane in half. It is sometimes called center plane of airplane or 
center line of ship. Let the xy plane be a horizontal plane, 
parallel to the ground when the airplane is in rigged position. 
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Let the xz plane be a vertical plane, perpendicular to the xy and 
yz planes. Now the exact location of the origin is dictated by 
the design of the airplane. In our case we shall take it to be the 
point where the leading edge of the wing intersects the plane of 
symmetry. . In some airplanes it might be convenient to select 
the point where the trailing edge of the wing intersects the plane 
of symmetry. The positive direction of the z axis in our case 
will be the upward direction, and the positive direction of the 
X axis will be outboard away from the plane of symmetry. The 



positive direction of the y axis might be taken either forward or 
aft. We shall take it in the aft direction (see Fig. 3.5). 

This reference system of axes constitutes the rigged axes and 
is the basic system of axes. By means of it any point, line, or 
plane in the airplane can be located convenienth". Setting up 
this reference system for a particular airplane makes available 
all the concepts and methods of solid analytic geometiy as a 
mathematical tool in solving problems. 

For three orthographic views of the rigged axes, see Fig. 3.6. 

Notice that the positive direction of the x axis is outboard on 
the left-hand side of the airplane, the positive direction of the y 
axis is aft, and the positive direction of the axis is upward. 
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3.4. Rigged axes in a wing reference plane wing. In a wing 
reference plane wing, the choi'd plane may be flat, or it may be 
twisted. If it is twisted, the leading edge, trailing edge, root 
chord, and tip chord do not lie in a single plane. They constitute, 
instead, a skew quadrilateral in space. This is sometimes called 
a wing with aerodynamic twist. In this text we shall always deal 
with a wing reference plane wing with aerodynamic twist, with 




the angle of incidence as measured from the wing reference plane 
being less at the tip than at the root airfoil of the wing (see 
Fig. 3.7). 

In the case of a wing -with aerodynamic twist it is customary 
to use the intersection line of the wing reference plane and the 
common per cent plane as the axis of twist. Therefore it is 
usually most convenient to take the origin for the rigged axes 
at the point where this line intersects the plane of symmetry and 
establish a set of basic xy^ xz, and yz reference planes in the same 
manner as that in Art. 3.3 (see Fig. 3.8). This wing is estab- 
lished in relation to these basic planes by rotating the wing 
reference plane (xu^yu, plane) through an angle of dihedral only. 
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3.5. Systems of axes in general. In the two previous articles 
we described two typical types of systems of basic axes. The 
airplane can now be divided into four major parts: fuselage, 



mng, nacelles and engine sections, and empennage. These in 
turn can be subdivided as follows : 

1. Fuselage. 

а. Forebody. 

б. Center section or main body. 

c. Afterbody. 

2. Wing. 

a. Inner wing. 

b. Outer wing. 

c. Wing control surfaces. 

3. Nacelles and engine sections (depending on the number of engines). 

4. Empennage. 

a. Vertical stabilizer. 

b. Rudder. 

c. Horizontal stabilizer. 

d. Elevator. 

The above breakdown is typical of many airplanes. Naturally, 
the design of tlic particular airplane under consideration deter^ 
mines the exact nature of the ])reakdown. The above is typical 
enough to serve as a concrete illustration. 
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As the production is increased on a specific model these major 
divisions are subdivided into many more minor assemblies in 
order to facilitate production. 

Each subassembly is determined mathematically by an origin 
and three coordinate axes. The rigged axes are basic and funda- 
mental, but there must also he a set of axes for the wing, another 
for the empennage, another for the nacelles, etc. 

3.6. Chord plane wing axes. If the wing is lofted by the chord 
plane system the wing is attached to the fuselage by rotating 



through two angles : an angle of incidence and an angle of dihedral. 
The angles of incidence and dihedral as used here are shown in 
Fig. 3.9. 

If a point in the wing is located with respect to the chord plane 
system of axes, it can be located with reference to the rigged 
system of axes by means of formulas that will be developed in a 
subsequent chapter. A set of similar formulas will also he given 
to locate points with reference to the chord plane system of axes 
when the rigged coordinates are given. Such formulas are of 
particular value in landing gear problems, for example, where the 
engineering drawings involve both chord plane and rigged 
dimensions. 
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We use subscripts to denote rotation in order to distinguish 
the wing axes from the rigged axes. For an orthographic draw- 
ing of a chord plane wing in the loft layout view, see Fig. 3-10. 

N’otice that the positive direction on the axis is outboard, the 
positive direction on the yw axis is aft, and the positive direction 
on the axis is upward. 




In Fig. 3.10, the Xu, axis, yw axis, and Zw axis are all in the plane 
of the paper. In the plan view the chord plane, as determined 
by the root chord, tip chord, leading edge, and trailing edge, is in 
the plane of the paper. In the front view the chord plane is seen 
on edge, normal to the plane of the paper. In the end view (wing 
body plan view) the normal tip rib and the normal wing lib at 
station zero are in the plane of the paper. In the front view the 
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vertical ribs are normal to the plane of the paper and are canted 
at an angle cj) to the Zu^ axis, where <p is the angle of dihedral. 

Vertical ribs are parallel to the plane of symmetry, and normal 
ribs are perpendicular to the chord plane. The spars are usually 
designed as in Fig. 3.10, norncial to the chord plane. 

For an orthographic drawing of a chord plane wing as seen in 
the rigged position, see Fig. 3.11. 

In Fig. 3.11 the leading edge of the wing is a canted line, i.e., 
its true length is not shown in any of the three views. The 



Fig. 3.11. — Wing in chord plane system, rigged view. 


vertical ribs are perpendicular to the x axis. This x axis must 
not be confused with the Xu, axis of Fig. 3.10. The x axis, y axis, 
and z axis of Fig. 3.11 are rigged axes, as described in Art. 3.2. 
The normal ribs are canted in the views shown in Fig. 3. 1 1 . 

3.7. Incidence and dihedral. The terms incidence and dihedral 
are common terms in the aircraft industry, but it is usually 
necessary to define them precisely as they are intended to be 
interpreted. Refer to Fig. 3.9. The angle of incidence is 
measured in the plane of symmetry. It might be helpful to 
think of the positive y axis being rotated downward from the y 
position to the y^ position, the rotation being about the x axis. 
The y axis and the yu, axis are in the plane of symmetry. This 
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rotation introduces the angle 6, which is the angle of incidence. 
Next sight into the positive end of the yu> axis, and rotate the 
X axis and z axis about the axis so as to introduce dihedral, thus 
establishing the axis and the axis (see Figs. 3.9 and 3.11). 
Remember that the rc, ?/, z axes are the rigged axes, for the air- 
plane in flying position, and the Xv,, Zy, axes are the wing axes 
obtained after rotating the original x^ y, z set for incidence and 
dihedral. 

3.8. Wing reference plane axes. When a wing is designed 
with aerodynamic twist, the incidence angle varies from root to 



tip. There is no chord plane because the leading edge, trailing 
edge, root chord, and tip chord form a warped quadrilateral. 
It is customary to set up a wing reference plane that is used as a 
reference plane. The Xw axis is usually taken as the common per 
cent line in the plan view (see Fig. 3.12). In Fig. 3.12 the wing 
reference plane is in the plane of the paper in the plan view and 
is on the edge, normal to the plane of the paper in the front view. 
In the front view the x axis, Xw axis, z axis, and Zw axis are all in 
the plane of the paper. The angle of dihedral <p is therefore 
true size as seen in the front view. 

The Xj y, z system of axes can be rotated into the Xw, 
system by rotation through dihedral only. The rotation takes 
place about the y axis as an axis of rotation. 
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When a point is located with reference to the x, y, z axes it can 
be determined with reference to the Zxo axes, and vice 

versa, by means of a set of formulas which will be developed in a 
subsequent chapter. Since only one angle of rotation is involved, 
the formulas are simpler than those for the wdng chord plane 
system, where two angles of rotation are involved. 

The origin is determined by the intersection of three mutually 
perpendicular planes: the normal rib plane at wing station 0, 
the wing reference plane, and the common per cent plane. The 
common per cent plane is perpendicular to the normal rib plane 
at station 0 and intersects each normal rib at the same per cent 
of its total length measured from either the leading edge or 
trailing edge of the wing. 

The normal rib plane at station 0 is the ywZw plane, and all 
normal ribs are parallel to this plane. The wing reference plane 
is the Xv,yvD plane, which is a plane perpendicular to a normal 
rib plane. It makes an angle d with the root chord in the plane 
of the normal rib at station 0. The common per cent plane is 
the XuxZw plane, which is perpendicular to both the Xviyw plane 
and the y^Zv. plane. 

All measurements ai’e taken from the wung reference plane in 
the lofted position of the wing, and therefore only one angle of 
rotation, that of dihedral, is necessary to put the wing into 
rigged (flying) position. The positive direction on the Xy, axis 
is outboard, the positive direction on the y^ axis is aft, and the 
positive direction on the axis is upw’-ard. 

3.9. Special wings. Some wungs are designed so as to have 
incidence only from the plane of symmetry to a certain point 
outboard, and from that point to the tip the wing has both 
incidence and dihedral. Such a wdng w^ould need tw^o sets of 
wdng axes. 

3.10. System of axes for nacelle position. As usual, the loca- 
tion of the axes depends upon the design of the nacelle. In 
nacelle position the origin is usually located by the intersection 
of three planes: 

1. The vertical thrust plane. 

2. The nacelle station 0 plane. 

3. The horizontal thrust plane. 

The intersection of the vertical thrust plane and the horizontal 
thrust plane determines the center line of thrust of the engine 
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(see Fig. 3.13). The vertical thrust plane is the ynZn plane, the 
nacelle station 0 plane is the x^Zn plane, and the horizontal thrust 
plane is the Xnyn plane. The subscript -n identifies the axes as 
nacelle axes. 

The Xn axis is the line of intersection of the horizontal thrust 
plane and the nacelle station 0 plane, z.6., it is the line of inter- 
section of the Xnyn and XnZn planes. The Xn axis is perpendicular 
to the vertical thrust plane, z.e., it is perpendicular to the ynZn 


+■2 



VIEW A-A 



plane. The positive half of the Xn axis is outboard from the 
vertical thrust plane, and the negative half of the Xn axis is 
inboard from this plane. 

The yn axis is the line of intersection of the horizontal thrust 
plane and the vertical thrust plane, z.e., it is the line of inter- 
section of the Xnyn and ynZn planes. The yn axis is usually the 
center line of thrust of the propeller. The yn axis is perpendicu- 
lar to nacelle station 0 plane and to all normal nacelle station 
planes, i.e., it is perpendicular to the XnZn plane and to all planes 
parallel to this plane. The positive direction is aft and the 
negative direction is forward. 

The Zn axis is the line of intersection of the vertical thrust j)lane 
and the nacelle station 0 plane, i.c., it is the line of intersection 
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of the ynZn and XnZr. planes. The axis is perpendicular to the 
horizontal thrust plane. The positive direction on the axis 
is upward from the horizontal thrust plane, and the negative 
direction is downward from this plane. 

The Xr, axis, yn axis, and 2 :,^ axis occur on the individual engineer- 
ing dra^\dngs as center lines. As soon as a reference system of 
axes is decided upon, points can be located, and the concepts 
and methods of solid analytic geometry can be applied to engi- 
neering drawings dealing with the engine nacelles. 

In Fig, 3.13 the nacelle is shown in relation to the wing. 
Although the relation of the nacelle varies on different airplanes, 
the design shown here is quite typical. The vertical thrust plane 
is the same as a vertical rib station plane of the wing. Therefore 
the Xn axis of the nacelle system of axes and the x axis of the 
rigged system of axes are parallel. The yn axis makes an angle, 
denoted by 5 with the y axis, as measured in the vertical thrust 
plane. 

Mathematical formulas will be developed in a subsequent 
chapter which will enable us to relate points in the nacelle system 
of axes to the wing system of axes, which in turn we shall be 
able to relate to the rigged system of axes. Therefore the various 
subsystems of axes can be related to each other. This is impor- 
tant in tooling, jig building, and other phases of the manufacture 
of airplanes. 

3.11. System of axes for vertical stabilizer and rudder. The 

vertical stabilizer and rudder are usually lofted in rigged position, 
z.e., the normal ribs of the vertical stabilizer are parallel to the 
fuselage reference plane (horizontal reference plane), and the 
plane of symmetry (chord plane) of the vertical stabilizer and 
rudder is the same as the plane of symmetry of the fuselage. The 
axes for the vertical stabilizer and rudder are therefore parallel 
to those for the rigged position of the airplane, although the 
origin is not at the same point. The origin is located by the 
intersection of three planes: 

1. The plane of symmetry (chord plane) of the vertical 
stabilizer. 

2. The normal rib plane at station 0. 

3. A plane which is determined by the rudder hinge center 
line and perpendicular to the above two planes. 

See Fig. 3.14. 
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The plane of symmetry (chord plane) of the vertical stabilizer 
and rudder is the yz plane. The normal rib plane at station 0 
is the xy plane. The plane through the rudder hinge center 
line and perpendicular to the xy plane and yz plane is the xz 
plane. The xz plane is in most cases the common per cent plane 
of the .vertical stabilizer and rudder (see Fig. 3.14). This 
illustrates a typical method of design. Other designs, such as 
a twin-rudder design, or a single-engine airplane with a single 




Fia. 3.14. 


propeller, where incidence is put into the vertical surface to 
eliminate propeller torque, can be a,ssigned a set of axes in keep- 
ing with the design. 

The X axis is the line of intersection of the xz plane and the 
normal rib plane at station 0. The x axis is perpendicular to 
the# plane of symmetry (chord plane). The outboard direction 
on the left-hand side of the airplane is the positive direction of 
the X axis; the opposite direction is the negative direction. 

The y axis is the line of intersection of the normal rib plane at 
station 0 and the plane of symmetry (chord plane). It is 
perpendicular to the xz plane. The positive direction is alt 
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of the xz plane, and the negative direction is forwai'd from that 
plane. 

The 2 axis is the line of intersection of the plane of symmetry 
(chord plane) and the xz plane (rudder hinge center line). The 
z axis is perpendicular to all normal rib planes. The z axis is 
positive upward from the normal rib plane at station 0. The 
downward direction is negative. 



3.12. System of axes for horizontal stabilizer and elevator. 

Usually the design of the horizontal stabilizer is such that it 
can be treated somewhat like the wing, although it is less com- 
plicated mathematically. There are three types of design which 
are most frequently used, and we shall consider each case in 
turn. ^ 

First, the horizontal stabilizer is sometimes designed so that 
no rotation whatever is needed to relate its axes to the rigged 
system of axes, i.e., the axes for the horizontal stabilizer are 
parallel to the rigged system of axes, but the origin is at a different 
point. In this case the rigged view and lofted view are the same. 
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We denote the axes by x, y, z (see Fig. 3.15). The origin is 
located as the point of intersection of three planes: 

1. The normal rib plane at station 0. 

2. The plane of' symmetry of the horizontal stabilizer and 
elevator. 

3. The plane that is deternoined by the elevator center line 
of hinge and is perpendicular to the above two planes. 

The normal rib plane at station 0 is the yz plane. The plane of 
symmetry of the horizontal stabilizer and elevator is the xy plane. 
The plane that is determined by the elevator center line of hinge 
and is perpendicular to the yz and xy planes is the xz plane. 
The xz plane is in most cases the common per cent plane of the 
horizontal stabilizer and elevator. The x axis is the line of 
intersection of the plane of symmetry and the xz plane and is 
perpendicular to all normal rib planes. The positive direction 
of the X ^xis is outboard on the left-hand side of the airplane, 
and the negative direction is opposite to this. The y axis is 
the line of intersection of the normal rib plane at' station 0 and the 
plane of symmetry and is perpendicular to the xz plane. The 
positive direction of the y axis is aft, and the negative direction 
is forward. The z axis is the line of intersection of the normal 
rib plane at station 0 and the xz plane and is perpendicular to the 
plane of symmetry. The positive direction of the z axis is upward 
and the negative direction is downward. 

Second, there may be only one angle of rotation necessary to 
rotate the horizontal stabilizer and elevator from their lofted 
position to their rigged position. This is the angle of incidence, 
denoted by 6. In this case the lofted position of the system of 
axes for the horizontal stabilizer and elevator may be denoted by 
Xh, Vhy 2a. Figure 3.16 shows the horizontal stabilizer and ele- 
vator rigged with an angle of incidence only. The angle of 
incidence is measured in the plane of the normal rib at station 0. 
This is the same as the plane of symmetry of the airplane. The 
Xh and X axes are parallel. The yu and y axes make an angle d with 
each other. The Zh and 2 : axes make an angle 6 with each other. 
Sometimes an angle of dihedral 0 instead of an angle of incidence 
6 is used, ljut the two cases are quite similar mathematically. 

Third, tlioro may be two angles of rotation necessary to rotate 
the horizontal stabilizer and elevator from the lofted position to 
the rigged i)osition. These angles are an angle of iiu*idence and 
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an angle of dihedral. This case is not very common, but it can 
be treated in the same way as a chord plane wing. 

3.13. System of axes for the fuselage. The fuselage is rela- 
tively simple because it is usually lofted in its rigged position. 
In fact the rigged s 3 ^stem of axes can be used to serve as the 
fuselage reference s^^stem. It is usually convenient to do this, 
because the Aving can be related directly to the fuselage and the 
enipeniiage can be related directly to the fuselage. In the 



rigged system (fuselage reference system) the x coordinates are 
buttock lines, the y coordinates are fuselage station lines, and 
the 2 : coordinates are water lines. If buttock line 0 (plane) is 
taken to be the plane of symmetry of the airplane, as it usually 
is, then the point (12, 50, 13) would be on buttock line 12. If 
the fuselage station 0 (plane) is taken perpendicular to the plane 
of s^TOmetiy at the origin of the rigged system of axes, then the 
point (12, 50, 13) would lie on fuselage station 50. If the water 
line 0 (plane) is taken as the xy plane of the rigged system of 
axes then the point (12, 50, 13) is on Avater line 13. 

In other Avords, it is possible to select buttock line 0, fuselage 
station 0, and water line 0 at the origin of the rigged s^^stem, and 
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if this is done, then the x, y, z coordinates of a point are exactly 
the buttock line, fuselage station line, and water line, respectively, 
of the point. If the buttock line 0, fuselage station 0, and water 
line 0 are established first, then it would be convenient to place 
the origin of the rigged system of axes (fuselage reference system) 
at the intersection of these three planes, and then the x, y, z 
coordinates of a point would be exactly the buttock line, fuselage 
station line, and water line of the point. 

Since the terms huttock linSj station line, and water line have 
been carried over from shipyard nomenclature and have little 
special meaning on airplanes, it would be convenient to drop 
this terminology altogether and refer instead to the x, y, z coor- 
dinates of a point and the xy, yz, xz planes. 

Many more subassembly systems of axes could be cited here, 
but the ones mentioned are typical and others can be set up in a 
similar way. 

It is important, in the case of any particular airplane, to set 
up the basic rigged, wing, nacelle, and empennage systems of 
axes and to’ locate them in convenient ways, depending upon 
the design of the airplane. It is useful to make drawings, such 
as the ones given in this chapter, to show the exact locations 
of the various systems of axes. It is then necessaiy to relate 
the various systems of axes to each other by means of equations 
of translation and rotation, which will be explained in a subse- 
quent chapter. 
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TRUE LENGTHS AND TRUE ANGLES 

In Chap. 3 we described the idea of using a set of three mutually 
perpendicular lines in space to locate points. A line is deter- 
mined by two points. In this chapter we shall define and show 
how to calculate the direction ratios of a line and the direction 
cosines of a line. By means of direction ratios and direction 
cosines we can develop formulas to find the true angle between 
two lines and the true angle between a line and any one of the 
three basic reference planes. ’We shall also learn how to find 
the true length of a line segment. The methods developed in 
this chapter constitute the foundation for most of the applica- 
tions of solid analytic geometry to the airplane. 

Most of our applications will be to canted lines in space. If a 
line or line segment lies in the plane of the paper it can be repre- 
sented graphically by one view only. Therefore ordinary plane 
trigonometry or plane analytic geometry will sufl&ce to deal with 
it mathematically. However, we shall be interested mainly in 
space problems, z.c., in lines and line segments that require two 
views ‘to determine them. It is here that the value of solid 
analytic geometry will be clearly demonstrated. 

For example, it is possible to calculate the true length of a line 
segment by imagining the line segment to be a diagonal of a 
^‘box/' or rectangular parallelepiped, and then solving two cer- 
tain right triangles in succession, using trigonometry or the 
theorem of Pythagoras. Our method reduces the calculation to a 
simple formula, and this is typical of other kinds of applications. 

Another example is the problem of finding the true angle 
between two skew lines in space. This can be solved by making 
a descriptive geometry layout and determining the angle graphi- 
cally. It can also be solved by trigonometry, but the method of 
solution is quite complicated and requires a relatively new attack 
on each problem that arises. By iising the rncthoch of solid 
analytic geometry we reduce the solution of all prohleyns on true 
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angle between two lines to the same simple routine^ and the result 
can be obtained to a degree of accuracy that is limited only by the 
accuracy of the given data. 

4.1. Direction ratios. As explained in Chap. 3, a point can be 
located by three ordered numbers. Two points determine a line. 
Consider the line determined by the two points Pi(a,'i, yi, Zi) and 
P 2 {^ 2 , 2 / 2 ; ^ 2 )’ The direction ratios of this line are defined to be 

X 2 “ or rci — X 2 :yi — y^'.Zi — 

In the case of the line through the two points A (4, 5, 6) B(S, 7, 3) 
the direction ratios are 

4;2:-3 or -4:-2:3. 

The direction ratios of a line determine the direction of the line 
but do not determine the exact location of the line in space. If 
the direction ratios of a certain fine are a:6:c, then the numbers 
ka:kb: kc are also direction ratios of the line, where k is any num- 
ber different from zero, i.e., the direction ratios can be divided 
or multiplied by any number. For purposes of calculation, it is 
often convenient to divide by a number that will reduce one of 
the three numbers to unity. For example, the direction ratios 
4:2: -“3 can be divided by 4, 2, or —3, respectively, to give 

1:0.5: -0.75 
2:l:-rl.5 
-1.33: -0.67:1. 

Example. The front spar top lofted* line is determined by two points: 
its point of intersection on normal rib station 0, whose coordinates are 
(0, —48.091, 10.738), and its point of intersection on normal rib station 152, 
whose coordinates are (152, —20.040, 6.435). Find its direction ratios. 

152 - 0: -20.040 +48.091:6.435 - 10.738 
152:28.051: -4.303 

It is often best to divide through by the largest of the three direction ratios. 
Dividing by 152, 

1:0.18455: -0.02831. 

* The term 7nold line is often used here, but requires a careful definition. 
The mold line is usually defined to be inside the skin (outer covering) of the 
airplane. With the advent of laminar flow airfoils and smoother outside 
surfaces it becomes necessary to work to the outer contour of the surface. 
In this case the term lofted line is more appropriate than mold line, the lofted 
line usually being located on the outer contour in such instances. 
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Here 0.18455 is the tangent of the angle between the x axis and the projec- 
tion of the front spar top lofted line on the xy plane. xAiso, — 0.02831 is the 
tangent of the angle between the x axis and the projection of the front 
spar top lofted line on the xz plane. This can be illustrated as shown in 
Tig. 4.1. 


+Y 




The direction ratios of a line are the sides of a ^‘box^^ of which 
the two points are the extremities of a diagonal. In Fig. 4.2 the 
direction ratios of the diagonal are a:h:c. 

Sometimes, to determine the line, two points are not given. 
Instead, the line may be determined by 'one point and the 
projected (apparent) angles in two views. The direction ratios 
are 


1 : tan a. : tan p. . 
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If the direction ratios of a certain line are a : 1 : c, then a is the 
tangent of the angle betweein the y axis and the projection of the 
line on the xy plane, ttiid c is the tangent of the angle between 
the y axis and the projection of the line on the yz plane. If the 
direction ratios are a: 6:1, then a is the tangent of the angle 
between the z axis and the projection of the line on the xz plane, 
and 6 is the tangent of the angle between the z axis and the pro- 
jection of the line on the yz plane. 


+z 



Corresponding to each line there are an infinite number of 
direction ratios. For example, 2:3:5 and 4:6:10 can be the 
direction ratios of the same line. If two lines are parallel 
their direction ratios are equal or proportional, and conversely. 

4.2. True length of a line segment. The true length of a line 
segment is the diagonal of a ^^box^'^ of which the differences of the 
corresponding coordinates are the sides. In this diagram, sup- 
pose that P 1 has coordinates (ri, yi, 2 : 1 ) and P 2 has coordinates 
(^ 2 , y-, 22 ). Then ~ = a, = 6, a nd 22 — Zi = c. 

Now the length of the diagonal is \/a~ 6- -f c-, and so the true 

length of the line segment PiP^ is given by the formula 

P 1 P 2 = \/(-^'2 — -Ti)" -+ 

Example 1. Find tlio true letig-th of the lino so»:niont connecting*: tlie two 
IXiints (8, 15, 25) and (5, 11, 13). 

L = ■\/iS - ay- + {15 - 11)2 + (25 -1 13)2 = 13. 
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Example 2. Find the true length of the front spar top lofted line as deter- 
mined by the two points (0, —48.091, 10.738) and (152, -20.040, 6.435). 

L = -\ /(152 - 0)^ + (-20,040 + 487(391 )^. + (6.435 — 

L = V 23104 + 786. 858601 + 18.515^. 

L = V23909.374410. 

L = 154.627. 

Example 3. Find the true length of the engine mount tube AB as shown 
in Fig. 4.5. Notice that an auxiliary system of axes can be set up to find a 
true length, which is an isolated problem and is purely local in character. 


+Z 



First determine the coordinates of the points A and B. They are .1(0, 
0, —36) and ji5(44, 72, —56). Then substitute in the formula for the true 
length of a line segment: 

L = \ /(44 - 0)^ + (72 - 0)° + (-56 + 36)^ 

L = Vi936 + 6184 + 400. 

L = V7520 = 86.718. 

Example 4. From the information on the following drawing find the true 
length of the trailing edge of this twisted wing (see Fig. 4.6). 

The coordinates of .4 can be read directly from the drawing. They are 
A(0, 98.75, —0.183). The x coordinate of B is 312, its coordinate is 2.S21, 
but its y coordinate must be calculated. The \j coordinate of B will be 
equal to the difference between 312 tan 26'38" and 98.75. It is therefore 
equal to 96.335, f.c., the coordinates of B are J5(312, 96.335, 2.821). Sub- 
stituting in the formula for the length of a line segment, 

J, = 'x/(0^~312)2 -h (QSTs - 96.33^5)’-'+ ( -0.1S3~^ 2.821 )’2. 

L = 312.024. 
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This formula is perfectly general and can be used to calculate 
the true distance between any two points on the airplane, when 
the coordinates of the two points have been determined. 

4.3. Direction cosines of a line. The angle between two 
directed lines in space, AB and CD, which do not intersect, is 
defined to be the angle between AB and a line parallel to CD 
which does intersect AB, or the angle between CD and a line 
parallel to AB which does intersect CD. The direction cosines 
of a straight line in space are the cosines of the true angles that 
the straight line makes with the x axis, y axis, and z axis, respec- 
tively. These angles are denoted by cl, jS, y, respectively; i.e., 
a is the true angle between the line and the x axis, /3 is the true 
angle between the line and the y axis, and y is the true angle 
between the line and the z axis. In Fig. 4.7 
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Example 2. Find the direction cosines of the flap hinge center line which 
is determined by two points: its intersection with the normal rib plane at 
station 60 (60, —40.051, —5.621) and its intersection with the normal rib 
plane at station 306 (306, —20.036, —4.376). 

Find the direction ratios by taking the differences of the x, y, z coordinates 
in turn. They are 246:20.015:1.245. Then find the true length of the 
line segment 


L = V(246)2 + (20.015)2 + (1.246)2. 
L = 246.81 6. 

Therefore the direction cosines are 


cos j3 = 


cos y = 


246 

246.816 

20.015 

246.816 

1.245 

246.816 


0.99669. 

0.08109. 

0.00504. 


Example 3. Find the direction cosines of the trailing edge of the twisted 
wing, which is determined by the two points 4.(0, 98.75, —0.183), 3(312, 
96.335, 2.821). 

First find the direction ratios of the trailing edge. They are 
312: -2.415:3.004. 

Then find the true length as before. It is 312.024. Divide each of the 
direction ratios by this length. Therefore the direction cosines are 

cos a = 0.99992, cos /3 = —0.00774, cos y = 0.00963. 

Example 4. The direction ratios of a line are 1:2:2. Find the direction 
cosines of the line. 


cx — y — 

V -1-22+22 3 

,22 

cos (3 = — 

VI- -b 2“ +22 3 

cos y = ~. 

VI- + 22 + 22 3 

If a line is determined by two points the direction cosines can 
be calculated as in Example 1. If the direction ratios of a line 
are given (instead of two points on the line) the direction cosines 
can be calculated as in Example 4. If the direction ratios of a 
line obtained by subtracting the x coordinates, y coordinates, and 
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2 coordinates in turn are a: 6 :c, then the direction cosines of 
the line are 


cos OL 


a 

+ 6 - + c“ 


COS 


h 

c 


cos y — , 

+ 6 " + c 2 

If a set of direction ratios proportional to a:5:c is used, such as 
Ka :Kb :Kc, then 


Ka 

•\/ a- + 52 ^2 

h 

Vct^^ + 5^ H- 

c 

+ 5^ -f 

That is, the same answers for the direction cosines are obtained 
by using any set of direction ratios proportional to the given 
set of direction ratios. 

It can be proved that the sum of the squares of the direction 
cosines is equal to one. Referring to the formulas for the direc- 
tion cosines in terms of a, 6 , c. 


cos cx. = 

cos /3 = 
cos y — 


Kb 



s/K^a^ + + KV 


CL" b" 

b'^ 

-b 6“ + c- 


^2 _i_ 52 + ^2 

Therefore cos^ a -j- cos^ f3 + cos^ 7 = 1 . This is a very useful 
check on direction cosines. After calculating a set of direction 
cosines it is alwa^'s a good idea to check them by squaring and 
adding. The result should be one. 

Example 6. If cos cos /:? = aiitl cos 7 = - ’ thou the squares 

art' T'-g, tA) . The sum of the squares is one. 


cos^ a = 
cos^ P = 
cos^ y — 
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Example 6. Determine whether 0.6, 0.5, 0.25 are direction cosines. The 
squares are 0.36, 0.25, 0.0625. The sum of these squares is not equal to 
one, and so the original set of numbers could not be direction cosines. 

Example 7. The direction cosines of the flap hinge center line were calcu- 
lated to be 0.99669, 0.08109, 0.00504. Squaring and adding gives one, and 
the numbers therefore constitute a set of direction cosines. 

The direction cosines of a line are the cosines of the true angles 
between the line and the x axis, y axis, and z axis, respectively. 
Now the X axis is normal (perpendicular) to the yz plane. The 
angle between a line and a plane is the complement of the angle 
between the line and a normal to the plane. Therefore the first 
direction cosine is the cosine of the complement of the true angle 
between the line and the yz plane. Now cos (90° — A) = sin 
A; i.e., it is the sine of the true angle between the line and the yz 
plane. Likewise, the second direction cosine is the sine of the 
true angle between the line and the xz plane. Also, the third 
direction cosine is the sine of the true angle between the line 
and the xy plane. 

In view of the above remarks, consider a line in the fuselage 
reference system. The yz plane is parallel to the buttock line 
planes. The xz plane is parallel to the fuselage station planes. 
The xy plane is parallel to the water line planes. Therefore 
the direction cosines of the line are the sines of the true angles 
between the line and a buttock line plane, a fuselage station 
plane, and a water line plane, respectively. 


Example 8. A certain control cable is determined by the points (24, 
— 56, —8) and (42, 75, 12). Find the true angle between this control cable 
and water line 6. 

Now the water line plane is parallel to the xy plane. The xy plane is 
normal to the z axis. Therefore the third direction cosine is the one required. 
The difference of the z coordinates of the two points on the control cable is 20. 
The distance bet-ween the two points is 133.735. The third direction cosine 


is therefore 


20 

133.735 


0.14955. Find this number in a table of sines. 


The angle is 8°36'2", which- is the required angle. 


Example 9. Find the true angle between the control cable in the previous 
example and fuselage station plane 83. 


The fuselage station plane is parallel to the xz plane. The y. axis is normal 
to the xz plane. Therefore the second direction cosine is required. The 
difference of the y coordinates of the two points that determine the control 
cable is 131. The distance between these two points is, as before, 133.735. 
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The second direction cosine is therefore 0.97955. Find this 

133.735 

number in a table of sines. We find the required angle to be 78°23'30''. 

Example 10. A certain wing is lofted by the wing chord plane system. 
The aileron hinge center line is determined by two points (106.4, 14.036, 
— 6.946) and (240.125, 29.435, —2.427). Find the true angle between this 
aileron hinge center line and the wing" chord plane. 

The wing chord plane is the x^Vw plane. The Zy, axis is normal to this 
plane. Therefore the third direction cosine is the one sought. The differ- 
ence between the coordinates of the two points is 4.519. The true dis- 
tance between the two points is 134.685. The third direction cosine is 
4.519 

= 0.03355. Finding this number in a table of sines gives the true 

134.685 

angle as 1^55'21". 

Since the direction cosines of a line give the true angles between 
the line and the three reference axes, and since they can be used 
to find the true angles between the line and the three reference 
planes, they have a great intrinsic value. However, their main 
use is to find true angles and distances between points, lines, and 
planes by methods that will be developed later. 



4.4. Projection Theorems. Consider the line segment AB and 
the line OX, both of w^hich we assume lie in the same plane (see 
Fig. 4.8). Drop perpendiculars from A and B to OX, meeting 
OX at C and D, respectively. The projection of AB on OX is 
defined to be CD, Draw AE through A parallel to OX. Then 
CD = AE. If 0 is the angle between AB and OX, then 6 is 

AE 

also the angle between AB and AE. Now == cos 9, so 

AE = AB cos 9. But CD — AE, so CD = AB cos 9; ^.c., the 
projection of AB on OX is equal to the length of AB times the 
cosine of the angle between AB and OX. 
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Consider the broken line ABCD and the line OX (see Fig. 4.9). 
Let ABCD and OX lie in the same plane. 

As in the preceding paragraph, the projection of AB on OX 
is EF, the projection of BC on OX is FGj and the projection of 
CD on OX is GH. Therefore the projection of ABCD on OX 
is EF A- FG A- GH. But EF A FG A GH EH, and so the 
projection of ABCD on OX is EH. Now consider the line 


D 



Fig. 4.9. 


segment AD. This line segment is called the closing line segment 
for the broken line segment' ABCD. It joins the first and last 
points of ABCD. The projection of AD on OX is also EH, i.e., 
the projection of a broken line segment on a given line is equal 
to the projection of the closing line segment on the given line. 
This is true for a broken line segment of any finite number of 
parts. It is also true if some of the segments are as in Fig. 4.10, 


C 



Fig. 4.10. 


if the idea of ''directed line segments is used in applying the 
statements. 

In Fig. 4.10 the projection of AB on OX is FG, the projection 
of BC on OX is GH, the projection of CD on OX is HJ, and 
the projection of DE on OX is JK. Here DB = —ED and 
JK —KJ. The projection of ABODE on OX is equal to 
FG + GH + HJ A JK ^ FG A GH + HJ — KJ = FK. The 
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closing line segment of ABODE is AE. The projection oi A E 
on OX is FK. Therefore the projection of ABODE on OX is FK. 

Similar projection theorems are true for line segments and 
lines in space. The projection of a point on a plane is the foot 
of the perpendicular drawn from the point to the plane. The 
projection of a line segment AB on a given plane is the segment 
OD joining the projections O and D of the points A and B on 
the plane. The projection of a point on a given line is the point 
in which the given line is intersected by a plane that passes 
through the given point and is perpendicular to the given line. 
The projection' of a line segment AB on a given line OX in space 



Fig. 4.11. 


is the line segment CD joining the projections 0 and D of A and 
B on OX. 

The length of the projection of a given line segment on a given 
line is equal to the length of the given line segment multiplied 
by the cosine of the true angle between the given line segment 
and the given line (see Fig, 4.11). 

In this diagram AB is the given line segment and* OX is the 
given line. AB and OX are directed, as shown by the arrows. 
Through A draw- a line AC parallel to OX. Then the projection 
of AB on OX is equal to the projection of AB on AC, which is AjD. 

AD 

Now = cos d, and so AZ> — AB cos 9) i.e., the length of the 

projection oi A B on OX is equal to the length of AB multiplied 
b 3 ^ the cosine of the true angle between AB and OX. 

If OABP is a broken line segment in space, then the projection 
of OABP on a given line OX' is equal to the projection of the 
closing line segment OP on OX' (see Fig. 4.12). Here OABP 
is a broken line segment and OP is the closing line segment. The 
projection of OP on OX' is equal to the length of OP times the 
cosine of the true angle between OP and OX'. 
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These projection theorems, both in a plane and in space, are 
extremely helpful in deriving formulas and proving theorems 
in solid analytic geometry. 


+ 2 



B 

Fig. 4.12. 


4.5. Angle between two lines. Consider two directed lines 
OS and OR which make angles ai, jSi, yi, and a2, p2, 72 with the 


+ 2 



N 

Fig. 4.13. 


X, y, z axes, respectively. If the two lines do not intersect, 
draw parallel to one of them a line that does intersect the other 
one. For simplicity, and without loss of generality, take the 



Art. 4.5] ANGLE BETWEEN TWO LINES 71 

point of intersection to be the* origin of a system of coordinates. 
Let OR — r2 and let the coordinates of R be 

= OM, = -Afjy, 22 = NR. 

The projection of the broken line OMNR on OS is equal to the 
sum of the projections of OM, MN, and NR on OS, and this 
is in turn equal to the projection of the closing line OR on OS. 
Therefore 

OR cos 6 — OM cos a.i + MN cos + NR cos yi- 

Now 

OR = r2, OM = r2 cos 0^2, MN = cos ^2, 

NR Tz cos ' 72 - 


Therefore 

r2 cos B — r2 cos oci cos 0:2 + T2 cos cos ^2 + r2 cos 71 cos 72. 
cos 6 = cos ax cos 0.2 + cos /Si cos ^2 + cos 71 cos 72. 

That is, if the direction cosines of two lines are a, 6, c and d, e, /, 
respectively, then the angle between the two lines is given by the 
formula 

cos B — ad he cf. 

This formula is of extreme importance in problems that involve 
the angle between two lines. It enables one to calculate mathe- 
matically the angle between two lines to a degree of accuracy 
that is limited only by the accuracy of the basic dimensions that 
determine the two given lines. It is also the basis of further 
formulas that will enable one. to find mathematically the true 
angle between a line and a plane and also the true angle between 
two planes. It is fundamental to much of the work that follows. 

Example 1. Calculate the angle between the two lines whose direction 
cosines are , -f and -f » T, T- 

cos 6 = (-s-ICt) + (■|)(t) + 
cos 6 = 0.90476. 

e = 2W12'32". 

Example 2. Calculate the true angle between the two lines A (16, 5, 7) 
3, 5) and C(25, 10, 6) 71(22, 4, 4). First calculate the direction 
cosines. The direction ratios of AB are 1:2:2. The length of the segment 
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AB is 3. The direction cosines of AB are -f, -f . The direction cosines 
of CD are f, y, t- Therefore 

cos 9 = (i)(r) 4- (■|)(f) + (■i)(f). 
cos 9 = 0.90476. 

9 = 25°12'32". 


Example 3. The flap hinge center line is determined by the two points 
A(60, -40.051, -5.621), B(306, -20.036, -4.376). The aileron hinge 
center line is determined by the two points C(106.4, 14.036, —6.946), 
D (240. 125, 29.435, —2.427). Calculate the true angle between the flap 
hinge center line and the aileron hinge center line. 


+z +z 



First calculate the direction cosines of the two center lines. They are, 
correct to five decimal places, 

AB 0.99669, 0.08109, 0.00504. 

CD 0.99287, 0.11433, 0.03355. 

Therefore 

cos 9 = 0.98958 + 0.00927 + 0.00017. 
cos 9 = 0.99902. 

9 = 2°32'0''. 

Example 4. Calculate the true angle between the center line of oleo strut 
and the center line of hinge about which the oleo strut rotates, from the 
data given in Fig. 4.14. 



•Art- 4.5] 


ANGLE BETWEEN TWO LINES 


73 


Set up an auxiliary system of axes as shown. The center line of hinge is 
determined by two points 

A(0, 0, 0). 

S(tan 52®, tan 45°, —1). 

The direction ratio® of the center line of hinge are 

1.2799:1: -1. 

The length of this segment of the center line of hinge is 

1.9074. 

The direction cosines of the center line of hinge are 
0.67102, 0.52427, -0.52427. 

The center line of oleo strut is determined by the two points 

A(0, 0, 0). 

C(0, -27, -74). 

The direction ratios of the center line of oleo strut are 

0:27:74. 

The length of the center line of oleo strut is 

78.772. 

The direction cosines of the center line of oleo strut are 
0:0.34276:0.93942. 

The true angle between the center line of hinge and the center line of oleo 
strut is given by 

cos 0 = 0 + 0.17970 - 0.49251. 
cos d — —0.31281. 
d = 108®13'43". 

If the direction ratios of one given line are ?*, s, t and the direc- 
tion ratios of another given line are tr, then the true angle 
between these two lines is given by 

^ ru + sv 4“ tw 

cos B = ■— 

\/r~ + + t- 4- V- H- w- 

This formula can be derived as follows: The direction cosines of 
the two given lines are 

r ' . s t 

■\/ -f- 4" 4' + t- •\/ r“ + T- 

U V IV 

s/ Ur" + 4” 'vo~ "v/ iL~ 4- i’“ 4“ '\/ u~ 4~ 4~ iv~ 
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The cosine of the true angle between the two given lines is equal 
to the suiu of the products of the corresponding direction cosines. 
Multiplying and adding these direction cosines, and collecting 
terms over the common denominator, we .have the above formula^ 
expressed in terms of direction ratios. 

Example 6- The direction ratios of one line are 1:2:2 and the direction 
ratios of another line are 3:6:2. Find the true angle between the two lines 

(1)(3) + (2) (6) + (2) (2) 

cos d . 

V12 +22 + 22 + 62 + 22 , 

cos B = 0.90476. 

B = 25T2'32". 


Compare this example with Example 1. 

This method of finding the true angle between two lines when 
the direction ratios are given is very convenient and will be used 
often in the succeeding chapters. 




Sometimes the information as given on the engineering drawing 
is such that the line is not directly determined by two points. 
An example of such a case is when the line is determined by one 
point and the projected angles in two views (see Fig. 4.15). In 
this case a good procedure is as follows (see Fig. 4.16) : Set up an 
auxiliary system of axes as shown. Assume a unit distance as 
shown on the 2 : axis. Now BC = tan 40°, and BD == tan 20°. 
Therefore the coordinates of the point B on the given line AB 
^re (— tan 20°, ~ tan 40°,- —1), f.e., the coordinates of B are 
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( — 0.36397, —0.83910, —1). Also, the coordinates of A are 
(0, 0, 0). The direction ratios of A B are 

0.36397:0.83910:1. 



LEFT SIDE VIEW REAR VIEW 


given: TA (Y = 5) (Z=8) 

B (Y=20)(Z=10) 

' C (X=-3) (Z= 12) 

P (X=-25)(Z = 9) 

Fxg. 4.17. 

The length of the segment AB is 1.3552. Therefore the direction 
cosines of AB are 0.26857, 0.61917, 0,73790. 

The idea of assuming a unit distance and using the trigonomet- 
ric functions to determine the coordinates of a point on the line, 
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when the projected angles are given, is important and should be 
mastered and used when possible. 

Sometimes two points on a line are given in one of the basic 
views and two other points on the same line are given in another 
related basic view (see Fig. 4.17). This diagram shows two views 
of the same line. Suppose that in the left-side view the coordi- 
nates of A are y ~ ^ and 2 = 8, and the coordinates of B are 
y = 20 and z = 10. Suppose that in the rear view the coordi- 
nates of C are a; = — 3 and z = 12, and the coordinates of D are 
X — —25 and 2 = 9. First write the equation of the line CZ) in 
the rear view. The equation is 

3a; — 222 + 273 = 0. 

To find the coordinates of A and B in the rear view, substi- 
tute 2 = 8 and z — 10 in the equation of the line. This gives 
X = — 32-|- and x — —17^, respectively. Therefore the coordi- 
nates of A are (“-32-|-, 5, 8) and the coordinates of B are ( — 17-|-, 
20, 10). Having thus determined the two points that determine 
the line, proceed as in the usual way to find the direction cosines 
of AB, 

Another method is to calculate the slopes of A B and CD with 
respect to the positive z axis. Then the direction ratios are 
tan a: tan /3: 1, where a and ^ are the inclinations of CD and AB 
with respect to the 2 axis. 

4.6. Directed lines and true angles. A line connecting two 
points Pi(xi, yi, Zi) and 2 / 2 , 22 ) can be assigned a direction 

as follows: The direction of the line as indicated by P 1 P 2 is from 
Pi to P 2 and its direction ratios are ( 0^2 — Xi) : ( 1/2 — 2/i) • (^2 “ 2 i). 
Similarly the direction of line P 2 P 1 is from P 2 to Pi, and its 
direction ratios are — 0 : 2 ) : ( 2/1 — 2 / 2 ) : {zx — 22 ). 

. Example, 1. Find the direction ratios of the line as determined by two 
points ..4(16, “4, 13) and B(4, —1, 9). 

The direction ratios of line AB ~ —12:3: —4. 

. The direction ratios of line BA = 12: —3:4. 

Notice from this example that, as a point moves along the line 
AB from A to B its change in a; = —12, its change in y = 3, and 
its change in z = —4; and conversely that as a point moves along 
the line BA from B to A its change in x = 12, its change in 
y = —3, and its change in 2 = 4. 
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The direction cosines of line AB are 


cos OL 5; 3 j ^ — 1 ^} cos y — — 

The direction cosines of line BA are 

cos OL = cos /3 = — cos y — 

Thus it can be seen that the direction cosines of a given line are 
the cosines of the angles that the given line makes with the 
positive directions of the x, y, and z axes, respectively, and that 
it is possible to have two solutions to the problem of finding the 



angle between two lines unless the directions are specified (see 
Fig. 4.18). Notice, however, that the two angles are supple- 
mentary and that their cosines therefore are opposite in sign. 

Example 2. Find the angle between the lines AB (as defined in Example 
1) and the line CD determined by two points C(10, —4, 5) and X)(4, —2, 8). 

The direction ratios of line AB are —12:3: —4. 

The direction ratios of line CD are —6:2:3. 

The direction cosines of line AB are — hi, 

The direction cosines of line CD are — y, y, y. 

cos ^ == H + /t - if = It = 0.72527. 
e = 43°30'30". 

Example 3. Find the angle between the lines BA and DC (Fig. 4. IS and 
Example 2). 

The direction cosines of line BA are ff, — A, 

The direction cosines of line DC are y, — f , — f- 

cos AAEC = if 4- -/t - if = = 0.72527. 

AAEC - 43°30'30''. 

Notice that the angles of Examples 2 and 3 are equal. This 
is true because the angles are vertical angles (see Fig. 4.18). 
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Let us check by using this method as outlined, if the angle as 
determined by lines AB and DC is the supplement of angle 9 
as shown in Fig. 4.18. 

The direction cosines of line AB are A* 

The direction cosines of line DC are —-f-, 

+ -0.72527. 

= 136°29'30". 

Angle 4> is thus proved to be the supplement of angle 6, It 
can be seen now that, in order to solve for the angle between 



Pig. 4.19. 


AFT 

+Yw 


two lines, it is necessary to specify which angle, since there are 
two solutions, one being the supplement of the other. 

Example 4. Find the tme angle in the lower plane of the front spar cap 
between the bottom lofted line of the front spar, and a normal wing rib station 
trace. State whether the angle in the aft outboard corner is an open or 
closed angle. 

Given: Direction ratios of bottom lofted line of front spar: 

: (2/u,) : (Su.) = (1): (-0.08916): (0.01472). 

Direction ratios of normal wing rib station trace in the lower front spar (‘ap 
plane : 


= (0): (iD (-0.11277). 
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Note: From given direction ratios we are solving for the aft outboard 
angle (see Fig. 4.19). 

■“0.08916 + (0.01472)(“0.11277) 

cos — . ^ 

Vl -F (-0.08916)2 + (0.01472)2 VO + 1-1- (-0.11277)2 

-0.08916 - 0.00166 -0.09082 

(1.00407) (1.00634) 1.01044 

d = 95°9'25". 


(Angle is open 5°9'25" in aft outboard corner.) 



CHAPTER 5 


TRUE LENGTHS AND TRUE ANGLES {Continued) ' 

Direction ratios and direction cosines are so useful that it is 
advisable to calculate and tabulate for future reference the direc- 
tion ratios and direction cosines of all the basic straight lines 
on the airplane. This procedure saves the time and trouble of 
recalculating these values every time a situation arises in which 
they are needed. The term basic lines as used here includes the 
various systems of axes, hinge lines, lofted lines (mold lines), etc. 

The problem of determining the true angle between two lines, 
as described in Chap. 4, is but one of many similar problems that 
can be solved very simply and accurately by solid analytic 
geometry. These other problems include the true angle between 
a line and a plane, the true angle between two planes, the shortest 
distance between two lines, and many more problems. Some 
of these applications 'will be discussed in this chapter. 

The importance of establishing and controlling certain basic 
dimensions cannot be overemphasized. From the basic dimen- 
sions other dimensions are calculated. The accuracy of the, 
basic dimensions limits the accuracy of the calculated dimensions. 
The same is true for layout techniques. The accuracy of the 
completed layout depends upon the accuracy of the information 
upon which the layout is based. The control of basic dimensions 
is especially critical in mass production of airplanes and in cases 
where subassemblies are subcontracted to other companies or 
other plants of the same company. The matter of controlling 
basic dimensions is complex and involves materials, properties 
of materials, manufacturing processes, heat-treatment of metals, 
tools, tool design, jig building, and many other items. Its 
importance is so great that carefully planned steps must be taken 
to ensure that it receives the consideration that it warrants. 

5.1. Direction ratios and direction cosines of axes with respect 
to themselves. The direction cosines of a line are the cosines of 
the true angles between the line and the three mutually per- 
pendicular axes. Consider the 'x, y, z system of axes in rigged 
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position. The x axis makes an angle of 0° with itself, the x axis 
makes an angle of 90° with the y axis, and the x axis makes an 
angle of 90° with the z axis. The true angles between the x axis 
and the x axis, y axis, and z axis are therefore 0°, 90°, and 90°, 
respectively. The cosines of these angles are 1, 0, 0.- Therefore 
the direction cosines of the x axis in rigged position are 1, 0, 0. 
The numbers can also serve as direction ratios, and the direction 
ratios of the x axis in rigged position are therefore 1:0:0. The 
y axis makes true angles 90°, 0°, 90° with the x axis, y axis, and 
z axis, respectively. The cosines of these angles are 0, 1, 0. 
Therefore the direction cosines of the y axis in rigged position 
are 0, 1, 0 and its direction ratios are 0:1:0. The z axis makes 
true angles 90°, 90°, 0° with the x axis, y axis, and z axis, respec- 
tively. The. cosines of these angles are 0, 0, 1. The direction 
cosines of the z axis are therefore 0, 0, 1 and its direction ratios 
are 0:0:1. These results can be tabulated in the form of a box. 
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Consider the wing system of axes, denoted by Xio, Vw, In 
both the chord plane type and wing reference plane type the 
direction cosines of the Xw, yw, Zw axes with respect to themselves 
are the same as for the rigged axes with respect to the rigged axes, 
namely, 1, 0, 0; 0, 1, 0; 0, 0, 1. The direction ratios are 1:0:0; 
0:1:0;. 0:0:1. This is true of any set of axes ivith respect to 
themselves. Another wa^^ of sa>dng the same thing is that the 
direction cosines of the rigged axes in rigged position, the direc- 
tion cosines of the wing axes in wing position, the direction cosines 
of the nacelle axes in nacelle position, etc., are 1, 0, 0; 0, 1, 0; 
0 , 0 , 1 . 

6.2. Direction ratios and direction cosines of wing reference 
plane axes with respect to rigged axes. Consider the i^roblem of 
determining the direction cosines of a set of wing reference plane 
axes in ligged ])osition, with respect to the rigged system 

of axes (see Figs. 5.1 and 3.12). 
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The axis makes true angles 4>, 90°, 90° - 4 , with the x axis, 
y axis, and z axis, respectively. The cosines of these angles are 
cos 0, sin 4 ,. Therefore the direction cosines of the axis 
\vith respect to the rigged system of axes are cos 4 >, 0, sin 4 ,, and 
Its direction ratios are cos .#.:0:sin <;6. The direction ratios can 
be reduced by dividing by cos 4 > to give 1 : 0 : tan 0. The axis 
makes true angles 90°, 0°, 90° with the a: axis, y axis, and ^ axis 



Fig. 5.1. 


respectively. The cosines of these angles are 0, 1, 0. Therefore 
the direction cosines of the y„ axis with respect to the rigged 
^stem of axes are 0, 1, 0, and its direction ratios are 0:1:0. 
Ihe z„ axis makes true angles 90° + 4>, 90°, 4, with the z axis 
y axis, and z axis, respectively. The cosines of these angles 
are sin 0, cos 4 >- Therefore the direction cosinea of the 
axis with respect to the rigged system of axes are - sin ,* 0 
cos 4> and its direction ratios are — sin 4 >: 0 :cos 4>. The direc- 
tion ratios can be reduced by dividing by cos 4 > to give ^ ta,n 4 >- 
0.1. 1 Pese direction cosines may be tabulated as follows • 



X 

• y 

z 

.Tg, 

cos 4> 

0 

sin 4> 

Vw 

0 

1 1 

0 

Zy} 

— sin <i> 

0 1 

cos cf> 
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Reading this table by horizontal columns, the direction cosines 
of the x-w axis are cos 0, sin the direction cosines of the yw 
axis are 0, 1, 0; and the ‘direction cosines of the Zu, axis are — sin 
0, cos 4>. These are all with respect to the rigged axes x, y, z, 

Reading the table by vertical rows, the direction cosines-of the 
X axis are cos 0, — sin <f>; the direction cosines of the y axis 
are 0, 1, 0; and the direction cosines of the 2 axis are sin <^>, 0, 
cos (f>. These are all with respect to the wing reference plane 
axes. 

The necessity for knowing the direction cosines of the ^^dng 
reference plane axes in rigged position is illustrated in the 
following example. 

Example. Find the true angle between a control cable whose direction 
cosines with reference to the rigged axes are 0.85714, 0.28571, 0.42857 and 
a normal to the wing reference plane, the angle of dihedral <^> being 3°. 

The wing reference plane is the Xv,yw plane. The Zw axis is normal to the 
wing reference plane. The direction cosines of the Zw axis, as obtained from 
the “box,'’ are — sin 0, cos <^. These are with respect to the rigged axes. 
Since the angle tp is 3®, the direction cosines of the Zw axis are —0.05234, 0, 
0.99863. Since the direction cosines of the control cable and the direction 
cosines of the Zw axis are now both with respect to the rigged axes, the true 
angle between these two lines can be calculated as follows: 

cos a = (0.85714) (-0.05234) + (0.28571) (0) -f (0.42857) (0.99863). 
cos <x — 0.38312. 
a = 67®28'22". 

5.3. Direction ratios and direction cosines of wing chord plane 
axes with respect to rigged axes. Consider the problem of 
determining the direction ratios and direction cosines of a set 
of wing chord plane axes with respect to a set of rigged axes 
(see Figs. 5:2 and 3.9). Consider the point P one unit from the 
origin on the positive Xw axis, the point Q one unit from the origin 
on the yv, axis, and the point It one unit from the origin on the 
axis. The true angle between the Xxc axis and the x axis is 
the angle of dihedral, and the true angle between the yw axis 
and the y axis is B, the angle of incidence. Notice that the angle 
of incidence, B, is measured in the yz plane, wliich is the plane of 
symmetry. 

The coordinates of P with respect to the x axis, y axis, and 
2 axis are OA, BP^ and AB, respectively. In the triangle 0.4P, 
OP is one unit, and so OA = cos <i>. In the triangle OAP, OP is 
one unit, and so ^4P = sin 4>. Now in the triangle ABP, the 
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angle at is a right angle, and the sides of angle PAB are per- 
pendicular to the sides of angle d in triangle ODQ, and so angle 

BP 

PAB = d. Also, in the triangle ABP^ = sin 6. Since 
BP 

AP = sin (j>j then == sin d, and BP — sin '4> sin d. Again, 


AB 


in the triangle ABP, = cos 6', Since AP = sin <?E>, then 


+Zw 



----- , = cos 9, and AB — sin cos B. Since the coordinates of 
sin <p 

P are OA, BP, and AB, therefore the coordinates of P are cos 4>, 
sin 4) sin 9, and sin 4 cos 6. 

The coordinates of O are ( 0 , 0 , 0 ) and the coordinates of P 
are (cos 4, sin 4 sin 9, sin 4 cos 9), and the direction ratios of OP 
fXYQ therefore the differences of these values, namely, 

cos 4: sin 4 sin ^:sin 4 cos 9. 

Now (cos <^)“ + (sin 4 sin 0 )- + (sin 4 cos 6)- = cos- 4 sin- 4 
sin- 9 + sin- 4 cos- 6 — cos- 4 + sin‘^ 4 (sin**^ 6 + cos- 6) = cos- 4 
sin- ( 1 ) = cos- 4 + = 1 . Therefore cos 4 , f’in 4 sin 9, 

sin 4 cos 9 are the direction cosines of OP, since the sum of their 
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squares is equal to 1 (OP = 1, since P was taken as a unit distance 
along the Xv, axis).- 

The coordinates of Q with respect to the x axis, y axis, and 
z axis are 0, OD, and DQ, respectively. In the triangle ODQ^ 
OQ is one unit long and the angle ODQ is a right angle, and so 
OD = cos S. Also, DQ — sin 6, Therefore the coordinates of 
Q are 0, cos 6, — sin 6. Since the coordinates of O are (0, 0, 0) 
and the coordinates of Q are (0, cos 6, — sin d), the direction 
ratios of OQ are the differences of these values, namely, 

0 : cos 6 : — sin 6. 


Now (0)- + (cos 6)^ -h (— sin dy — cos^ 9 -f sin- 0=1, and 
so 0, cos 0, — sin 0 are the direction cosines of OQ, because the 
sum of their squares is equal to one (OQ — 1, since Q was taken 
as a unit distance along the axis). 

The coordinates of R with respect to the x axis, y axis, and 
z axis are jE'J?, and OB, respectively. In the triangle OER, 
OR is one unit, and so ER = sin <f>. In the triangle OFE, the 
angle at F is a right angle, the sides of angle EOF are perpendicu- 
lar to the sides of angle 0 in triangle ODQ, and so the angle 

FE 

EOF = 0. Also, in the triangle EOF, = sin 0. Since 
FE 

OE — cos then 7 = sin 0, and FE = sin 0 cos Again, 

^ cos <p ^ 'T J 

OF 

in the triangle EOF, — cos 0. Since OE — cos 4>, then 
OF 

, — cos 0, and OF — cos 0 cos 0. Therefore the coordinates 
cos 4> ’ 

of R are sin cf), sin 0, cos <p, and cos <f> cos 0. 

The coordinates of 0 are (0, 0, 0) and the coordinates of R 
are (— sin 4>, sin 0 cos <j>, cos <p cos 0), and the direction ratios of 
OR are therefore the differences of these values, namely, 


sin <?i):sin 0 cos <^:cos <t> cos 0. 


Now ( — sin <^)^ + (sin 0 cos <^)- + (cos cos 0)- = sin- 4> -T sin- 0 
cos^ 4> -h cos^ 4> cos^ 0 = sin- cf> -f- cos- <f> (sin- 0 -f- cos- 0) = sin- <f> 
4- cos^ </)(!) = sin- </> + cos- 0 = 1. Therefore — sin 0, sin 0 
cos 0, cos 0 cos 0 are the direction cosines of OE, since the sum 
of their squares is equal to one (OE = 1, since E was taken as a 
unit distance along the z^o axis). 
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The direction cosines of OP, OQ, and OR are the direction 
cosines of the Xxo axis, the yv, axis, and the axis, respectively, 
ndth relation to the rr, y, z axes. We can arrange these direction 
cosines in a box: 



Xw 

Vw 

Zw 

X 

COS 0 

0 

— -sin <}> 

y 

sin <j> sin 6 

cos d 

cos <p sin d 

z 

sin cos d 

— sin 6 

cos cos 6 


Reading this table by vertical columns, the direction cosines of 
the Xw axis are cos <^, sin <f> sin 0, sin cos d; the direction cosines 
of the 2/w axis are 0, cos d, — sin d\ and the direction cosines of the 
Zw axis are — sin sin 6 cos cos <p cos d. These are all with 
respect to the rigged axes. 

Reading the table by horizontal rows, the direction cosines of 
the X axis are cos <p, 0, — sin the direction cosines of the y axis 
are sin <l> sin B, cos 9^ sin 6 cos <l > ; and the direction cosines of the ’ 
z axis are sin <p cos — sin 6, cos ^ cos 9. These are all with 
respect to the wing chord plane axes. 

It should be noted that the values of these basic direction 
cosines are dependent upon the relative positions of the axes. 
For example, if the positive direction -on the y axis were taken 
forward instead of aft, the values would be different. So it can 
be seen that, when finding the direction cosines of the axes with 
respect to themselves (Art. 5.1) or when finding the direction 
cosines of one set of axes with relation to another set of axes 
(Arts. 5.2 and 5.3), it is always important to use the positive 
direction of all axes involved. 

The Aving chord plane axes are obtained from the rigged axes 
by two angles of rotation, 9 and 0. In various other subassembly 
situations the two sets of reference axes are related in a similar 
way. In such a case the above explanation can be followed as a 
typical example, and the direction cosines of each set of axes with 
respect to the other can be calculated. We shall discuss these 
matters in more detail when we study rotation of axes. 

6.4. True angle between a line and a plane. The angle 
between a line and a plane is equal to the complement of the 
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^ngle between the line and a normal to the plane (see Fig. 5.3). 
The angle between the line and the plane in Fig, 5.3 is a. The 
angle between the line and a normal to the plane is jS. Notice 
that a + — 90°, and so the angle a. is the complement of the 

angle In order to find the true angle bet^veen a line and a 
plane we can therefore find the true angle between the line and a 
normal to the plane, and then subtract the answer from 90°. 
The true angle between the line and the normal to the plane is a 



matter of finding the true angle between two lines, which was 
explained in Chap. 4. 

Example 1. Find the true angle between a line whose direction cosines 
are -g-, and a certain plane, a normal to this plane haying.direction cosines 

f, f, f- 

The angle between the line and the normal is given by 

cos I3 = (^)(t) + + (■f)(T)- 

cos (3 = 

cos = 0.76190. 

^ = 40°22'6". 

The angle between the line and the plane is therefore 
90° _ 40"’22'6" = 49°37'54". 

Since cos (90° — A) = sin A, an alternative method would be 
to find 0.76190 in the table of sines, rather than cosines. This 
would eliminate the operation of su])tracting 40 22 6 from 90 
and would give the angle directly as 49°37'54". 

Example 2. Find the true angle between the center line of aileron hinge, 
whose direction cosines are 0.99316, 0.11433, and 0.02355, and the wing 
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reference plane. The direction cosines of a normal to the wing reference 
plane are -0.00759, 0, 0.99997. 

The true angle between the center line of aileron hinge and the normal to 
the wing reference plane is given by 

cos e = (0.99316) (-0.00759) + (0.11433) (0) + (0.02355) (0.99997). 
cos 6 = 0.01601. 
d = 89°4'58". 

Subtract this angle from 90*^. The result is 0°55'2", which is the tnle angle 
between the center line of aileron hinge and the wing reference plane. 

Example 3. Find the true angle bet-ween a control cable determined by 
the two points (24, — 56, — 8) and (42, 75, 12) and the plane of a fuselage 
canted bulkhead as shown in Fig. 5.4. 



The direction ratios of the line determining the control cable are 18:131: 20. 
The distance between the two points is 133.735. The direction cosines of 
the line determining the control cable are therefore 0.13459, 0.97955, 0.14955. 
Figure 5.4 illustrates a method for finding the direction cosines of a normal 
to the canted bulkhead. The coordinates of A are (0, 0, 0). The coordi- 
nates of B are (0, cos 5°, — sin 5°) or (0, 0.99619, —0.08716). The direction 
ratios of AB, obtained in the usual way by subtracting the x coordinates, 
y coordinates, and z coordinates, are 0:0.99619: —0.08716. The distance 
between the points A and B is 1 (see Fig. 5.4). The direction cosines of AB, 
a normal to the canted bulkhead, arc 0, 0.99619, —0.08716. The true 
angle between the cable and the normal is given by 

cos 9 = (0.13459)(0) + (0.97955) (0.99619) + (0.14955)(-0.08716). 
cos 9 = 0.96278. 
e = 15A0'53". 

Subtract this angle from 90°. The result is 74°19'7". This is the true 
angle between the control cable and the canted bulkhead. 
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5.5. True angle between two planes. When the direction 
cosines of normals to two given planes are known, the true angle 
between the two planes can then be calculated as follow^s: The 
angle between two planes is equal to the angle between normals 
to the two planes (see Fig. 5.5). Thus the problem of finding 
the true angle between two planes is equivalent to the problem 
of finding the true angle between two lines. 



Example. The direction cosines of a normal to a certain plane are 
i, "I, ■§• The direction cosines of a normal to another plane are -f, T, Y- 
Find the true angle between the two planes. 

The true angle between the two normals is given by 

cos ff = (i)(f) + (f)(f) + 
cos 0 = 0.90476. 

0 = 25“I2'32". 


The true angle between the two planes is also 25°12'32". 

When the direction cosines of normals to the two planes are not 
given directly, they can be calculated by a procedure developed 
in the next article. Then the procedure is the same as in the 
foregoing example. 

5.6. Calculation of the direction ratios of a normal to a given 
plane. A line that is perpendicular to two lines in a plane is 
perpendicular to the plane (see Fig. 5.6). 

Suppose that the direction ratios of a line in a certain plane are 
a:b:c, and the direction ratios of another line in the same plane 
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are d:e:f. Assume that the direction ratios of a normai to the 
plane determined by the two lines are L\M\N. Then 

La + Mh + Ac = 0. 

Ld -h Me -{- -Nf = 0. 

These equations are true because the normal is perpendicular 
to each of the two lines, two hnes are perpendicular when the 
true angle between them is 9Q®, and the cosine of 90° is zero. 

It can be shown that a set of values for L:M:N are 


-NORMAL TO PLANE 



Fig. 5.6. 


1/ = 6 / — C6. 

M ~ cd — of. 
N = ae — bd. 


A line normal to two given lines a:h:c and d:e:f can be denoted 
by P:Q: 1. This is true since a given set of direction ratios can 
be divided by one of the numbers in the ratio to give P:Q:1. 
That the line whose direction ratios are a:h:c is perpendicular 
to the required line P:Q:1 can be stated by aP + hQ -f c = 0. 
Also it can be stated by dP + eQ + / = 0 that the line with 
given direction ratios d:e:f is perpendicular to the required line 
whose direction ratios are P:Q: 1. 

Solving simultaneously 


d { aP T hQ — — c, 
CL I dP + = — /. 

Q{ae — bd) ^ cd — af. 

ae — bd 


e I aP hQ — — c, 
h \ dP -h eQ — — f . 
P{ae ~ bd) ~ hf ce. 

p = 

ae — bd 
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The required direction ratios are 
^ 

* To verif this, merely substitute these values in the pair of 
equations above. The result is 

(bf — ce)a -h (cd — af)b + (ae — bd)c = 0. 

(bf — ce)d H- (cd — af)e + (ae — bd)f = 0. 

These equations reduce to 

abf — ace + bed — abf + ace — -bed ~ 0. 
bdf — ede + ede — aef + aef — bdf ~ 0. 

Because these are identities, the values ofLiMiN given above 
are legitimate direction ratios for a normal to the plane. 

Notice that the expressions bf — ce, cd — a/, ae — bd can be 
obtained by writing the six numbers a, 6, c, d, e, f as follows: 

a h c 
d e f 

and then cross-multiplying in the following way: First cover a 
and d, the first vertical column, and cross-multiply in the order 
hf—ce. This is similar to the cross multiplication used in evaluat- 
ing second-order determinants. Next, cover b and e, the second 
vertical column, and crossrmultiply backward^' in the order 
cd-af. This is the opposite order of the cross multiplication in 
determinants. Last, cover the numbers c and /, the third 
vertical column, and cross-multiply in the order ae-bd. This is 
similar to the cross multiplication used in evaluating second-order 
determinants. 

Example 1, The direction ratios of a certain line are 2:3:4, and the 
direction ratios of another line are 5:6:7. Find the direction ratios of a line 
perpendicular to both these lines. 

First write the numbers in this array: 

2 3 4 

5 6 7 

Then cross-multiply as explained above. 

(3)(7) - (4){6) = -3 
{4)(5) - C2}(7) = 6 

(2) (6) - (5) (3) = -3 
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The required direction ratios are —3:6:— 3, which can be reduced by- 
dividing by —3 to give 1 : — 2: 1. 

After finding the direction ratios of a line perpendicular to 
two lines it is essential to check the result. To do this we must 
prove that the resulting line is actually perpendicular to each 
of the two given lines. This can be done as follows: 

( 1 )( 2 ) + (~ 2 )( 3 ) + ( 4 )( 1 ) = 0 , 

( 1 )( 5 ) + (- 2 ) ( 6 ) + ( 7 )( 1 ) = 0 . 

This check depends upon the fact that if two lines are perpen- 
dicular, the cosine of the angle between them is zero. 

Example 2. A plane is determined by the three points A (3, 4, 1), 
jB( 5, 10, 16), C( — 3, 8, 22). Find the direction ratios of a line normal to this 
plane. 

The direction ratios of line AB are 

5 _ 3:10 _ 4:16 _ 1 or 2:6:15. 

The direction ratios of line AC are 

-3-3:8 — 4:22-1 or -6:4:21. 

Write these two sets of direction ratios in the form 

2:6:15 

-6:4:21. 

CroBS-multiply in the manner described above: 

(6) (21) - (15) (4) = 126 - 60 = 66. 

(15)(-6) - (2)(21) = -90 - 42 = -132. 

(2) (4) - (-6) (6) = 8 4- 36 = 44. 

Therefore the direction ratios of a normal to the given plane are 
66: —132:44, which can be reduced by'' dividing by"- 44 to give 1.5: —3: 1. 

Example 3. A certain plane is determined by the point A (3, 2, 1) and 
the line J5(6, 2, 4) C(l, 0, 5). Find the direction ratios of a normal to this 
plane. 

The points A, B and A, C determine two lines that lie in the given plane. 
Their direction ratios are 

AB 6 -3:2 -2:4-1 or 3:0:3, 

AC 1-3:0 -2:5-1 or -2: -2:4. 

These two sots of direction ratios can be reduced by^ dividing by 3 and —2, 
respectively, to give 1:0:1 and 1:1: —2. Write these ratios in the form 


1 : 0:1 

l:l:-2. 
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Cross-multiply: 

( 0 )(- 2 ) - ( 1 )( 1 ) = - 1 . 

(1)(1) - (l)(-2) - 3. 

( 1 )( 1 ) - ( 1 )( 0 ) = 1 . 

Therefore the direction ratios of a normal to the given plane are —1:3:1. 

Example 4. The plane in which three main bearings of the landing gear 
must operate is determined by the three points ^4(50, 3, 15), j 5(52, 17, 8), 
(7(51, 22, 16). Find the direction ratios of a normal to this plane. 

The direction ratios oi AB are 

52 - 50:17 — 3:8 - 15 or 2:14: -7. 

The direction ratios of AC are 

51 — 50:22 — 3:16 — 15 1:19:1. 

Write these ratios in the form 

2:14: -7 
1:19:1. 

Cross-multiply : 

(14) (1) - (19) (-7) 147. 

(-7)(1) -- (2)(1) = -c 

(2) (19) - (1)(14) = 24. 

Therefore the direction ratios of a normal to the given plane are 
147 : — 9 : 24, which can be reduced by dividing by — 9 to give — 16-g- : 1 : — 2%. 

6.7. True angle between a line and a plane, when the plane is 
determined by three points. When the given plane is a single- 
canted plane, i.e., when it is on edge in one view, as in the case of 
the canted bulkhead in Fig. 5.4 of Art. 5.4, the direction ratios 
of a normal to the. plane are easy to calculate. Sometimes, how- 
ever, the given plane is determined by three points. Tliis is 
often true in the case of a double-canted plane, which is not on 
edge in any of the three basic orthograploic views. In this case 
we can calculate the direction ratios of a normal to the plane 
by the method described in the preceding article. 

Example 1. A certain plane is determined by the three points 
A(15, 85, 16), ^(13, 82, 12), and (7(10, 79, 9). A certain line is determined 
by the two points 77(17, 5, 6) and £^(16, 5, 2). Find the true angle between 
the line DE and the plane ABC. 

Select any two lines in the plane ABC, such as ^-1 and CA. Calculate 
their direction ratios. They are 


or 


BA 15 - 13:85 - 82:16 - 12 
CA 15 - 10:85 - 79:16 - 9 


or 


2:3:4, 

5:6:7. 



94 


TRUE LENGTHS AND TRUE ANGLES 


[Chap. 5 


Cross-multiply as explained in Example 1, Art. 5.6. We obtain finally 
1: — 2: 1. These are the direction ratios of a line perpendicular to AB and 
AC, and therefore perpendicular to the plane ABC. Calculate the direction 
ratios of ED. They are 

ED 17-16:5-5:6-2 1:0:4. 

Therefore the true angle between the line DE and a normal to the plane 
ABC is given by 

, (1)(1) 4- (-2)(0) + (1)(4) 

cos d , . ~ ■■ - - 

V(l)= + (-2)^ + (1)^ V(l)^ + (0)= + (4)^ 

5 

cos 0 


cos 0 


0 


10.0995 


0.49507. 


60“19'32". 


This is the complement of the true angle between the line DE and the plane 
ABC, and the true angle between the line and the plane is therefore 29®40'28^'. 



Example 2. On the outboard side of a deicer duct lies a cant rib plane 
which is defined by its intersection with the front spar plane and its inter- 
section with the leading edge of the wing (see Fig. 5.7). The pressure tube 
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leading in from the outer wing Pitot tube runs through the cant rib plane 
with given direction ratios of 1: — 1: —0.5 to strike the front spar plane, 
makes a single angle bend for 6 in., then bends again to run parallel to the 
wing reference plane trace on the front spar plane. What are the two bend 
angles required to make the tube? 

A line normal to the front spar plane has direction ratios or direction 
cosines of 0 : 1 : 0. The direction ratios of the pressure tube are 1 : — 1 : — 0.5. 
1 1 0.5 

Its direction cosmes are The true angle between the 

1.5 1.5 1.0 

front spar plane and the pressure tube is given by 

cos ^ = —0.66667. 

1.5 

Notice that > 90°, since the cosine is negative. 

To find the actual angle of bend, 

- sin e = 0.66667. 
e = 41°48'38". 

The other angle of bend made in the front spar plane is found by the 
following procedure : 

The direction cosines of the wing reference plane trace oh the front spar 
plane are 1, 0, 0. The direction ratios of the 6-in. piece of pressure tube in 
the front spar plane are 1:0: —0.5. ‘ 



1.11803 


0.89443 


26°33'51". 


This is the angle between the 6-in. piece of pressure tube and the axis. 
These are the two angles {$ and a) required to prefabricate the pressure 
tube. 


5.8. True angle between two planes, when the planes are each 
determined by three points. Consider the problem of deter- 
mining the true angle between two planes, when each of the 
planes is determined by three points. Briefly, the method con- 
sists of calculating the direction ratios of a normal to each of the 
two given planes and then finding the true angle between these 
two normals. This angle is equal to the true angle between 
the two given planes. The procedure will be made clear in the 
following example. 


Example 1. Find the true angle between the plane d(15, So, 16) B(13, 
82, 12) C(10, 79, 9) and the plane D(26, 12, 17) ^(24, 11, 17) F(23, 10, 15). 

The direction ratios of BA are 2:3:4 and the direction ratios of CA are 
5:6:7. The direction ratios of a normal to ABC are 1 : — 2 : 1 (see Example 1 , 
Art. 5.6), 
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The direction ratios of ED are 2:1:0 and the direction ratios of FD are 
3:2:2. The direction ratios of a normal to DEF are calculated by cross- 
multiplying 

2 : 1.:0 

3:2:2. 

The results are 

( 1 )( 2 ) - ( 2 )( 0 ) = 2 , 

(0)(3) - (2) (2) = -4, 

(2)(2) - (3)(1) = 1. 

The direction ratios of a normal to DEF are therefore 2 : —4:1. 

The true angle between the normal to ABC and the normal to DEF is 
given by 

(1)(2) H- (--2)(~4) + (DCl) 

cos 9 , : . : - ::r-- 

Vl’- + (-2)* + V(2)^ + (-4)^ + 1® 

11 

COS 9 


cos 9 


11 

11.22497 


0.97996. 


11°29'20". 


Example 2. Referring to Example 2 of Art. 5.7 and Fig. 5.7, what is the 
angle required to prefabricate the attach angle that fastens the cant rib to 
the front spar? 

The coordinates of point P are x^p = 65, = —12.200, and Zw == 3.138 

as calculated from Fig. 5.7. The coordinates of point A are x-u> = 60, 
yw = 0, Zu, = 0. The direction ratios of line AP are 5: —12.200:3.138, or, 
simplifying, —0.40984 : 1 : —0.25721. The direction ratios of the line of 
intersection of the cant rib plane with the front spar plane as calculated 
from Fig. 5.7 are 0.10510:0:1. The direction ratios of a line normal to the 
cant rib plane can be calculated by cross-multiplying 


-0.40984:1: -0.25721 
0.10510:0:1. 

The results are 1 :0.38281 : -0.10510. 

The angle of the attach angle is the true angle between the front spar 
plane and the cant rib plane, the normals to which are, respectively, 0:1:0 
and 1:0.38281: -0.10510. 


(0)(1) + (1) (0.38281) + (0)( -0.10510) 0.38281 

V (0)2 + (1)2 -1- (0)2 (0.38281)2 -f (0.10510)2 1.07591 

= 0.35580. 

13 = 69°9'27''. 

The angle as shown on the drawing of the attach angle would be the 
supplement of (3, or y = 110“50'33". 



CHAPTER 6 

EQUATIONS OF PLANES 

In this chapter we shall show how to write the equation of a 
plane. It is advisable, in applying solid analytic geometry to 
the airplane, to write the equations of the basic planes and to 
tabulate them for future reference. This will result in a saving 
of time and energy. The basic planes are used so often in 
problems that it would be a duplication of effort to have to calcu- 
late their equations each time a new problem arises. We shall 
consider certain other topics in this chapter, such as the distance 
from the origin to a plane, the distance from a point to a plane, 
parallel and perpendicular planes, the line of intersection of two 
planes, the point where a line pierces a plane, and the angle made 
on a plane by its intersections with two other planes. 

Once the equation of a plane has been \Yritten, the direction 
ratios of a line normal to the plane are immediately available 
for use in finding the true angle between a line and a plane and 
the true angle between two planes. 

6.1. Normal form of the equation of a plane. Consider a 
plane ABC, as shown in Fig. 6.1, Let ON be the perpendicular 
from the origin to the plane. Let a, jS, and 7 be the direction 
angles of the line ON. Let D be the point where ON intersects 
the plane ABC, and let p be the length of the segment OD. Let 
P{x, y, z) be any point on the plane ABC. The equation of the 
plane ABC is a: cos a + 2/ cos jS + z cos 7 = p. 

To verify this equation, notice that DP is perpendicular to OD 
because OD is perpendicular to the plane ABC, and DP lies in 
the plane ABC. Now the projection of OP on ON is OD, since 
angle ODP is a right angle. Also, the projection of OP on ON 
is equal to the sum of the projections of the line segments repre- 
senting the X, y, z coordinates of P. Therefore, equating these 
two expressions for the projection of OP on ON, 

X cos a + y cos jS + s cos y ~ p. 

97 
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This relation is true for any point P that lies’ in the plane ABC. 
It IS not true for any point, not in the plane ABC, because for 
such a point the angle GDP would not be a right angle. Since 


+z 



Fig. 6.2. 

the equation is satisfied by all points in the plane and by no 
points not in the plane, it is the equation of the plane. This is 
called the ^iotitkxI form of the equation of a plane, because cos cx., 
cos and cos 7 are the direction cosines of a normal to the plane. 
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Example 1. If the direction cosines of a normal to a certain plane are 
•f, Y, and f, and the perpendicular distance from the origin to the plane is 
13 in., write the equation of the plane. 

X cos Cl y cos + 2 cos Y == p. 
cos OL •= Tj cos ^ = Y, cos y — Y‘ 
p = 13. 
yx + YV + == 13. 

Example 2. The direction ratios of a normal to a double-canted (skewed) 
wing rib are 1 : —0.03491 :0.12i87. A point on the rib is (100.127, 40.039, 
— 10.426). Find the equation of the plane of the rib in its normal form 
(see Fig. 6.2). 

First calculate the value of a/i^ ( — 0.03491 )2 + (0 12187)®. This is 

1.00800. Then the direction cosines of the normal to the rib are 


cos iS 
cos y 


1.00800 
-0.03491 
1.00800 
0.12187 
1.00800 “ 


0.99206. 

-0.03463. 

0.12090. 


The projection of OP on ON is equal to the perpendicular distance from the 
origin to the plane. This distance is therefore 

(100.127) (0.99206) + (40.039) (-0.03463) + (-10.426) (0.12090) = 96.685. 

Therefore the equation of the plane of the rib is 

0.99206ic - 0.03463y + 0.120902 = 96.685. 

Notice that the coefficients of Xj y, and z are the direction cosines of a normal 
to the rib and the constant term on the right side of the equation is the 
perpendicular distance from the origin to the plane of the rib. 

The equation of a plane is always a linear equation of the type ^ 

Ax By + Cz D ^ 0 

and conversely, every equation of this type represents a plane. 
It follows, therefore, that the equation of a plane is not always 
in the normal form. For example, the equation 

0.99206a; - 0.034632/ + 0.12090^ = 96.685 
is in the noi'mal form, as explained above, but the equation 
2(0.99206)0; - 2(0.03463)2/ + 2(0.12090)^ - 2(96.685), 

which represents the same plane, is not in the normal form, 
because the coefficients of x, yj z are now 1.98412, — 0.06926, 
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0.24180 and these numbers do not constitute a set of direction 
cosines, since the sum of their squares is not equal to one. How- 
ever, the equation 1.98412a: ~ 0.06926i/ + 0.241802; = 193.370 
can be put into the normal form by dividing through by 

VC1.98412)2 -I- (-0.06926)2 -h (0.24180) ^ 

The result is 

0.99206a: - 0.03463t/ + 0.120902; = 96.685, 

which is in the normal form. Now the coef&cients of x, y, and z 
are the direction cosines of a normal to the plane, and the per- 
pendicular distance from the origin to the plane is 96.685.- 

Kxample 3. Determine whether the equation 

0.96643a; - 0.223032/ -f 0.127552: = 10 
is in the normal form. 

Calculate the value of VCO.SeeiS ) 2 + (-0.22303)2 + (0.12755)^. The 
result is one. Therefore the equation is in the normal form. A consequence 
of this fact is that 10 is the perpendicular distance from the origin to the 
plane. 

Example 4. Determine whether the equation 2x — 3y A- 4:Z = 6 is in 
the normal form. 

The coefficients are each larger than unity (one), so the sum of their 
squares is obviously larger than unity. The equation is not in the normal 
form. 

Example 6- Reduce the equation 

1.234882: - 0.27046?/ + 1.021162 = 13.049 
to the normal form. 

« Calculate the value of -x/ (1.23488)2 + ( — 0.27046)2 + (1.02116)2. The 
result is 1.62507. Divide each term of the equation by this number. The 
result is 0.75989a: — 0.16643?/ ■+■ 0.628382: == 8.030. This is the normal 
form of the given equation. The coefficients of x, y, and z are the direction 
cosines of a normal to the plane, and 8.030 is the perpendicular distance from 
the origin to the plane. 

Example 6. Reduce the equation 

0.03489a; + 0.86048y + 0.994062 = 29.642 
to the normal form. 

Calculate the value of s/ (0.03489)® + (0.86048)^ + (0.99406)2. The 
result is 1.31522. Divide each term of the equation by this number. The 
result is 

0.02653a; + 0.65425y -f 0.75581s = 22.538. 
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This is the normal form of the equation. The coefiScients of y, and z 
are the direction cosines of a normal to the plane, and the perpendicular 
distance from the origin to the plane is 22.538. 

6.2. General form of fhe equation of a plane. The equation of 
a plane in space is usually written in the form 

Ax + By -h C2 + D = 0. 

All points whose coordinates satisfy the equation lie in the plane, 
and no point whose coordinates do not satisfy the equation can 
lie in the plane. In this sense the equation represents the plane. 

The equation of a plane perpendicular to the xy plane will 
have the term in z missing-: 

Ax -{- By 4" D = 0. 

The equation of a plane perpendicular to the xz plane will have 
the term in y missing: 

Aa; + 4- Z> = 0. 

The equation of a plane perpendicular to the yz plane will have 
the term in x missing: 

By A- Cz A- D ^ 0, 

For example, the plane 2a: -h 3^/ 4- 7 = 0 is perpendicular to 
the xy plane, the plane 4a: 4- 5^ + 2 = 0 is perpendicular to the 
xz plane, and the plane 3^ — 8^ 4- 4 — 0 is perpendicular to the 
yz plane. 

An example of such a plane is the plane of the canted bulkhead 
in Fig. 5.4. When a plane is perpendicular to one of the three 
reference planes it will appear on edge in one of the three basic 
orthographic views. Therefore when a plane is on edge in one 
view its equation will have one unknown missing. It is especially 
easy to write the equation of such a plane. The edge view of the 
plane can be considered as a line, and the equation of the line as 
determined in plane analytic geometry will be the equation of 
the plane. 

Example 1. Write the equation of the vertical rib at wing station 0 and 
the equation of the vertical rib at wing station 150 in Fig. 6.3. 

The planes of the vertical ribs being normal to the XxcZu- plane, their 
equations will contain terms in and Zw-, but not yxc. Treating the vertical 
rib at station 0 as a line, its equation is = Xxo tan 86*^, since it goes through 
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the origin and has a slope equal to tan 86°. Therefore its equation is 
Z'u, = 14.301x10. The vertical rib at station 150, when treated as a line, 



goes through the point (150, 0) and has a slope of tan 86°. Therefore 
its equation is obtained by using the point-slope equation of a line. 

Zw — Zi —^m{Xv3 — Xi). 

- 0 = 14.301(x«, - 150). 

= 14.301x«, - 2145.15. 



Example 2. Write the equation of the plane of the forward face of the 
rear spar in Fig. 6.4. 
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In this figure the spar is designed to be normal to the wing reference plane, 
which is the x^Vw plane. Therefore its equation will contain Xw and yw 
but not Zw> Since it is on edge in this view it can be treated as a line. It 
goes through the point (0, 75) and has a- slope of tan (180° — 6°30'), or 
tan 173°30', which is —0.11394. Therefore its equation is obtained from 
the point-slope equation of a line: 

Vw — yi = m{x^ — a;i). 

2/^ - 75 = -0.11394(a;,^ - 0). 

2/«, = -0.11394a;«, H- 75. 

The equation of a plane that is parallel to a basic reference 
plane contains only one variable. The equation of a plane 

parallel to the xy plane is 2 = D. The equation of a plane 

parallel to the xz plane is y D, The equation of a plane 

parallel to the yz plane is x = D. In these three equations D is 

any real number. 

Examples of planes parallel to basic reference planes are 
buttock line planes, fuselage station planes, and water line planes 
in rigged position. The equations are 

Buttock line planes, x = D. 

Fuselage station planes, y — D, 

Water line planes, z ^ D. 

In a wing, the normal ribs are normal to the wing reference 
plane (or wing chord plane) and have equations of the type 
= Dj since 'they are parallel to the yv,Zw plane. 

6.3. Equation of a plane determined by a point and the direc- 
tion ratios of a normal to the plane. If the direction ratios of a 
normal to a plane are a:b:c and a point on the plane is 

Pi(rci, yu ^1), 

then the equation of the plane is 

a(x — xi) + b(y — yi) -f c(z — zi) = 0. 

This equation can be derived as follows: Let P(x, y, z) be any 
point on the required plane. Then PPi is any line through P 1 
and lies in the plane. The direction ratios of PPi are 


X — xi:y — yi:z — zj. 
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The normal to the plane is perpendicular to PPi; so the sum of 
the products of the corresponding direction ratios of the normal 
and PPi must equal zero, 

a{x — rci) -f h{y — 2/1) + c{z — 21) = 0. 

This is the equation of the plane, because it is true for all points 
on the plane, and for no point not on the plane. 

Example 1. A certain plane is determined by the point (3, 2, 5) and a 
normal to the plane whose direction ratios are 7:8:9. Write the equation 
of the plane. 

a{x — xi) + h(jy — yi) + c{z — Zi) = 0. 

7{x - 3) + 8(2/ - 2) + 9(z - 5) = 0. 

Example 2. A plane is determined by the point (3, 2, 5) and a normal 
to the plane whose direction cosines are Write the equation of the 

plane. 

a{x — aji) + h{y — yi) + c{z — Zi) = 0. 
i(x — 3) +*#(2/ — 2) + %{z — 5) = 0. 

Example 3. The direction ratios of a line normal to a given plane are 
1: -0.42969:0.59169, and a point on the plane is (32.576, -7.324, 10.453). 
Write the equation of the plane. 

a{x — oji) 4- h{y — 2/1) +■ o{z — zi) - 0. 
l{x - 32.576) - 0.42969(2/ -f 7.324) + 0.59169(« - 10.453) = 0. 

This equation can be reduced to the general form by multiplying and 
collecting terms to give 

a: - 0.429692/ + 0.59169;2 = 41.908. 

This result can be reduced to the normal form, if desired, by dividing 
by the square root of the sum of the squares of the coefficients of x, y, and z 
to give 

0.80721X - 0.346852/ -f 0.47762z = 33.828. 

Example 4. From the information in Fig. 6.5 find the equation of the 
plane of the nose rib, which is normal to the leading edge in the plan view. 

This is a chord plane wing, and the leading edge is therefore in the plane 
of the paper. The leading edge is normal to the required plane of the nose 
rib. The direction ratios of the leading edge can be determined as follows: 
The coordinates of O are (0, 0, 0). The coordinates of A are (cos 5°, sin 5°, 
0). The direction cosines of OA are therefore 

cos 5°, sin 5°, 0. 

The point P lies on the plane of the nose rib, and it.s coordinates are (200, 
0, 0). Therefore the equation of the plane of the nose rib is 

0.9961 9(.r„, - 200) + 0.0871 6(^^ - 0) Of^,. - 0) = 0, 
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which can be reduced by multiplying, 

0.99619a:«, -b 0.08716^,, - 199.238 = 0. 

Example 6 . The direction ratios of a normal to a double-skewed wing 
rib are 1: —0.03491:0.12187, and a point on the rib is (100.127, 40.039, 
— 10.426). Find the equation of the plane of the rib. 

a(xu, — rri) + hCy^ — yi) -b c(^Zu, ~ ^i) = 0. 

Kxy, - 100.127) - 0.03491 (2/^. - 40.039) + 0. 12187 (2:^. + 10.426) = 0. 



This result can be reduced to the general form by multiplying and collect- 
ing terms to give 

- 0.03491^«, + 0.121872,. = 97.459. 

This equation can be reduced to the normal form, if desired, by dividing by 

-v/l- + (-0.03491)2 + (0.12187)2 = 1.00800. 

The normal form of the equation is therefore 

0.99206:r,. - 0.03463yu, + 0.120902,. = 96.685. 

A different solution of this problem was given in Example 2, Art. 6.1. 

Example 6. A plane is determined by the three points A (3, 2, 1 ), B(6, 2, 4), 
C(l, 0, 5). Find the equation of the plane. 

The direction ratios of AB are 3:0:3. The direction ratios of BC are 
— 5 : —2:1. The direction ratios of a line normal to AB and BC are obtained 
by cross-multiplying 


3: 0:3 

-5: -2:1. 
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The results are 6; —18: —6, which can be reduced by dividing by 6 to give 
1 ; — 3 ; _ 1 , normal to AB and BC will also be normal to the plane ABC. 
The equation of the plane ABC is therefore 

Ux - 3) - 3(2/ - 2) - l{z - 1) = 0. 

a; — Sy — 24-4 = 0. ■ 

The method described in Example 6 is applicable when the 
given plane is determined by three points. The procedure is as 
follows: 

1. Find the direction ratios of a line determined by two of the 
three given points. 

2. Find the direction ratios of a different line determined by 
two of the three given points. 

. 3. Find the direction ratios of a normal to these two lines by 
cross-multiplying the direction ratios obtained in steps 1 and 2. 
4. Write the equation of the plane in the form 

a{x — xi) -f b(y ~ yi) + c(z — Zi) = 0, 

where a:b:c are the direction ratios of a normal to the plane, and 
(xi, 2 / 1 , Zi) are the coordinates of any one of the three given points. 

6.4. Distance from a point to a plane. 3^he positive direction 
on a line perpendicular to a plane is assumed to agree with the 
direction on a line drawn from the origin perpendicular to the 
plane. 

Example 1. The positive direction on a line perpendicular to the plane 
X cos a 4- 2/ cos P + z cos y = p 

is 4-: 4-: 4-. The positive direction on a line perpendicular to the plane 
X cos CL. — y cos ^ z cos y = p 

is 4": — *• 4-. The positive direction on a line perpendicular to the plane 
X cos oi A y COS ./3 — z cos y = —p 
is the same as the positive direction on a line perpendicular to 
~x cos OL -- y cos jd 4- 2 cos y = p, 

which is obtained from the preceding equation by multiplying by —1, so 
the positive direction is — ; — : 4-. We multiply by — 1 in order to make p 
positive. 

The distance from a point to a plane is positive if the point and the origin 
lie on opposite sides of the plane. The distance from a point to a plane is 
negative if the point and the origin lie on the same side of the plane. 
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The distance from a point 2 / 1 , zi) to the plane 

X cos (X y cos jS 4- 2 cos y — p 

is given by 

= Xi cos OL yi cos jS -H cos y — p. 

This formula can be derived as follows (see Fig. 6.6) : 

The projection of OPi on ON is equal to p d. The projec- 
tion of OP I on ON is equal to the sum of the projections of OA, 
AB, and PPi on ON, since OPi is the closing line segment for 


+z 



the broken line segment OABPi. Now the projection of OA on 
ON is Xi cos a, the projection of AB on ON is yi cos /3, and the 
projection of BPi on ON is cos y, where cos a, cos and cos y 
are the direction cosines of ON. 

Therefore 

p d = Xi cos Of + 2/1 cos + Si cos y, 

and finally 

d = Xi cos a -\- y\ cos /? + cos y — p. 

Example 2. Find th(‘ porpondicular distaiu*c from the point (0, 9, 12) 
to the plane + f //+#-= 7. 
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The equation of the plane is in the normal form, since 

+ (f)'' + (1)^ = 1- 

Therefore the distance from the point to the plane is 

d = (i)(6) + (f)(9) + (f)(12) - 7. 

^=24-6+8-7. 
d = 9. 

Example 3. Find the perpendicular distance from a point on the center 
line of a landing gear fitting (89.798, —20.026, —7.605) to a double-skewed 
wing rib whose equation is 0.99206^ — 0.034632/ + 0.120902: = 96.685. 

The equation of the plane is in the normal form, since 

(0.99206)2 -f (-0.03463)2 _j- (0.12090)2 = 1. 

Therefore the distance from the point to the plane is 

d = (0.99206) (89.798) + (-0.03463) (-20.026) + (0.12090) (-7.605) 

- 96.685. 

d = -7.826. 

Since the answer is negative, the given point and the origin are on the 
same side of the plane. 

Example 4. Find the perpendicular distance from the point (6, 9, 12) 
to the plane rc 4- 21 / + 22 = 21 . 

The equation of the plane is notin the normal form, snme_ 12 _+_^ 4 - 2^ 1. 

We reduce it to the normal form by. dividing by I 2 4-22 4 - 22 , which is 
equal to 3. We obtain 

f a; + f y 4- f s = 7. 

Now the problem reduces to Example 2 in this article. 

Example 6 . Find the perpendicular distance from the point (89.798, 
— 20.026, —7.605) to the plane 

0.49603a; - 0.01732^ 4- 0.060452 = 48.342. 

The equation of the plane is not in the normal form, since 

(0.49603)2 4 - (-0.01732)2 4 - (0.06045)2 l. 

We reduce it to the normal form by dividing by 

\/(0.49603)2 4 - (-0.01732)2 4 - (0.06045)2, 

which is equal to 0.50000. We obtain 

0.99206a; - 0.03464?/ 4- 0.12090^ = 96.684. 

Now the problem reduces to Example 3 in this article. 

The distance from a point to a plane is one of the fundamental * 
concepts of both descriptive geometry and solid analytic geome- 
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try. We have shown a mathematical method for calculating 
this distance which can be made as accurate as the given dimen- 
sions. This is an extremely useful method and finds many 
applications which arise frequently in the designing, engineering, 
tooling, lofting, and jig-building departments. The same given 
information needed to solve the problem mathematically is 
needed to solve the problem by descriptive geometry layout 
methods. The mathematical method described in this article 
is perfectly general and applies equally well to single-canted 
and double-canted planes. 

6.6. Parallel planes and perpendicular planes. When two 
planes are parallel to each other they are perpendicular to the 
same line. Therefore two planes are parallel if and only if the 
coefficients of y, z in their equations are equal or proportional. 
For example, the two planes 

AiX -j- Biy + CiZ -}- Di = 0 

A2X C 2^ B2 — 0 

are parallel if and only if 

£1 

A2 Ba C2 

Example 1. Are the following planes parallel? 

2x -{- 3y 82 = 6 . 

4x 4 - 6^ -h I 62 = 7. 

The planes are parallel, because 

f = f = A* 

If the equations of the parallel planes are in normal form, then 
the corresponding coefficients will be equal or opposite in sign. 
Suppose that the equations of two parallel planes are 

X cos Oil -j- y cos / 3 i -h ^ cos -yi == pi, 

X cos a 2 ~h y cos j32 ^ cos 72 = p 2 . 


Then cos ai = cos ao; 

cos / 3 i — 

cos /S2; 




cos yi = 

cos 72 

or cos ai = — cos 0:2; 

cos /8i = 

— cos jSo; 




cos -71 = 

— cos 72 
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For example, if the equations of two planes in the normal form 
are 

+ -§-2 = 7 , 

— fy ~ 

these planes are parallel.- 

Since is the distance from the origin to the first plane and p2 
is the distance from the origin to the second plane, then pi — 
is the distance between the two parallel planes. 

If the coefficients of x, y, z are equal, then the algebraic differ- 
ence pi — p2 is the distance between the two planes. If the 
coefficients of x, y, z are equal numerically but opposite in sign, 
then it is necessary to multiply one of the equations by minus 
one before taking the algebraic difference pi — p^. 

Example 2. Determine whether the following two planes are parallel : 

0.09438:r + 0.543782/ - 0.83390^ = 10.091, 

0.54969a; + 0.449682/ - 0.70400^ == 21.568. 

Calculate the values of 

0.09438 0.54378. -0.83390 

0.54969’ 0.44968 -0.70400 

The quotient in each case is different, and so the two given planes are not 
parallel. 

Example 3. Find the distance between the parallel planes 

0.09438a; + 0.54378?/ - 0.83390^ = 10.091, 

-0.09438a; - 0.543782^ + 0.833902 = 21.568. 

Squaring and adding the coefficients of x, y, z in each of the two equations, 
we obtain one (1) in' each case. The equations are in the normal form. 
The coefficients are equal numerically but are opposite in sign. Multiply 
the second equation by —1. The planes are parallel, and the distance 
between them is 10.091 — (—21.568) = 31.659. 

Consider the two planes 


.4ix + Biy + Ciz = Di, 

-42X -|- Boy -|- (7 2^ = 7)2. 

The coefficients of x, y, and z are direction ratios of normals to 
the planes. Therefore the two planes are perpendicular if and 
only if 


A1A2 B1B2 + CiCo ~ 0 . 



Art. 6.6] 


INTERCEPT FORM 


111 


Example 4. Are the planes 


2x — y ~ 4z — 6 
— a; + — 2 = 7 

perpendicular? 

The planes are perpendicular, because 

(2)C-i) + (_i)(2) + (_4)(-l) = 0. 

Example 6. Are the planes 

3a; + -y 2z — 5 
X 6y + 32 = 7 

perpendicular ? 

The planes are not perpendicular, because 

(3)(1) -h (1)(5) + (2) (3} 0. 


6.6. The intercept form of the equation of a plane. If a given 
plane intersects the x axis a units from the origin, the y axis h 
units from the origin, and the z axis c units from the origin, then 
its equation is • • 


The numbers a, h, and c are intercepts of the plane on the x axis, 
y axis, and z axis, respectively. This equation can be derived 
as follows. The equation of any plane is 


Ax + By + Cz 0. 

Let y .= 0 and z = 0. Then Ax + Z) = 0 and x — — Let 
ic == 0 and 2 : = 0. Then By D — 0 and y = — Let 0- 
and y = 0. Then Cz -h D ^ 0 and ^ The intercepts 

are therefore ~ ^ W ~ ^ These fractions may be 

equated to a, b, and c, respectively, and so 


A = 




C = - 


D 

c 


Substituting these values for A, B, and C in the equation 
Ax ^ By + Cz -j- D == 0, 
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we obtain 


D D , r. A 

X — z -P D ^ Oj 

a h e 


which can be reduced hj dividing by — D to give 


Example 1. Determine the equation of a plane, the intercepts of which 
are 2, 3, and 4. 


This equation can be reduced to a form with integral coefficients, if desired, 
by multiplying by 12. The result is 

6a; + 42/ H- Ss = 12. 

This equation can be reduced to the normarform, if desired, by dividing by 
\/ 02 + 42 4 - 32 , which is equal to \/ 61. The result is 


VS VS 

Example 2, A skewed (canted) fuselage frame has intercepts 15.093, 
10.968, and 20.314 on the x axis, y axis, and z axis, respectively. Write the 
equation of the plane of the frame. 

-+!+- = !• 
a 0 c 

X y z 

15.093 10.968 20.314 "" 

This result can be reduced to the normal form, as explained in Example 1. 
It is worth while to notice that the coefficients of x, y, and z are 


and these are the direction ratios of a normal to the plane. By division they 
can be reduced to give 


0.06626:0.09117:0.04923. 
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Example 3. A diagonal beam in the wing is determined by its intercepts 
on ihe xw, yw, and Zy, axis, which are 40.029, 36.341, and 70.918, respectively. 
Find its equation. 


Vw Zw 

r — i =1. 

a 0 c 


Xyj 

40.029 


-b 


Vw 

36.341 


70.918 


This result can be reduced to the normal form, as explained in Example 1. 

6.7. Angle between a line and a plane, when the equation of the 
plane is given. Consider the problem of determining the true 
angle between a line and a plane when the equation of the plane 
is given. 

Example 1. The equation of a certain plane in the normal form is 

0.13459a; + 0.979552/ W 0.14955:3 = 33.838. 

A certain line has direction cosines equal to 0, 0.99618, —0.08732. Find the 
true angle between the line and the plane. 

Since the equation of the plane is in normal form, the direction cosines 
of a normal to the plane are 0.13459, 0.97955, 0.14955. The true angle 
between the given line and this normal is given by 

cos 0 = (0) (0.13459) 4- (0.99618) (0.97955) + (-0.08732) (0.14955). 
cos 0 = 0.96275. 

0 ^ 15 ° 41 ' 15 ''. 

The true angle between the given line and the given plane is the complement 
of this angle, and so the required angle is 74°18'45". 

Example 2. ' The equation of a certain plane in the general form is 

6a; + 2y — Zz = 10. 

A certain line is determined by the two points (16, 8, 12) and (13, 12, 12), 
Find the true angle between the given line and the given plane. 

’The direction ratios of a normal to the given plane are 6:2; —3. The 
direction ratios of the given line are 

16-13:8-12:12-12 or 3:-4:0. 

The true angle between the normal and the given line is given by 

(6) (3) + (2) (-4) + (-3)(0) 
cos 6 = — — - ~ ^ 7~~ - — 

Vs" +2^ + V3= + (-4)2 + 0= 

COS 6 = 0.28571. 

6 = 73-'23'56". 

The true angle between the giv(*n line and the given plane is the comphnneiit 
of this angle. The required angle is therefore 16°36'4'". 
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Example 3. A certain wing is rigged by the wing reference plane system. 
A cant rib in the wing has the equation 

Xy, + 0.06993i/«, = 52.013. 

The direction ratios of the flap hinge center line in this wing are 
1:0.09171:0.13843. 

Find the true angle between the line and the plane. 

The direction ratios of a normal to the plane of the cant rib are 

1:0.06993:0. 

The true angle between the flap hinge center line and the normal is given by 

(1)(1) + (0.09171) (0.06993) + (0.13843)(0) 

cos 6 = - ; - — - ' 

Vl^ + (0.09171)2 + (0.13843)2 Vl^ + (0.06993)2 + 02 

cos e — 0.99040. 
e = 7°56'45'\ 


The true angle between the flap hinge- center line and the plane of the cant- 
rib is the complement of this angle. The required angle is therefore 
82®3T5''. 

Example 4. The equation of a certain plane is 

0.02498a; - 0.027522/ + 0.014100 = L 

A certain line is determined by the two points (36.025, 15.175, 18.250) and 
(17.512, 5.068, 12.125). Find the true angle between the line and the plane. 
The direction ratios of a normal to the given plane are , 

• 0.02498; -0.02752:0.01410. 

The direction ratios of the given line are 

36.025 - 17.512:15.175 - 5.068:18.250 - 12.125 
or 

18.513:10.107:6.125. 

The true angle between the normal and the given line is given by 
cos d = 

(0.02498) (18.513) + (-Q.Q2752)(10.107) + (0.Q141Q) (6.125) 

V (0.02498 ) 2 + ( - 0.02752 ) 2 + (0.01410 ) 2 ■\/(18.513)2 + (10.107)2 + (6.1^ 
cos 9 = 0.31002. 

9 = 7r5G'22''. 

The true angle between the given line and the given plane is the complement 
of this angle. The re(iuired angle is therefore 18''3'38''. 
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6.8. Angle between two planes when the equations of the 
planes are given. If the equations of the given planes are in 
normal form the true angle can be determined as follows: 

Example 1. The equations of two planes are 

+ ft/ + 1 - 2 = 7 , 

-h ft/ -h f 2 = S. 


Find the true angle between the two planes. 

The equations .are in normal form, because 

+ (ir- + (f)» = 1, 

(f)^ + (f)^ + (f)® = 1. 

Therefore -i-, and •§■ are the direction cosines of a normal to the first plane, 
and Tf T, and t are the direction cosines of a normal to the second plane. 
The angle between the normals to the two given planes is given by 

cos 0 = (i)(f) + (f)(f) + (f)(f), 
cos 0 = 0,95238. 

& = 17°45T3". 

The angle between the normals is equal to the angle between the planes, so 
the true angle between the two given planes is 17°45q3". 

If the equations of the given planes are in the general form, 
but not in the normal form, then the true angle between the two 
planes can be determined as follows: 

Example 2. The equations of two planes are 

3x -i- 2i/ — 5z — 9, 

3z/ + 6z = 17. 

Find the true angle between the two planes. 

The direction ratios of a normal to the first plane are 3:2: ~ 5, and the 
direction ratios of a normal to the second plane are 0:3:6. The true angle 
between the normals is given by 

(3)(0) + (2) (3) + (6) (-5) 

cos 0 — - , , 

V^32 + 22 + (-5)2 VO" + 32 + ' 

cos 0 = — 0.58038. 

= 125^28'38". 


This is also the true angle between the two planes. 

6.9. Direction ratios of the line- of intersection of two planes. 

Consider two planes that intersect. Consider a normal to each 
of the two planes. Finally, consider a normal to these two 
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normals. This last normal is parallel to the line of intersection 
of the two planes (see Fig. 6.7). To find the direction ratios 
of the line of intersection of two planes, proceed as follows: 

1. Find the direction ratios of a normal to one of the given 
planes. 

2. Find the direction ratios of a normal to the other given 
plane. 

3. Find the direction ratios of a normal to these two normals. 
The amount of calculation necessary to find the direction ratios 



of the line of intersection of two planes depends upon the ways 
in which the given planes are determined. 

Example 1. The equations of two planes are 

a; + 2?/ + Sz = 9, 

3a; + 2 / + 4z = 10. 

Find the direction ratios of the line of intersection of these two planes. 

The direction ratios of normals to the given planes are 

1:2:3, 

3:1:4. 

To find the direction ratios of a normal to these two normals we cross- 
multiply, as explained in Art. 5.6. 

(2) (4) - (1)(3) = 5. 

(3) (3) - (1)(4) = 5. 

(1)(1) - (2) (3) = -5. 

The direction ratios of the line of intersection of the two planes are therefore 
5 : 5 : — 5, which can be reduced by dividing by 5 to give 1:1: — 1. 
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Example 2. A certain wing is rigged by the wing reference plane system. 
A cant rib in this wing has the equation 

X y tan A — 52.013. 

Determine the direction ratios of the line of intersection of the given plane 
with the wing reference plane in rigged position (refer to Fig. 6.8). 




Since the equation of the cant rib is given, the direction ratios of a normal 
to the cant rib are the coefficients of x, y, and z: 

1 : tan A : 0. 

The axis is normal to the wing reference plane. The direction ratios of the 
Zw axis with reference to the rigged axes are 

— tan 

The direction ratios of a normal to these two normals may be obtained by 
cross- multiplying the direction ratios 

1 : tan A : 0, 

— tan 
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This gives 


(tan A)(l) — (0)(0) = tan A. 

(0)(- tan - (1)(1) = -1. 

(1)(0) — (— tan ^)(tan A) = tan tan A. 


The direction ratios of the line of intersection of the two planes are then 
tan A: — l:tan ^ tan A. 

The chief use of the direction ratios of the line of intersection 
of two planes is in the problem of finding the angle made on one 
plane by the intersections of two other planes. This is ordinarily 
a rather difficult problem to calculate or to lay out by descriptive 



0 = REQUIRED ANGLE 
Fig. 6.9. 

geometry, but the method described in the next article reduces 
its solution to a systematic mathematical procedure. 

6.10. Angle made on one plane by the intersections of two 
other planes. To find the angle made on one plane by the traces 
(intersections) of two other planes, proceed as follows: 

1. Find the direction ratios of the line of intersection of the 
plane with one of the two planes which intersect it. 

2. Find the direction ratios of the line of intersection of the 
plane with the other plane that intersects it. 

3. Find the true angle between these two lines of intersection. 
The procedure will be made clear in the examples (see Fig. 6.9). 

Example 1. Find the angle made on the plane a; + 2^ H- 4^ = 6 by the 
intersections on it of the two planes 3x — ■?/ d- 22 = 1 and x 2y —■ z = 5. 
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The direction ratios of a normal to the first plane are 1:2:4, and the 
direction ratios of a normal to the second plane are 3: —1:2. To find the 
direction ratios of the line of intersection of these two planes, cross-multiply 

1: 2:4 

3: -1:2. 

The results are 8:10: —7. The direction ratios of a normal to the first plane 
are 1:2: 4, and the direction ratiofe of a normal to the third plane are 1:2: — 1. 



PLAN VIEW 



FRONT VIEW 

Fig. 6.10. • 

To find the direction ratios of the line of intersection of the first and third 
planes, cross-multiply 

1:2: 4 

1 : 2 :- 1 . 

The results arc —10:5:0. To summarize, the direction ratios of the two 
traces (intersections) are 8:10: —7 and —10:5:0. The true angle between 
these two traces (intersections) is given by 

(8) (-10) 4- (10) (5) 4 (-7j(0) 

cos 6 = — — . • 

Vs- 4- 10^ 4 (-7)2 V(-IO)- 4 52 4 02 

cos e = -0.18386. 
e = 100"35'41'L 
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This is the angle made in the first plane by- the intersections on it of the 
other two planes. 

Example 2. Find the angle made on a vertical rib plane between the lines 
of intersection of the' wing reference plane and a spar plane, which is per- 
pendicular to the wing reference plane and has a sweepback angle of e 
(see Fig. 6.10). 

The Zw axis is normal to the wing reference plane. Its direction ratios are 

0 : 0 : 1 . 


The X axis is normal to the plane of the vertical rib. Its direction ratios 
with reference to the wing reference plane system of axes are 


1:0: — tan 4>. 

The direction ratios of the line of intersection of the wing reference plane 
and the vertical rib plane are obtained by cross-multiplying 

0 : 0:1 
1:0: — tan 

The results are 0:1:0. 

The direction ratios of a normal to the vertical rib plane are, as above, 
1:0: — tan 

The direction ratios of a normal to the spar plane are 

— tan 1 :0. 

The direction ratios of the line of intersection of the vertical rib plane and 
the spar plane are obtained by cross-multiplying 

1:0:— tan 4> 

— tan ^ : 1 : 0. 

The results are tan <^:tan ^ tan ^:1. To summarize, the direction ratios of 
the two traces (intersections) are 

0 : 1 : 0 , 

tan ^ : tan tan 0:1. 

The true angle between these two traces is given by 


cos A 


cos A 


cos A 


(0)(tan <^) + (l)(tan ^ tan d) + (0)(1) 

-\/ 0^ -f- 1^ -f~ 0^ \/ tan- 4 > A- tan^ tan® 0 -f- 1 
tan <i> tan d 

\/ tan^ (p -|- tan^' tan® 0 + 1 
tan cf> tan 6 

"X/ tan® 4> tan® d + sec® 


This is the answer, but it can he reduced to a simpler form (see Fig. 6,11). 
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In the triangle in Fig. 6.11, cos A agrees with the result 
obtained above. Notice that 

'taaA = . „ 

tan tan 0 



(TAN$ TANe). 
Fig. 6.11. 


(SEC (ID 


Since sec ^ 
and so 


, and tan <#> = 
cos 4) 


sin 6 , sec (#> 

— -} we have , 
cos Ip tan Ip 


tan A = 


1 

sin tan 0 


1 

sin <p' 


This is the final result, which is a formula for the angle made on 
the plane of a vertical rib *by the intersections of the spar plane 
and the wing reference plane with the plane of the vertical rib. 
In this formula, ip is the angle of dihedral and d is the sweepback 
angle of the spar plane. 



CHAPTER 7 


EQUATIONS OF LINES 

In this chapter we shall show how to write the equations of a 
line. In the case of lines, as well as planes, it is advisable to 
write the equations of the basic straight lines and to file them for 
future reference. We shall also consider in this chapter such 



Fig. 7.1, 

matteis as the distance from a point to a line, the intersection 
of a line and a plane, the distance between two skew lines in 
space, and the bisector of an angle in space. 

7.1. Equations of lines. A skew line in space is determined 
by two views of the line, from the standpoint of orthographic . 
projection. Each of these two view^s represents the projection 

122 
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of the line on a reference plane. Each of these two views 
determines an equation, which represents the projection of the 
line in that view. Therefore the two equations of the two projec- 
tions will completely determine the line (see Fig. 7.1). 

In Fig. 7.1 the line segment AB is shown in two views. These 
two views of the line segment completely determine the location 
of the line AjB in space. We shall use the terms line segment and 



Fig. 7.2. 

line interchangeably in this article, since the line segment deter- 
mines the line. Suppose that the equation of the projection of 
AB, as shown in the plan view, with reference to the rr axis and 
y axis, is 

y = 2x — 1, 

and the equation of the projection of AB, as shown in the front 
view, wdth reference to the x axis and z axis, is 

z = — 3r H" 8. 

Then the pair of equations 

?/ = 2x - 1 
2 = -3r -f 8 

completely determines the skew line A B. 
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Example 1. Write the equations of the line AB in Fig. 7.2. 
In the plan view, 

y — 2/1 = 'mix — xi). 

6 - 5 , 

2/ - 5 = -s s (« - 3). 


In the front view, 


7-3 
y = -^ix 4- 4i. 

z — Zi = mix — Xi). 

- ■ 

z ~ — ^x 4 7 -i^. 


Therefore the equations of AB are 

y — 4t^ 4 4t, 
2! = —^x 4 7-J. 




END VIEW plan VIEW 

Fig. 7.3. 

The equations of a line should be checked. This can be done 
by substituting the coordinates of the given points in the corre- 
sponding equations. If the coordinates satisfy the equation the 
equation is connect. 

Example 2. Find the equations of the 80 per cent line, as determined in 
Fig. 7.3. 

The Xrv coordinate of A is 0. The yiv coordinate of A is 80 per cent of 200, 
or 160. The coordinates of A in the plan view are therefore (0, 160). The 
Xw coordinate of B is 600. The coordinate of B is 


52.494 4 (0.80)(116.060) = 145.342. 

The coordinates of B in the plan view are therefore (600, 145.342). 
the point-slope formula for the equation of a straight line. 


y — yi = 
2/„, - 160 = 
Vw = 


7 n(x ~ Xi). 
145.342 - 160 
600 - 0 


(Xy, — 0). 


-0.02443a;«, 4 160. 


This is the equation of the projection of AB on the Xrvy^o plane. 


Use 
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The Zv, coordinate of A in the end (body-plan) view is 9.711, and the 
2 /,^ coordinate of A in this view is the same as in the plan view, so that the 
coordinates of A in the end view are (160, 9.711). The Zu< coordinate of B 
in the end view is 5.126 and the yu, coordinate of B in this view is the same 
as in the plan view, and so the coordinates of B in the end view are (145.342, 
5.126). Use the point-slope formula for the equation of a straight line. 


Vw - 2/1 
Vw - 160 


= m(jZw — Zx). 

160 - 145.342 
9.711 - 5.126 


{Zy, ~ 9.711). 


Vv, - 3.19695s^„ -h 128.954. 


This example is typical of the method usually used for writing 
the equations of a line. The pair of equations 


Vw ~ — 0. 02443^^10 160 

Vn, = 3.196952,, + 128.954 


completely represent the 80 per cent line. If the equation of the 
80 per cent line in the front view (xwZw plane) is needed, it can be 
determined as follows: The coordinate of A, as obtained from 
the plan view, is 0. The Zw coordinate of A, as obtained from 
the end view, is 9.711. Therefore the coordinates of A in the 
front view (x^^Zw plane) are (0, 9.711). The x^ coordinate of B 
in the plan view is 600, and the Zy, coordinate of B in the end view 
is 5.126. The coordinates of B in the front view (x^Zu^ plane) 
are therefore (600, 5.126). Use the point-slope formula for the 
equation of a line. 

— 2i = m(xw — Xi), 

9.711-5.126, 

Zu, 9.711 Q _ 0QQ 0). 

Zw = — 0.007 64a:«; + 9.711. 

The equations of the 80 per cent line in the three basic ortho- 
graphic views are therefore 

y-w = -0.02443a:,, -f 160. 

Vw = 3.196952^. + 128.954. 

Zw — —0.00764a:,, + 9.711. 

Any two of these equations would be sufficient to determine the 
line AB. The equations of per cent lines can be used to develop 
canted ribs and normal ribs. This procedure will be explained 
in a subsequent article. 
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Sometimes a line is determined by two points, as in Examples 
1 and 2, and sometimes a line is determined by one point and the 
projected angles with respect to the reference axes. When this 
is the case we can proceed as follows: 

Example 3. Find the equations of the center line of aileron hinge, as deter- 
mined in Fig. 7.4. 



Fig. 7.4. 


In the plan view the point A has coordinates (0, 58) and the sweepforward 
angle is 1®35', making the slope of the line equal to tan 178°25' = —0.02764. 
Use the slope-intercept forms of the equation of a straight line. 

y — mx -1- h. 

Vu, = -0.02764:r„, -f 58. 

In the front view the point A has coordinates (0, —0.375) and the slope 
of the line is tan 2° — 0.03492. Use the slope-intercept form of the equation 
of a straight line. 

2 = mx H- h. 

Zu, = 0.03492a:^ - 0.375. 

The equations of the aileron hinge center line are therefore 

i/z. = -0.02764x.zz + 58, 

2 :.. == 0.03492x«, - 0.375. 
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Let AiX + + CiZ + Di = 0 and 

A^x + JB^y C2Z D2 “ 0 

be the equations of two planes that intersect. These equations, 
when considered simultaneously, represent the line of intersection 
of the two planes. The equations of a line are therefore of the 
form 

Aix + Biy + Ciz + Di = 0, 

A^x -\r JB^y O 2 ^ B 2 = 0. 

Through' any line in space it is possible to pass infinitely many 
pairs of planes, and there are therefore infinitely many pairs 
of equations that can represent the same line. Through any 
line in space it is possible to pass two planes that are each per- 
pendicular to a reference plane. This is done by projecting the 
line on any two of the three coordinate planes. The equations 
of these two planes ‘would have only two variables in each 
equation : 

Aix + Bxy = Di. 

A 2 X -f- — D 2 - 

If a line is determined by one point and its direction ratios, 
its equation can be determined as follows: Let the given point 
be Pi{xijyif Zi) and let the given direction ratios be a : & : c. Then 
the equations of the line are 

X — xx ^ y — yi 

a h 

X -- Xi’__ Z — Zi 

a c 

y — yi ^ z — Zx 

These equations can be derived from the following-considerations : 
Let B{x, y, z) be any point on the required line. The direction 
ratios of PPi are therefore 

X — Xx'.y — yx’-z — Zi. 

But the direction ratios of PPi are 

a:b:c. 


X — Xx _ y — Vi _ g — Zx 


Therefore 
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Example 4. A line is determined by the point (0, 5, 3) and direction ratios 
1: —0.2: —0.1. Write the equations of the line. 

Use the equations 

X — xi 2/ — 2/i. 

a b 

X — Xi z — Zi 

. a c 

y ~~ y\ ^ ^ — gi 

h c 

Substituting in these equations, we obtain 

X — 0 ^ y — 5 ^ 

1 ” -0.2' 

* ^ ~ 

1 “ -0.1' 

y - b ^ g - 3 

-0.2 -0.1' 

These equations can be simplified to give 

y = —0.2® -H 5, 

, 2! =. — O.lj; d" 3, 

z = O.by -h 0.5. 

These equations represent the projections of the line on the xy plane, xz 
plane, and yz plane, respectively. Any two of them would be sufficient to 
determine the line. 

Example 6. The front spar top lofted line passes through the point 
(0, 15, 7), and its direction ratios are 1 : —0.14933:0.08660. Write its 
equations. 

Use the equations 


X 

— Xi 

= y- 

_ 


a 


h 

X 

— Xi 

z 

— Zi 


a 


c 

y 

- 2/1 

z 

— Zi 


’Substituting in these equations, we obtain 

Xy, — 0 yy, — 15 
1 -0.14933 

Xw — 0 Zw — 7 

i “ 0.08660 ’ 

yw - 15 zy, -7 

-0.14933 0.08660 
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2/ to — 0.14933iCto "i“ 

Zto — 0.08G60jCm7 “1“ 7. 

These equations represent the projections of the front spar top lofted line 
on the Xwy-w plane and Xy^z^ plane, respectively- These two equations are 
sufficient to determine the line. 

If a line is determined by two points the method illustrated 
above in Examples 4 and. 5 can be used to write the equations of 
the line. 


Example 6. A spar lofted line is determined by the two points A(— 1, 
63, 6) and (239, 15, 30). Find the equations of this line. 

The direction ratios of the required line are 

239 - (-1):15 — 63:30 - 6 or 1:-0.2:0.1. 


Use the equations 


z 

— Xi 

= V- 

- 2/1 


a 


5 

X 

— Xi 

z 

— 


a 


c 

y_ 

- 2/1 

z 

— Zi 


Either of the two given points can be used as (xi, i/i, zi). The results will 
be the same no matter which one of the two points is chosen to be (a:i, yi, zi). 


Xw -l- 1 

Vw — 63 

1 

-0.2 

iCw -h 1 

Zw — 6 


0.1 

2/« + 63 

z«, - 6 

-0.2 

0.1 


These equations can be simplified to give 

yy, = -0.2xu, + 62.8, 

Zio = O.Ixm, + 6.1. 

These equations represent the projections of the line on the Xu<yw plane and 
XwZw plane, respectively. These two equations are sufficient to determine 
the line. 

7.2. Special cases of equations of lines. If a line is level in 
one view, then it is in the plane of the paper in the other view, 
and its equations take special forms. 
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Example. From the information in Fig. 7.5 find the equations of the 
line AB. 

The coordinates of are ( 0 , 8 , 6 '). The direction ratios of AB can be 
obtained by assuming that AB in the front view is 1 unit long. Then the 




Fiq. 7.5. 


coordinates of 5 are 1, 8 + tan 15°, 6 . The coordinates of B 
( 1 , 8.26795, 6 ). The direction ratios of AB are 


are therefore 


1 — 0:8.26795 — 8:6 — 6 or 1:0.26795:0. 


The third direction ratio is 0 because the line’s projection 
plane. The equations of A B are 


is level in the xz 


X - 0 _ y - 8 
1 ~ 0.26795 

X ~ 0 2 — 6 

1 “ 


y - -S 2-6 

0.26795 “ 0 


J^OW ^ is undefined because division by zero is excluded. By examining 

ABin the front view is 

- - 6 , smce the Imc s projection is 6 units above the a; axis. Likewise the 
equation of the projection in the y. plane would be level, and its equation 
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would also be 2 : = 6. The equation of the line AB in the plan view is 
y = 0.26795a; + 8. 

That is, the equations of the line AB are 

y = 0.26795a; + 8, 

2 = 6 - 

In general, the equations of a line whose prpjection is level 
in the view showing the xz plane and whose projection is not 
level in the view showing the xy plane is of the form 

y — mx + 6 ,^ 
z — k, 

where m, Z),.and k are constants. This example is typical of other 
cases in which the projection of a line is level in one view and not 
level in another view. 

The equations of a line parallel to the x axis are of the form 

y = 

Z = D2. 

The equations of a line parallel to the y axis are of the form 

X = Di, 
z — Dz, 

The equations of a line parallel to the z axis are of the form 

X = jDi, 

y = Dz- 

In these equations Z)i and Dz represent constants and may have 
any numerical values. 

7.3. Distance from a point to a line. In Fig. 7.6, the given 
point is P\(x\, yi, Zi) and the given line is determined by the two 
points PoXxz, Vi, Zz), Pz{xi, y%, zX). The problem is to find the 
distance from Pi to the line through P 2 P 3 - By the distance” 
we mean the perpendicular distance, and so PiA is perpendicular 
to the line PzPz- The distance PiA is also the shortest distance 
from the point Pi to the line P 2 P 3 (see Fig. 7,6). The point Pi 
can be any point in space, and the line P 2 P 3 can be any skew 
line in space. This is more general than the case described 
in Art. 2.9. 
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The procedure is as follows: 

1. Select any point on P^Pzj say P^- 

2. Calculate the cosine, of the true angle between PiP 2 and 
P2P3* Denote it by cos d. 



3. Calculate the true length P1P2. 

4. Determine PiA from the formula 

d = PiA = P1P2 sin e = P1P2 VI - cos^ e. 

This formula is obvious from Fig. 7.6, since 

m 

d = P1P2 sin d. 

Notice that P2 can be any point on the given line. 

Example 1. Find the distance from the point A (10, 5, 13) to the line 
J5(10, 2, 9) C(4, 0, 6), See Fig. 7.7. 

The direction cosines of CB are 

4 # # 

7 ? 7j 7- 

The direction cosines of BA are 

0, h t. 

The true angle between AB and BC is given by 

cos e = (f)(0) + (f)(|-) + (f)(f). 
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The true length of A B is 5. 

The distance AD is given by 

d = AB - y/l - oos® 0. 

d = 5 vi - (My. 

d = 4.288. 



Example 2. Find the distance from the point P to the line AB in Fig. 7.8. 
The direction ratios of AJB are 

- tan - tan 8% or -0.21256: 1 : -0.14054. 

The direction cosines of AB are 

-0.20598, 0.96904, -0 13619. 

The direction ratios of AP are 

_9 _ (_15):25 - 10:5 - 12, or 6:15:-7. 

The direction cosines of AP are 

0.34078, 0.85194, -0.39757. 

The true angle between AP and AB is given by 

cos e = (— 0.20598) (0.34078) +(0*.96904)(0.85194)+(— 0.13619) ( — 0.39757). 

cos d = 0.80952. 

The true length AP is 17.607. Notice that this true length was obtained 
in the process of calculating the direction cosines of AP, 
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The required distance is given by 


d = APs/l — cos2 e. 
d = (17.607U0.58709). 
d = 10.337. 



+2 



I FRONT VIEW 

Fig. 7.8. 

Example 3. Find the- amount of clearance (shortest distance) between 
the point F(30, 295, —3) and the control cable determined by the two points 
Jl(20, ~30, 10), B(35, 300, -4). 

The direction cosines of BA are 

-0.04536, -0.99807, 0.04234. 

The direction cosines of PB are 


-0.70014, -0.70014, 0.14003. 
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The true angle between PB and AB is given by 

cos d = (--0.04536)(-0.70014) + (-0.99807) (-0.70014) 

+ (0.04234) (0.14003) - 0.73648. 

, The true length of PB is 7.141. 

The clearance is given by 

d = PB -y/ 1 — cos^ d. 
d = (7.141) (0.67646). 
d = 4.831. 

This method for finding the true distance from a point to a 
line is general and finds many applications on the airplane. 
Notice particularly that in Fig. 7.6 the direction cosines of the 
line AP2 are not sufficient to determine the line AP2. In addi- 
tion, one point on the line AP2 must be known in order to fix 
the exact location of the line in space. In certain other problems, 
such as determining the true angle between two lines in space, 
the direction cosines are sufficient, because in such problems we 
are calculating the angle between two directions in space, and 
it is necessary to know the directions of the lines, but not their 
exact locations in space. 

7.4. True (shortest) distance between two lines. Consider 
the line AB, whose direction cosines are cos a\, cos and cos yi, 
and the line CD, whose direction cosines are cos a2, cos ^2, and 
cos 72 (see Fig. 7.9), Calculate the direction cosines of a line 
perpendicular to AB and CD by cross-multiplying 

cos Calicos /3i: cos 7i 
cos oi2 : cos ^2 : cos 72 

and reducing the resulting direction ratios to direction cosines. 
Let us denote these direction cosines by cos ol, cos /3, and cos 7. 

Consider the plane that contains the line AB and is normal to 
the common perpendicular between the two given lines. The 
direction cosines of a normal to this plane are cos a, cos and 
cos 7. Let Pi{xi, yi, z{) be any point on the line AB, The per- 
pendicular distance from the origin to the plane is Xi cos a + 2/1 
cos (3 zi cos 7. The equation of the plane is therefore 

X cos OL y cos -h 2 cos y = Xi cos a d- Vi cos (3 cos 7. 

This equation is in the normal form, since the coefficients of a*. 
y, and 2 are the direction cosines of a normal to the plane, and 
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the expression on the right-hand side of the equation is equal 
to the distance from the origin to the plane. 

Consider the plane that contains the line CD and is normal to 
the common perpendicular between the two given lines. Its 
equation is 

X cos OL y cos jS + cos t = ^2 cos q: + 2/2 cos /? + 2:2 cos y, 

where 2/2, is any point on the line CD. This equation 

is in the normal form. 



The distance between the two planes is equal to the length 
of the common perpendicular. Notice that the two planes 
are parallel, since they are both perpendicular to the same line. 
The distance between AB and CD is therefore 

d = {xx cos a 4 - 2/1 cos /? -{- ail cos 7) — (X‘z cos a 4 - 2/2 

cos /3 4- 2^2 cos 7) 

= {x-L — x^ cos a + (2/1 — 2/2) cos jS -h (21 — Z2) cos 7. 

Example 1. Find the shortest distance (length of the common perpen- 
dicular) between the two lines A (10, 8, 6) .5(10, 2, —2) and C(20, 15, 5) 
D(16, 9, -7). 

The direction ratios of BA are 

10 - 10:8 - 2:6 - (-2) 0:6:8 or 0:3:4. 

The direction ratios of DC are 

20 - 16:15 - 9:5 - ( — 7) or 4:6:12 or 2:3:6. 
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The direction ratios of a normal to BA and DC are obtained by cross- 
multiplying 

0:3:4 

2:3:6. 

The results are 6:8: —6. These can be reduced to direction cosines to give 
0.51450:0.68599: -0.51450. 

Now .<4 is a point on AjB, and O is a point on CD. The shortest distance 
between AB and CD is therefore given by 

d — {xi — Xi) cos oc A- (yi — 2/2) cos /3 + (21 — zA cos y. 
d = (0.51450)(20 - 10) 4- (0.68599)(15 - 8) -h (-0.51450K5 - 6). 
d = (0.51450)(10) -h (0.68599)(7) + (-0.51450)( - 1). 
d = 10.461. 


To find the distance between two lines in space^ proceed as 
follows: 

1. Determine the direction ratios of each of the two given lines. 

2. Find the direction cosines of a line normal to both of the 
given lines. Denote these direction cosines by cos a, cos 
cos y. 

3. Select any point on one of the given lines, say (xi, yi, 21 ). 

Select any point on the other given line, say (a:s, 2 / 2 , . 

4. The distance is given by 

d = (xi — X 2 ) cos a 4- (2/1 — ^ 2 ) cos 13. + (zi — cos 7 . 

Example 2. Two control cables are determined as shown in Fig. 7.10. 
Calculate the amount of clearance, if any, between the control cables. 

Set up an auxiliary system of axes, as shown. It is helpful to take one 
of the given points as the origin, because then its coordinates will be (0, 0, 0) 
and the zeros will help to simplify the calculations. 

The direction ratios of AB are 

- tan 20°:1: - tan 15^^ -0.36397 : 1 : -0.26795. 

The direction ratios of CD are 

tan 35°: 1 : tan 38° or 0.70021 : 1 :0.7S129. 

The direction ratios of a normal to AB and CD are obtained by cross- 
multiplying 

-0.36397:1: -0.26795 
0.70021:1:0,78129. 

The direction ratios of the normal are 


1.04924:0.09674: -1.06418, 
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and its direction cosines are 

0.70062, 0.06460, -0-71060. 

A point on AB is A(0, 0, 0) and a point on CD is C'( — 8, 4, —5). 



+Z 



The required distance is given by 

d ~ — X 2 ) cos q: + ( 2/1 — 2 / 2 ) cos /3 + (21 — 22 ) cos y. 

d = (0.70062)(-8) + (0.06460)(4) + ( -0.71060)(-5). • 
d 1.794. 

The clearance between the control cables is 1.794 in. 

7.6. Intersection of a line and a plane. It is often necessary 
to determine the point where a given line intersects a given plane. 
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The eauatioji of a plane in the general form is 

Ax -\- By Cz D = 0, 

The equations of a line may be written in the form 

Ex A- Fy = G, 

Hx + Jz^K. 

To find the point of intersection of the line and the plane, solve 
these three equations simultaneously for x, y, and 2 . 

Example 1. Find the point where the line 

X A- 2y = Z 
4x T 5z = 8 

intersects the plane 

X — 2y A- z I. 

Eliminate z from the second and third equations by multiplying the third 
equation by 5 and subtracting the result from the second equation; 

Ax A- ^z ^ 

5x lOy A- 5z ^ 35. 

-a; 4- lOy = -27. 

Solve this equation simultaneously with the first equation. 

a; + 2?/ — 3. 

-a; + lOy = -27. 

12y = -^24. 

y = -2. 

Substitute this value for y in the first given equation and solve for x: 

X - 4 ^ 3. 

X = 7. 

Substitute this value for x in the second given equation and solv'e for 

28 4 oz = 8. 

5z = —20. 

2 = -4. 

The required point of intersection is (7, —2, —4). These values of x, y, z 
check in each of the three given equations. 

Example 2. The equations of the 80 per cent top lofted line are 

= -0.02443x„, 4 160, 

2 ,, = -0.00764x„, 4 9.711. 

The equation of the plane of a skew rib in the wing is 

Xu, - 0.03491y„, 4 0.121872,. = 97.459. 
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Find the point where the 80 per cent top lofted line pierces the plane of the 
rib. Substituting the equations of the line in the equation of the plane of 
the skew rib, 


- 0.03491 (- 0.02443a;, « + 160) + (0.12187) ( -0.00764a;,« + 9.711) 

97.459. 


a:«, == 101.869. 


Substitute Xw — 101.869 in the equations of the 80 ' per cent top lofted line. 
Then = 157.511 and * 8.933. The coordinates of the point of inter- 
section of the 80 per cent top lofted line with the double-skewed rib are 
therefore 

a;«, = 101.869, 

7j^ = 157.511, 

Zvo = 8.933. 


The intersection of a line and a plane is often simpler than 
it is in Examples 1 and 2. 

Example 3. Find the coordinates of the point of intersection of the 
15 per cent top lofted line, whose equations are 

Vu, = 0.03750a;«, - 30.000, 

= -0.02140a;,„ + 13.342, 


and the normal rib plane Xw = 10.000. 

In this case, merely substitute Xw = 10.000 in the equations of the line. 
The results are 

= -29.625, 
z,, = 13.128. 


The coordinates of the point of intersection of the line and plane are (10.000, 
-29.625, 13.128). 

7.6. Direction ratios of a line when its equations are given. 

If the equations of a line are 

y — mx -h h 
z = nx -f- c 


the direction ratios of the line are 

1 : m : n. 


If the equations of a line are 

X — my + b 
z = ny c 

the direction ratios of the line are 
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If the equations of a line are 


X — mz -f- h 
y = nz c 

the direction ratios of the line are 


Notice that, in each case the one is in the position of the letter 
common to both equations. For example, in the first set of 
equations, at the beginning of this article, the x is the variable 
present in both of the given equations, and the one in the set 
of the direction ratios is therefore in the position of the x, i.e., the 
first ratio. Also, notice that m and n occupy the positions of 
the variables on the left sides of the given equations. For 
example, in the first set of equations, the m is in the equation 
with the variable y on the left side of the equation, and so it 
occupies the y (second) position in the set of direction ratios. 

Example 1. Find the direction ratios of the line whose equations are 

y = —2a; + 3, 
z = 4x 

The result is 

1: -2:4. 


Example 2. Find the direction ratios of the line whose equations are 

X — 3y — 5, 
z = -22/ -h 7. 

The result is 

3 : 1 : - 2 . 

Example 3. Find the direction ratios of the line whose equations are 

X = — 4z 4-2, 
y =2z 


The result is 


-4:2:1. 


Example 4. The equations of a certain per cent line in a certain wing are 


= -0.14986:c«, + 67.125, 
s,, = 0.12875^u, + 45.839. 

Find the direction ratios of this per cent line. 

The yw is the variable contained in both of the given equations. How- 
ever, the first equation is expressed in such a way that y^ is given in terms of 
Xw> The direction ratios are 


1 

-0.14986 


: 1:0.12875. 
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7.7. Bisector of the angle between two lines. Consider the 
problem of finding the direction ratios of the bisector of the angle 
between two intersecting lines in space (see Fig. 7.11). 

In Fig. 7.11 the two given intersecting lines in space are AB 
and AC. The required bisector is AD. Suppose that the direc- 
tion cosines oi AB a,ve a, b, c and the direction cosines of dC are. 
d, e, f. The direction ratios of the bisector of angle BAC are 



2 ■. To prove this, assume a set of axes with d 

as the origin. Then the direction cosines .of AB become the 
coordinates of a point, say E, on. AB one unit distant from A. 
Likewise, the direction cosines of dC become the coordinates of a 
point, say F, on dC one unit distant from d. The point M, 
which lies on the bisector, is the mid-point of EF, and so its 


coordinates are 


a + d b e c + f 


2 2 2 
(0, 0, 0), then the direction ratios of AM are 


Since d has the coordinates 
o,-\-d b As _cAf 



CHAPTER 8 

TRANSLATION AND ROTATION OF AXES 

As pointed out in Chap. 3,- several different sets of axes are 
used on the airplane. These sets of axes are related to each 
other in certain ways. For example, it is usually possible to 
move the rigged axes to the vertical stabilizer axes by a motion 
involving translation only. Also, it is possible to change the 
rigged axes to the wing axes of the wing reference plane system 
by a motion involving a rotation through one angle only, namely, 
the angle of dihedral. In the case of a wing lofted by the wing 
chord plane system, it is possible to change the rigged axes to 
the wing chord plane axes by two successive' rotations, namely, 
a rotation through the angle of incidence followed by a rotation 
through the angle of dihedral. Sometimes, as in the case of the 
rigged axes and nacelle axes, it is necessary to translate the rigged 
axes to the nacelle origin and then rotate the axes to the nacelle 
position. It is the purpose of this chapter to study mathe- 
matically these relations among the various sets of axes. 

If the coordinates of a point are known with respect to a certain 
system of axes it is sometimes necessary to be able to calculate its 
coordinates with respect to a different set of axesj which may be 
related to the original set of axes by translation, rotation, or a 
combination of both. This conversion of coordinates from one 
system of axes to another is accomplished by formulas that will 
be derived and explained in this chapter. These formulas are 
necessary in many situations. For example, suppose that a 
certain line is determined with respect to the rigged s^’-stem of 
axes and another line is determined in the wing reference plane 
system of axes, and that it is required to find 'the true angle 
between these two lines. Before the methods developed in 
Chap. 4 for finding the true angle between two lines can be used, 
the coordinates of the points determining the two lines must be 
converted to the same system of axes. Similar conversions must 
be made for any problem in which part of the information is 

143 
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given with relation to one set of axes and part with relation to a 
different set of axes. 

The simplicity of the formulas for translating and rotating 
-axes and the ease with which coordinates are converted from 
one system to another are among the most valuable features of 
analytic geometry as applied to the airplane. 

8.1. Translation of axes in a plane. Consider the two sets of 
axes shown in Fig. 8.1. The new set of axes x', y' is obtained- 



from the original set of axes a:, by a motion of translation. The 
positive directions of the x axis and y axis are parallel to the 
positive dii’ections of the x' axis and y' axis, respectively: Let 
the coordinates of the new origin O' be (h, k) wdth respect to the 
original set of axes. Consider the point P, Avith coordinates 
{x, y) with respect to the original set of axes and coordinates 
(.r', y') with respect to the new- set of axes. From Fig. 8.1, 


X — x' = h, 
y — y' = k. 

These equations can be solved for x', y' to give 

x' — X — h, 
y' = y — k. 
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The equations can be solved for x, y to give 

X = x' hj 

y = y' ^k. * 

The preceding two sets of equations enable us to find the coordi- 
nates of P with respect to the x', y' set of axes when its coordinates 
with respect to the Xj y set are given, and vice versa. 

• 

Example 1. The origin of an x', y' set of axes has coordinates (8, 6) 

with respect to an x, y set of axes. A certain point P has coordinates (15, 23) 



Fig. 8.2. 


with respect to the x, y set of axes. Find the coordinates of P with respect 
to the x', y' set of axes (see Fig. 8.2). 

= 8 , 
fc = 6. 
r - 15, 
y = 23. 

a:' = a: — h, 

y' ^ y - k. 

x' = 15 - 8 = 7, 

?/' = 23 - 6 = 17. 

The coordinates of F with respect to the r', y' set of axes are therefore 

(7, 17). . , . 

Example 2. In Fig. 8.3, the point P has coordinates (15, 10) with respect 
to the r, s system of axes shown. The origin of the x', z' system of axes 
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has coordinates ( — 25, 40), with respect to the rr, z system of axes. Find the 
coordinates of the point P with respect to the x', z‘ system of axes. 

h = -25, 

* fc = 40. 

X* =- X A- 25, 

2 ' = 2 — 40. 

j;' = 15 + 25 = 40, . 

2 ' = 10 - 40 = -30. 

The coordinates of the point P with respect to the x\ zf set of axes are 
therefore (40, —30). 

Example 3. In Fig. 8.3, the fuselage contour is a circle with center at 
the origin of the a;', z' set of axes and with a radius of 50. The equation of 


+ 2 * 



the fuselage contour with respect to the a:', 2 ' set of axes is therefore 

+ 2 '“ = 2,500. 

Find the equation of the fuselage contour with respect to the x, z set of axes. 

x' ^ X A- 25, 

2 ' = 2 - 40. 

Substitute these values for x', z' in the -equation of the circle. 

{x + 25)2 + (2 - 40)2 = 2,500. 

-f 50x + 625 A- — 8 O 2 -f 1,600 = 2,500. 

A- A- 50x — 8 O 2 = ' 275 . 

This IS the equation of the fuselage contour with respect to the a:, 2 sot of 
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If the equation 

A- A- 50a; - 8 O 2 = 275 

were given, representing the circle with respect to the x, z axes, then the 
equation could be simplified by the substitutions 

X = x' — 25, 
z ^ z' + 40, 

The simplified equation would be 

= 2 , 500 , 

which would represent the circle with respect to the x'^ z' axes. 

8.2. Translation of axes in space. Consider a set of axes and 
a point P whose coordinates are (x, y, z) with respect to this set 


+Z' 



of axes. Consider a new set of axes having the same positive 
directions as the original set of axes but having a different origin. 
The new set of axes can be obtained from the original set of axes 
by motions of translation alone. Suppose that the coordinates 
of the origin of the new set of axes are (/i, A*, Z) with respect to 
the original set of axes. Suppose that the coordinates of P with 
respect to the new set of axes are {x\ y\ z'). See Fig. 8.4. Then 
we have, from Fig. 8.4, 

X — x' = hj 

y — y' ^ 

z - z' = L 
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These equations can be solved for .r, y, z: 

X = x' -h /?, 
y = y' -i- k, 
z = 1. 

They can also be solved for x', y\ z' : 

x' — X — /?, 

y' y - k, 

z' = z — l. 

The last two sets of equations can be used to convert the coordi- 
nates of a point from the new set of axes to the original set of 
axes, and from the original set of axes to the new set of axes, 
respectively* 

Example 1- The origin of the new system of axes has coordinates (3, 4, 6) 
with respect to the original system of axes* Find the coordinates of a point 
P(35, 28, 16) with respect to the new set of axes. 

= X — h, 
y' ^ y - k, 

^ z — 1. 

h ^ Z, fc = 4, 1=6. 

a; « 35, y = 28, z = 16. 

a;' = 35 - 3 = 32. 

?y' = 28 - 4 «= 24. 

2' = 16 - 6 = 10. 

The coordinates of the point with respect to the new (translated) system of 
axes are (32, 24, 10). 

Example 2. The equation of a plane with respect to the original set of 
axes in Example l is 

3a; — 2y — 7z = 5. 

Find the equation of this plane with respect to the new set of axes. 

X = x' ^ Z, 

2/ = + 4, 

2 = s' + 6. 

Substitute a;' + 3 for a;, i/' + 4 for y, and 2 ' + 6 for z in the equation of . 
the plane. : 

3(a;' + 3) - 2(i/' -h 4) - 7(z' + 6) = 5. 

This result can be simplified by multiplying and collecting terms to give 
3a;' - 2y' ~ 7z' = 46. 

This is the equation of the given plane with respect to the new set of axes. 

Example 3, Consider the rigged system of axes and the system of axes 
for the vertical stabilizer and rudder shown in Fig. 8.5. See also Fig. 3.14. 
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The coordinates of a certain point in the vertical stabilizer and rudder system 
of axes are (12, 4, 23). Pind the coordinates of this point with respect to 



PROFILE VIEW 

Fig. 8.5. 


the rigged system of axes. 

X — x', 
y = y' A- 600, 

2 = z' + 40. 

a; = 12, 

2/ '= 4 -h 600 = 604, 

2 = 23 + 40 = 63. 

Example 4. In Fig. 8.5 the coordinates of a certain point with respect 
to the rigged system of axes are (8, 612, 44). Find the coordinates of this 
point with respect to the vertical stabilizer and rudder system of axes. 

x' — X, 

y' = y — 600, 
z' ^ z — 40. 

a;' = 8, 

y' = 612 - 600 = 12, 

V = 44 - 40 = 4. 
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The coordinates of the point with respect to the x', y', z' system of axes 
are (8, 12, 4). 

8.3. Rotation of axes (wing reference plane system). The 
relation between the rigged axes and the wing reference plane 
axes is given by the following table of direction cosines of the 
axes with respect to each other: 




y-ip 

Zuj 

X 

cos 4> 

0 

— sin tj> 

y 

0 

1 

0 

z 

sin 

i 

0 

cos <i> 


This table was derived and discussed in Art. 5.2. The relation 
betw^een the rigged axes and wing reference plane axes is shown 
in Fig. 8.6. See'also Fig. 3.12. 



WING REFERENCE PLANE AXES: Xyv, V ^W 
RIGGED AXES: X,Y,Z. 

Fig. 8.6. 


In Fig. 8,6, the projection of OP on the x^o axis is equal to the 
sum of the projections of OB on the Xxc axis and BP on the x^o axis, 
since OP is the closing-line segment of the broken line OBP. 
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The projection of OB on the axis is equal to OB cos or x 
cos <j>; since OB = x. The projection of BP on the x^ axis is 
BP cos (90° — <j>)j or BP sin 4>, or z sin 0 , since BP = z. The 
projection of OP on the x^ axis is OA, or x^, since OA = Xw 
Therefore 

Xw — X cos (i> z sin </>. 

Notice that y does not occur in this result, because OA, OB, BP, 
and OP all lie in the plane of the paper and the y axis is per- 
pendicular to the plane of the paper. 

Since the y axis and y^ axis coincide, we have 

Vw = 2 /- 

The projection of OP on the Zw axis is equal to the sum of the 
projections of OB on the axis and BP on the Zy, axis, since OP 
is the closing-line segment of the broken line OBP, The pro- 
jection of OB on the z^ axis is OB cos (90° + <i>), or —OB sin 4>, 
or —X sin cl>, since OB = x. The projection of BP on the Zy, 
axis is J5P cos <i>, or z cos since BP = z. . The projection of 
OP on the Zy, axis is Zy;. Therefore 

Zw — —X sin 4> z cos 4>. 

The equations relating the x, y, z system of axes to the Xy,, 
yw, Zy, system of axes are therefore 

Xyj = X cos sin <i>. 

Vw = y. 

Zyj — —X sin 4> A- 'Z’ cos 0. 

Notice that these equations can be read directly from the 
box, reading the vertical columns as multiplied by x, y, and z, 
respectively. 

The equations can be solved simultaneously for x, y, and z 
in terms of Xw, y-w, and Zy. to give 

X = Xw cos — Zy^ sin <^. 

y = y-w. 

z = Xw sin (j) -T Zxo cos 

Notice that these equations can be read directly from the box, 
reading the horizontal rows as multiplied by y,,., and Zy, 
respectively. From the box we can read the equations for both 
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cases: rigged to wing reference plane, and wing reference plane 
to rigged. 

Example 1. The coordinates of a certain point in the wing reference 
plane system of axes are (100.460, —33.000, 2.787). The angle of dihedral, 
is 4°7T7". Find thg coordinates of this point wdth respect to the rigged 
system of axes. 

sin <^ = 0.07187. 
cos <f> = 0.99741. 

a: = (1,00.460) (0.99741) - (2.787) (0.07187) = 100.000. 
y = -33.000. 

2 = (100.460) (0.07187) + (2.7871(0.99741) = 10.000. 

The coordinates of the point with respect to the rigged system of axes are 
therefore (100.000, -33.000, 10.000). 

Example 2. The coordinates of a certain point in the rigged system of axes 
are (150, —70, —60). The angle of dihedral, <f>, is 4°. Find the coordinates 
of this point with respect to the wing reference plane system of axes. 

sin <i> — 0.06976. 
cos <f* = 0.99756. 

= (150) (0.99756) + (-60) (0.06976) * 145.448. 
yw — —70. 

= -(150) (0.06976) + (-60)(0.99756) = -70.318. 

The coordinates of the point with respect to the wing reference plane sys- 
tem of axes are therefore (145.488, —70, —70.318). 

Example 3- The equation of a certain plane with respect to the rigged 
system of axes is 

Bx A 2y — z — 8. 

The angle of dihedral, is 4®. Find the equation of this plane with respect 
to the wing reference plane system of axes. 

sin = 0.06976. 
cos <l> = 0.99756. 

a; = 0.99756a;,^ - 0.069762«,. 
y = y^- 

z = 0.06976rc«, A 0.997562,.. 

Substitute these values for a;, y, and z in the given equation of the plane. 

3(0.99756^:,. - 0.069762«,) + 2y,, - (0.06976a:,. + 0.997562,,) = 8. 

This result can be simplified, to give 

2.92292a:„. -|- 2y^ - 1.206842,,, = 8. 

This is the equation of the plane with respect to the wing reference plane 
system of coordinates. 

Example 4. A plane is determined by the three points 4(16, 50, 25), 
/?(10, 32, 15), C(2, 5, 12). The coordinates of these points are given with 
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respect to the wing reference plane system of axes. Find the equation of 
this plane with respect to the rigged system of axes, if the angle of dihedral, 
is 4®. 

siii (t> — 0.06976. 
cos = 0.99756. 

a; = (16) (0.99756) - (25) (0.06976) = 14.217. 
y = 50. 

3 - (16) (0.06976) + (25) (0.99756) = 26.055. 
a; = (10) (0.99756) - (15) (0.06976) = 8.929. 
y = 32. 

2 = (10) (0.06976) + (15)(0.99756) - 15.661. 
a; = (2)(0.99756) - (12) (0.06976) = 1.158. 

?/ = 5. * 

3 == (2) (0.06976) + (12) (0.99756) = 12.110. 

The coordinates of the three given points with respect to the rigged system 
of axes are therefore A(14.217, 50, 26.055), B(8.929, 32, 15.661), C(1.158, 5, 
12.1 10) . The direction ratios of a normal to the plane are obtained by cross- 
multiplying the direction ratios of AB and ACz 

BA 5.288:18:10.394. 

CA 13.059:45:13.945. 

Normal -216.720:61.994:2.898. 

The equation of the plane with respect to the rigged system of axes is 

-216.720(a: - 14.217) -h 61.994(2/ - 50) + 2.898(2 - 26.055) = 0. 

Example 5. The direction cosines of a certain line in the rigged system of 
axes are 0.99669, 0.08114, 0.00504. Find the direction ratios of this line 
with respect to the wing reference plane system of axes described in Exam- 
ple 4. 

These direction cosines can be treated as if they w'ere the coordinates of a 
point. 

Xy, = (0.99669) (0.99756) -j- (0.00504) (0.06976) = 0.99461. 
yy, = 0.08114. 

= -(0.99669) (0.06976) -h (0.00504) (0.99756) = -0.06450. 

The direction ratios of the line in the wing reference plane system are there- 
fore 

0.99461:0.08114: -0.06450 or 1 : 0.08158: -0.06485. 

If the direction ratios of a line (instead of direction cosines, 
as in Example 5) are given, then the direction ratios of the same 
line in another reference system can be calculated by treating 
the direction ratios as if they were the coordinates of a point, as 
illustrated in Example 5. 

8.4. Rotation of axes (vertical stabilizer and rudder). Some- 
times the vertical stabilizer and rudder are so designed that an 
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angle of rotation is necessary to change the axes from the rigged 
position to the vertical stabilizer and rudder position. This is 
often true when the airplane is a single-engine airplane with a 
single propeller. The rotation helps to counteract propeller 
torque. An example of this is showm in Fig. 8.7. The rotation 
takes place about a vertical axis. 



PLAN VIEW 

* Fig. 8.7. 

In Fig. 8.7, the box for the rotation of axes equations is as follows : 




yv 


X 

cos 5. 

— sin 8 

0 

y 

sin 5 

cos 8 

0 

z 

0 

0 

1 


The equations for converting coordinates in the x, y, z system 
to the Xvj Vvj S 3 "stem are 

Xv = X COS S -h y sin S. 

Vv = —x sin d + y cos 5. 

Zv = z. 

The equations for converting coordinates in the y^, Zv system 
to the X, y, z system are 

X = Xv cos 8 — yv sin 5. 
y = Xv sin 8 yv cos 8. 
z — Zv. 
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Example 1 . A fuselage attachment point has coordinates (12, 18, 15) in 
the Xv, Vv, 2v system. The angle of rotation, 5, is 1°30'. Pind the coordi- 
nates of this point in the a;, y, z system. 

sin 5 = 0.02618. 
cos 5 = 0.99966. 

a; = (12) (0,99966) - (18) (0-02618) = 11.525. 
y = (12) (0.02618) + (18) (0.99966) = 18.308. 
z = 15. 

Example 2 . A fuselage attachment point has coordinates (18, 25, 50) in 
the a;, ?/, z system. The angle of rotation, 5, is 1°30'. Find the coordinates 
of this point in the a^v, y^^, Zy system. 

sin 3 = 0.02618. 
cos 3 = 0.99966. 

a;„ = (18) (0.99966) + (25) (0.02618) = 18,648. 
yy = -(18) (0.02618) -+• (25) (0.99966) = 24.520. 

= 50. 

8.6. Rotation of axes (nacelle). The nacelles are often 
designed so as to necessitate one angle of rotation from the 



nacelle system of axes to the rigged system of axes, and vice 
versa (see Figs. 8.8 and 3.13). The x, y, z system shown in 
Fig. 8.8 is parallel to the original x, y, z rigged system of axes 
and is translated to the origin of the nacelle system of axes from 
the original origin on the plane of symmetry of the airplane. 
The angle of rotation is designated by 5. 
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The box for the equations of rotation is 



Xn 

2/» 

Zn 

X 

1 

0 

0 

y 

0 

cos 8 

sin 5 

z 

0 

— sin 5 

cos 5 

1 


The equations for converting rc, y, z coordinates to Xn, Vn, 
coordinates are 

Xr, = X. ' 

2/r. == y cos 8 — z sin 8. 

Zn = y sin 5 + 25 cos 5. 

The equations for converting Xn, Vm Zn coordinates to x,- y, z 
coordinates are 

X — Xn^ 

2 / = 2 /n cos 5 + sin 5. 

z = — 2/n sin 8 Zn cos 8. 

Example 1. The coordinates of a certain point in the x, y, z system’ are 
(10, 20, 30). The angle of rotation, 5, is 2°. Find the coordinates of the 
point in the Xn, 2/n, Zn system. 

sin 3 = 0.03490. 

cos h — 0.99939. 

Xn = 10. 

yn == (20) (0.99939) - (30) (0.03490) == 18.941. 

= (20) (0.03490) + (30) (0.99939) = 30.680. 

Example 2. The coordinates of a certain point in the Xn, Vn, Zn system are 
(10, 18.941, 30.680). The angle of rotation, 5, is 2°. Find the coordinates 
of the point in the x, y, z system. 

sin 5 = 0.03490. 
cos 5 = 0.99939. 

X = 10. 

y = (18.941) (0.99939) + (30.680) (0.03490) = 20.000. 

= -(18. 941) (0.03490) + (30. 680) (0.99939) = 30.000. 

Compare Examples 1 and 2. 

Example 3. The direction ratios of a line in. the x^ y, z s 3 "stem are 
1:0.14832:0.52693. The direction ratios of a line in the Xa, Vn, z„ system 
are 0.21647:1:0.31728. Find the true angle between these two lines, if 
S is 2°. 
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To solve this problem, we must convert the two sets of given direction 
ratios to the same system of coordinates. Let us choose the Xn-, yn, 
system. 

Xm 

yn — y cos S — z sin S. 

Zn = y sin 5-1-2 cos 5. 

Xn “ 1 • 

- yn == (0.14832) (0.99939) - (0.52693) (0.03490)’ = 0.12984. 

2^ == (0.14832) (0.03490) + (0.52693) (0.99939) = 0.53178. 

The direction ratios of the two lines are therefore 

0.21647:1:0.31728, 

1:0.12984:0.53178. 

The true angle between these two lines is given by 

(0.21647) (1) + (0.12984)(1) 4- (0.31728) (0.53178) 
cos 6 - 7 ^--——- - . — 

V (0.21647)2 -h 12 -h (0.31728)2 V(l^ + (0.12984)2 + (0.53178)2 

cos e 0.42174. 
e 65“3'20". 

8.6. Rotation of axes (horizontal stabilizer and elevator) - 
The horizontal stabilizer and elevator ai'e often designed so that 
one angle of rotation is necessary to rotate the x, y, z system of 
axes to the xn, Vh, system of axes and vice versa (see Figs. 8.9 
and 3.16). 

In Fig. 8.9, the x, y, z system of axes shown is parallel to the 
rigged system of axes but has its origin translated to the origin 
of the X},, yh, Zh system. The angle 6 is an angle of incidence. 
The box for the rotation of axes equations is 



Xh 

yh 

Zh 

X 

1 

0 

0 

y 

0 

cos 6 

sin 6 

z 

0 

— sin e 

cos 6 


The equations for converting coordinates . in the Xj y, z system 
to the Xh^ yh, system are 

Xh = X. 

yn = y cos 6 — z sin 9. 

Zh — y sin 6 -\- z cos 9, 
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The equations for converting coordinates in the Xh, yh, system 
to the Xj y, z system are 


X x^. 

y = Vh cos 6 Zh sin 6. 

2 = ~yf^ sin $ Zh cos 9. 

Example. Find the distance from the point (10, 20, 30) in the y, z 
system to the point (6, 5, 12) in the xk, 2/a, zk system- The angle Q is 2°. 



It is first necessary to convert the coordinates of the two points to the same 
system of coordinates. Let us choose the x, y, z system. 


sin e = 0.03490. 
cos e = 0.99939. 


X = 6. 

y = (5) (0.99939) + (12) (0.03490) = 5.416. 

2 = -(5) (0.03490) + (12) (0.99939) = 11.818. 


Next use the length of a line segment formula 


L = \/il0 - 6)2 -h (20 ~ 5.416)2 -j- (30 - 11.818)2. 
L = 23,649. 

This is the required distance between the two points. 
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8.7. Rotation of axes (wing chord plane). When a wing is 
lofted by the wing chord plane system, two angles of rotation 
are necessary to change the rigged system of axes to the wing 
chord plane system of axes, and vice versa. Since the origin is 
usually the same in both the rigged and wing chord plane systems, 
no translation of axes is necessary (see Figs. 8.10, 3.9, 3.10, 3.11,. 
and 5.2). 

The projection of OP on the axis is equal to the sum of the 
projections of OA on the Xw axis, AB on the Xw axis, and BP on 
the Xw axis, since OP is the closing line segment of the broken line 


+z 



OABP. The projection of OA on the Xw axis is x cos </>, since cos 
is the cosine of the true angle between the x axis and the Xw 
axis (refer to Art, 5.3). The projection of AB on the x^ axis is y 
sin sin 0, since sin sin B is the cosine of the true angle between 
the y axis and the Xw axis. The projection of BP on the x^ axis is 
z sin cf> cos 6, since sin 4> cos 6 is the cosine of the true angle 
between the z axis and the Xw axis. Therefore 

Xw = X cos <f> A- y sin sin 6 ^ sin 4> cos 6. 

Notice that this formula for Xw may be obtained by multipl 3 dng 
the X, y, z by the direction cosines in the first vertical column in 
the box: 
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Xtv 

Vw 


X 

cos fi> 

0 

— sin <f> 

y 

sin sin 6 

cos 6 

^ cos <f> sin $ 

. z 

sin cos d 

— sin 6 

cos <f> cos 6 ' 


Formulas for and Zy, can be derived on the basis of the pro- 
jection theorems in a similar way. The results can be read 
directly from the above box. 

The equations for converting coordinates in the x, y, z system 
to the Xy,, ywj Zy, system are 

Xy, ~ X cos + 2/ sin sin 'd z sin (/> cos 9j 
y-w ~ y cos 6 — z sin 6, 

Zto = —X sin ^ + 2/ cos <j> sin d z cos 4>- cos B, 

The equations for converting coordinates in the y^,, Zw 
system to the x, y, z system are 

X Xyj Cos ^ Zyj sm (j)j 

y = Xy, sin 4> sin 6 y^ cos B Zy, cos sin 6, 

z = Xw sin cos B — yw sin B Zw cos cos 6, 

These two sets of equations offer a compact solution to a 

problem that is ordinarily quite’ troublesome. They enable us 
to locate points with respect to the basic reference planes of the 
fuselage when the points are known with respect to the basic 
reference planes of a wing lofted by the chord plane system, and 
vice versa. The angle 0 represents the dihedral angle and the 
angle B represents the angle of incidence. In problems involving 
landing gears, attach fittings connecting wing and fuselage, fillets 
connecting wing and fuselage, and in many other situations it is 
necessary to be able to convert coordinates from the wing chord 
plane system to the fuselage reference system (rigged system), 
and vice versa. 

Kxample. A point has coordinates (100, 50, 10) in the wing chord plane 
system. The angle of dihedral is 3° and the angle of incidence is 2°. Find 
the coordinates of the point in the rigged system of axes. 
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sin 2® = 0.03490. sin = 0.05234. 
cos 2° = 0.99939. cos 3° = 0.99863. 

a; = (100) (0.99863) ~ (10) (0.05234) ?= 99.340. 

y = (100) (0.05234) (0.03490) 4* (50) (0.99939) + (10) (0.99863) (0.03490) 

= 50.501. 

2 : == (100) (0.99939) (0,05234) — (50) (0.03490) + (10) (0.99939) (0.99863) 

= 13.466. 

The coordinates of the point in the rigged system are (99.340, 50.501, 
13.466). 

A good method of checking the results is to use the equations 
for Xw, Vwj in terms of x, y, z and determine whether the answer 
is the set of given coordinates (100, 50, 10). A partial check is 
to find the square root of the sum of the squares of the calculated 
coordinates. This result should equal the square root of the sum 
of the squares of the original coordinates. That is, 

-f- _}_ 2 :^ 2 ^ 

This relation is due to the fact that each side of this last equation 
is equal to the distance from the origin to the point, and a distance 
is invariant under rotation of axes. 

The remarks in the last paragraph apply equally well to all 
cases of rotations considered in this chapter. 

8.8. Translation and rotation of axes. In most cases it is 
necessary both to translate and to rotate the axes. An exception 
to this is the case described in the preceding article. See Fig. 8.11. 
In Fig. 8. 11, the original set of axes is the x, y axes. The original 
set of axes is first translated to a new origin at O', resulting in the 
x', y' set of axes. The rr', y' set of axes is rotated through an angle 
6 to give the final rro, ya set of axes. 

Example 1. In Fig. 8.11, let the coordinates of O' with respect to the x, y 
system of axes be (10, 8). Also, let the angle of rotation, 6>, be 3°. If a 
certain point P has coordinates (15, 40) with respect to the a:, y system of 
axes, what are its coordinates with respect to the Xa, Va set of axes? 

= a: - 10, 

= 2 / - 8 . 

= 15 _ 10 = 5, 

= 40 ~ 8 = 32. 

= x' cos 6 y' sin 0, 

= ~~x' sin Q A y' cos B. 

= (5) (0.99863) H- (32) (0.05234) = 6.668, 

= (-5) (0.05234) + (32) (0.99863) = 31.694. 
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Zu, — —{x — 50) sill (z — 6.139) cos 

Xu> = (14.312)(0.99255) -h (19.643)(0.12187) = 16.599. 

y.u,’= 20.569. 

= (-14.312) (0.12187) + (19.643) (0.99255) = 17-752. 

The coordinates of P with respect to the 2 ^. system of axes are there- 

fore (16.599, 20.569, 17.752). 

8.9. Rotation of axes (special cases). There are certain 
special cases of rotating axes which are of extreme importance. 



These special cases can be treated by techniques similar to those 
used in the preceding articles of this chapter. 

Consider the case of a rear spar plane as shown on an engineer- 
ing drawing of a rear spar. We can set up a set of axes for the 
rear spar plane and label them Xrs, Vrs, Zrs- Their relation to the 
wing reference plane axes is shown in Fig. 8.13. The box relating 
the two sets of axes is 



aJrs 

Vrs 

Zrs 

O' 

Xv 

COS 2® 

' 

sill 2° 

0 

0 

' — sin 2° 

^ i 

cos 2® 

0 

50 

0 

0 

1 

! 0 

0 ! 1 . 7450 

— 49.9695 

0 

1 

1 

i 
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Notice that a vertical column has been added that gives the 
Xw, Vwj Zw coordinates of the origin of the Xrs, Vrs, Zrs system of 
axes as O'(0, 50, 0). Also, a horizontal row has been added that 
gives the Xrs] Vrs, Zra coordinatos of the origin of the Xy,j Zy, 
system of axes as 0(1.7450, —49.9695, 0). The first set of 
coordinates is obvious from Fig. 8.13, but the second set of 
coordinates must be calculated using the rotation of axes 
equations 

Xr* = Xw cos 2° — yv> sin 2^. 

Vra = Xw sin 2"" + yv, cos 2°. 

Zrs — 

irn = (0) (0-99939) - (-50) (0.03490) = 1.7450. 

Vr^ = (0) (0.03490) + (-50) (0.99939) = -49.9695. 

Zra 0 . 

This enlarged box makes the matter of converting the coordi- 
nates of a point from one reference system to another a simple 
process. This enlarged box is especially useful when a large 
number of sets of coordinates must be converted from one system 
to another. It simplifies the calculations. 

However, the origins of the two systems of axes are 

coincident, th.- row and colunm are not necessary. Also, 

when conve ^ ^ ^ set of direction ratios, or direction cosines, 
from one sysr^^ ,o another, the enlarged box is not used. 

The equations converting coordinates in the Xrs, yrs, Zrs system 
to the Xj,^ yxc, Zv, system are 

Xxv — Xra COS 2 ~j~ yrs Sin 2 , 

yw == —Xra sin 2° + y^^ cos 2° + 50, 

== 

The equations converting coordinates in the y^^^ system 
to the Xra, yrs, Zrs svstem are 

Xrs — Xw COS 2 y^a sin 2° -{— 1.7450, 
yrs = Xy, sin 2° + y,y cos 2° — 49.9695, 

^ Example 1. A point on the top lofted line of the rear spar has coordinates 
(50, 2, 10) in the Xrs, yrs, Zra system. Find its coordinates in the Zw 

system (see Fig. 8.13). 
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= (50) (0.99939) + (2) (0.03490) . 

= -(50) (0.03490) 4- (2) (.0.99939) + 50. 

Zw = 10 . 

= 50.039. 

= 50.254. 

= 10 . 

Example 2. Find the coordinates of the point in Example 1 with respect 
to the rigged system of axes, if the angle of dihedral is 4®7'17". 

We have already converted the point from the rear spar subassembly posi- 
tion to the wing reference plane system. Now we use the equations for 
converting coordinates from the wing reference plane system to the rigged 
system. 

X = 0.99741aJti, — 0.071872;«,, 
y — 2/wj 

0 = 0.07187a:^ + 0.997412^. 

a; = (50.039) (0.99741) - (10)(0.07187) - 49.191. 

y = 50.254. 

2 = (50.039) (0.07187) + (10) (0.99741) = 13.570. 

Example 3. Find the direction ratios of a normal to the rear spar plane in 
Fig. 8.13 with respect to the rigged system of axes. Use <i> = 4°7'17". 

The rear spar plane is the XraZra plane. The 2/r« axis is normal to*this plane. 
The direction ratios of the yrs axis in the rear spar plane system are 0:1:0. 
Treat these three numbers as if they were the coordinates of a point, and 
convert them to the wing reference plane system by the equations for 
rotating axes. We obtain 


Xv, = sin 2° = 0.03490, 

2 /w = cos 2° = 0.99939, 

Zw — 0 . 

Now use the rotation of axes equations for converting coordinates from the 
wing reference plane system to the rigged system. 

a; = (0.03490) (0.99741) - (0)(0.07187) = 0.03481. 
y - 0.99939. 

2 = (0.03490) (0.07187) + (0) (0.99741) = 0.00251. 

The direction ratios of a normal to the rear spar plane wdth respect to the 
rigged system of axes are 0.03481:0.99939:0.00251 or 0.03483:1:0.00251. 

Example 4. Consider the case of an engine mount that has been rotated 
about an axis parallel to the y axis of the rigged system of axes. In this case 
there is a subassembly set of axes for the engine mount,, which are related to 
the rigged system of axes as shown in Fig, 8.14. In Fig. 8.14, the r, y, z 
system is the rigged system of axes, and the Xm, y,n, Zm is the engine mount 
system of axes. Both translation and rotation are necessary to move the 
rigged system to the position of the engine mount system, and vice versa. 
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A point on the engine mount has coordinates (40, 65, 30) with respect 
to the engine mount system of axes. Pind its coordinates with respect to 
the rigged system of axes. 



The box relating the two sets of axes for purposes of rotation only is 



X 

y 

z 

Xm 

cos 2° 

0 

sin 2° 

Vm 

0 

1 

0 

Znv 

— sin 2® 

0 

cos 2® 


The equations for converting coordinates from the 2/m, Sm system to the 
iCj y-, z system are 

a: = 0.99939x,„ -- O.O349O0,„, 

y — 

z = 0.03490a:,n + 0.99939^,«. 

Correcting first for translation, the new coordinates of the point are (40, 
50, 35). Substituting the values = 40, y,» = 50, and Zn^ = 35, 

a: = (0.99939) (40) - (0.03490) (35) = 38.754. 
y = 50. 

= (0.03490) (40) + (0.99939) (35) = 36.375. 

The coordinates of the point in the rigged system of axes are (38.754, 50, 
36.375). 
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Sometimes the x, coordinates of a point are known and it 
is necessary to find the y coordinates of the point. This can 
be done by solving two linear equations simultaneously. , 

Example 6. Consider a point in a wing lofted by the wing reference plane 
system. For this point x — 100.000 and z^, = 2.787. Find Xu? and z, where 
X and 2 : refer to the rigged system, as usual.- The angle of dihedral is 4°7'17". 
Recall that y = so the y coordinate is not affected in this case. 

X = XxD cos ^ — Zy, sin 4>, 
z ~ Xw sin <f> +■ Zw cos <l>. 

100.000 = 0.99741a:,, - (0.07187) (2.787), 

2 = 0.07187a:„ + (0.99741) (2.787). 

Solving these two equations for Xt^ and 2 , we obtain 

Xw = 100.460, 

2 = 10.000. 

8.10. Combined rotations. It is often convenient to combine 
two successive rotations. Suppose that the wing -reference 
plane coordinates of a certain point are t/,,, Zu^), and suppose 
that the equations for converting coordinates from the wing 
reference plane system of axes to the rigged system of axes are 

X = cos <j> — Zio sin 

y = Vxc, 

z — Xu^ sin 4> + Zw cos <f>. 

Furthermore, suppose that the equations for converting coordi- 
nates from the rigged system of axes to the nacelle system of 
axes are 

Xn = X, 

2 /» = y cos b ~ z sin 5, 

Zn ~ y sin 5 -h cos 5. 

Under these circumstances, we can convert coordinates from the 
wing reference plane system of axes to the nacelle system of 
axes in two successive steps. However, an alternative method 
is to combine the two steps into one step. 

Xn = Xw cos ^ sin 

2 /n = y-w cos h — - sin sin 5 — 2 . 4 . cos 4> ^io 
2 ,^ = sin h fi- Xu' sin 4> cos 6 + s,,. cos 4> cos 5. 

Witlx these equations we can convert coordinates from the wing 
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reference plane system of axes to the nacelle system of axes in 
one step. 

Exami^le 1. Let 4> = 4°7'17" and 5 = 2°. Find the equations for con- 
verting coordinates from the wing reference plane system of axes to the 
nacelle system of axes. 

sin 4F7'17" 0.07187. sin 2“ 0.03490. 

cos 4°7'17" 0.99741. cos 2“ 0.99939. 

Substituting these values in the preceding set of equations, 

Xn = 0.99741x^ — 0.071872«.. 

yn = — 0.00251a;«. + 0.99939?/«, — 0-0348l2;i.. 

= 0.07183a;,« + 0.034902/,„ + O.9.968O0«,. 

Example 2. In Example 1, let the coordinates of a certain point be 

- 100.460. 

2/«, = —33.000. 

- 2.787, 

Find the coordinates of this point with reference to the Xn, Pn, Zn system of 
axes. 

- (0.99741) (100.460) - (0.07187) (2.787) - 100.000. 

2/« = (-0.00251) (100.460) + (0.99939) (-33.000) — (0.03481) (2.787) 

= -33.329. 

= (0.07183) (100.460) -h (0.03490) (- 33.000) ' -h (0.99680) (2.787) 

' = 8.842. 

A good method of tabulating the equations is to arrange the 
values in a box: 



Xw 

• Vw 

Zw 

Xn 

0.99741 

0 

-0.07187 

Vn 

-0.00251 

0.99939 

-0.03481 

Zn 

0.07183 

0.03490 

0.99680 


From this box we can also write the equations converting x,,, 
Pn, Zn coordinates into yw, Zw coordinates: 

.r,. = 0.99741a*,, - 0.0025l2/« + 0.071832,,, 

2/. = 0.999392/,, + 0.034902n, 

= -0.07187a:„ - 0.0348l2/n d- 0.996802,,. 
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A good method of checking the values in the box is to square 
the set of values in each hoiizontal row and add. The result 
should be one in each case. A similar check holds for the vertical 
columns. 

If the origin of the' nacelle system of axes is different from the 
origin of the rigged or wing reference plane system of axes, 
then translation must be taken into account when converting 
coordinates from the rigged system of axes to the nacelle system 
of axes. Sometimes translation comes before rotation. This 
is the case when the origin of the nacelle system of axes is given 
in terms of rigged coordinates. For example, if the origin of 
the nacelle system of axes has coordinates x = 75.566, y — 0.628, 
z = —12.533 with respect to the rigged system of axes, and if 
the coordinates of a certain point are x — 100, y = —33, 2 ; = 10 
with respect to the rigged system of axes, then the nacelle 
coordinates of the point can .be found in two steps : 

(a) 100 - 75.566 == 24.434. 

-33 - 0.628 = -33.628. 

10 + 12.533 = 22.533. 

(b) a;n = 24.434. 

Vn = (-33.628) (0.99939) - (22.533) (0.03490) = -34.394. 

2n = (-33.628) (0.03490) + (22.533) (0.99939) = 21.346. 

If the origin of the rigged or wing reference plane system of 
axes is given in nacelle coordinates, translation follovrs rotation. 

8.11. General remarks on rotation of axes. In each case of 
rotation of axes we used a box of the type 



X 

y 

Z 

a;' 

a 

h 

c 

y' 

d 

€ 

f 

z' 

9 

h 

i 


Certain relations exist among the sets of direction cosines in 
such a box. Some of these are 

a2 + 52 _|_ ^2 _ 1. 

-h = 1. 62 _ 1. 

^2 _|_ 4. ^-2 = c2 + /2 -h = 1. 
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These formulas are true because the sum of the squares of the 
direction cosines must equal one. Also, 

ad he cf = 0. oh -f- de T* Qh f= 0. 
ag hh ci — Q. ac df gi = 0. 

dg eh fi = 0. + c/ + hi = 0. 

These formulas are true because the sum of the products of corre- 
sponding direction cosines of two perpendicular lines must equal 
the cosine of 90°, which is 0. Also, 

bf — ce = g. 
cd — af — h. 
ae ~ hd ~ i. 

These formulas are true because they represent the usual method 
of cross-multiplying to find the direction ratios of a line perpen- 
dicular to two given lines. If the first two horizontal rows of 
direction cosines are knowm, the direction cosines of the bottom 
horizontal row can be calculated. Similar relations hold for the 
direction cosines of any row or column. 



CHAPTER 9 

APPLICATIONS 

This chapter deals with applications of the theory developed 
in the previous chapters. Some of the illustrations apply to 
isolated problems, some to descriptive geometry, and some to 
an actual wing, designed in some detail. 

It is impossible to give a complete survey of the possibilities 
of the applications of solid analytic geometry to the airplane. 
The examples in preceding chapters and in this chapter are 
typical and indicate the tremendous ’scope and power of this 
mathematical tool. An attempt is made in this chapter to tie 
together the various isolated principles developed in the preced- 
ing chapters. 

In applying the concepts and methods of solid anal 3 d:ic geome- 
try to the airplane, it is essential to make full use of calculating 
machine techniques in making computations orderly, systematic, 
and economical of time and space. Special attention must also 
be given to the clear concise display of calculated and tabulated 
data. 

In this chapter we explain the preparation and use of 

1. Basic data tables. 

2. Master diagram. 

3. Loft layout. 

Upon these three items the lofting and basic calculations groups 
can base their proper functions with relation to preliminary 
design, engineering, and tooling. The basic data tables, master 
diagram, and loft layout used in this chapter refer to a wing 
designed especially for this chapter. 

9.1. Cylinder and planes. In Fig. 9.1 the center line of the 
tube is a skew (canted) line in space. A clamp is to be attached 
to the tube. The plane of the clamp is normal to the ocy plane 
in the plan view and is normal to the xz plane in the front view, 
as shown in Fig. 9.1. Find the true angle between the plane of 
the clamp and the center line of the tube. 
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Set up an auxiliary system of axes, as shown. The plane of 
the clamp is the yz plane. The x axis is normal to the yz plane. 
Assume a unit distance on the x axis, as shown. The direction 
ratios of the center line of the tube are 1 :tan 19®: tan 5®. Com- 

+Y 



+z 



Fig. 9.1. 

pute the first direction cosine of the center line of the tube. It is 

1 

cos OL = , .1. - — ■ ‘ 

Vl -h tan2 19® + tan2 5® 

cos OL = 0.94230. 

By the definition of direction cosines, this is the cosine of the 
true angle between the center line of the tube and the x axis. 
But the X axis is normal to the plane of the clamp, and the 
angle between a line and a plane is the complement of the angle 
between the line and a normal to the plane. Therefore the angle 
between the center line of the tube and the plane of the clamp is 
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the complement of a.. Since cos ot — sin (90° — a) we can find 
the required angle by finding a in the sine tables, instead of the 
cosine tables. The result is 70°26'30". 

This example is typical of the general problem of calculating 
the true angle between a center line of a tube and a plane that 


+y 



FRONT VIEW 

Fig. 9.2. 

intersects the tube. Another example of this type is shown in 
Fig. 9.2. 

In Fig. 9.2, the plane of the clamp is on edge in the front view 
only. The direction ratios of the center line of the tube are 

l:tan 5°: tan 3°. 

The direction cosines of a normal to the plane of the clamp are 
cos a, 0, — sin a. or 


0.71934, 0, -0.69466 



174 


APPLICATIONS 


[Chap. 9 


where a. — 90° — 46° = 44°. Beduce the direction ratios of the 
center line of the tube to direction cosines. We obtain 

0-99484, 0.08704, 0.05214. 

The true angle between the center line of the tube and the plane 
of the clamp is given by 

sin 6 = 0.67941. 
d = 42°47'51". 

If the plane of the clamp is not on. edge in any of the three 
basic orthographic views, then the plane can be determined by 




Fig. 9.3. 


three points, and the direction ratios of a normal to the plane 
can be determined by cross-multiplying the direction ratios of 
any two lines in the plane. Then the true angle between the 
center line of the tube and the normal can be calculated. The 
required angle will be the complement of this latter result. 

9,2. Descriptive geometry textbook problems. Descriptive 
geometry textbooks state problems in one of two ways. Either 
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a drawing is given, with dimensions as in Figs. 9.1 and 9.2, or a 
graph-paper coordinate system is used to locate points, lines, and 
planes. In the latter case, solid analytic geometry can be applied 
directly to check the solution by layout procedure. As an 
example of this type, see Fig. 9.3. 

In Fig. 9.3 the line AB and the point O are given. It is 
required to find the distance from the point to the line. Set up 
a system of axes, as shown in Fig. 9.4. 


+Y 



+z 



The coordinates of the three points are 

^ ( 0 , 0 , 0 ), 

B (3, 1, -2), 

0 ( 2 , 0 , - 2 ). 

The direction ratios of AB are 3: 1 : — 2. The direction cosines of 

Q ^ 2 

AB are — The direction ratios of CB are 

x/j4 VTi vTi 
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1:1:0. The direction cosines of CB are ^/2 ^ 

angle between AB^ CB is given by 

^ _ 1,1 

~ VT4 \/2 a/U a/2 V28’ 

cos 9 — 0.75593. 

9 = 40°53'35". 

The true length of the line segment CjB is \/2. The distance 


+z 



PROFILE VIEW REAR VIEW 


Fig. 9.5. 


from C to AS is given by 

d = \/2 sin 6j 
d = 0.926. 

This example is typical of the usual descriptive geometry 
textbook problem. Both students and instructors can use the 
method of solid analytic geometry to check such problems. 

9.3. A landing -gear problem. Sometimes a landing gear is so 
designed that the center line of oleo strut revolves about an 
imaginary hinge center line (see Fig. 9.5). The center line of 
hinge is the axis of a right circular cone. The line OB rotates 
about this axis at O. The true distance from B to the line OA 
is the radius of the base of this cone. The axes in rigged position 
are x, y, z, in Fig. 9.5. To study the rotation of OB about OA, it 
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is converuent to set up a new system of axes with OA as the new 
Xs axis. The lines OA, OB determine a plane. Let the new 
axis be normal to this plane, and let the new Zs axis be normal to 
both the axis and the y, axis (see Fig. 9.6). The problem 
reduces to the matter of determining the rotation of axes equa- 
tions from the x,y, z system to the Xs, y^, Zs system, and \dce versa. 



Fig. 9.6. 

The steps in determining these equations are as follows: 

1. Calculate the direction cosines of OA, and label them a, h, c. 

2. Calculate the direction cosines of OB, and label them d, e, f. 

3. Calculate the direction cosines of a normal to OA and OB, 
and label them g, h, i, 

4. Calculate the direction cosines of a normal to OA and the 
result of step 3, and label them p, q, r. 

5. Arrange the box: 



Xs 

ys 

Zs 

X 

a 

g 

V 

y 

h 

h 

Q 

z 

c 

i 

r 
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The rotation of axes equations are 

X === aocs gvs + 

y = hx^ + /i2/s + qzsj 

z = cxs iys + rzs, 

and 

Xs ~ ax hy cz, 

Vs = gx hy + iz, 

Zs = px qy rz. 

With these equations it is possible to convert the coordinates 
of B from the x^j Vb, z^ system to the x, y, z system, and vice versa. 
It is therefore possible to study the kinematics of the landing 
gear. 

This' problem can also be applied to the revolution of a point 
about a line, the point being B and the line being OA. This 
situation arises quite frequently in tool design. Although the 
center line of oleo strut is shown to be vertical in the rear view 
in Fig. 9.5, the method explained is quite general and applies 
equally well to the case in which OB is a canted (skew) line in 
space. In landing-gear problems it is necessary to make a careful 
(hstinction between rigged dimensions and wing reference plane 
(or vdng chord plane) dimensions. Some dimensions of retract- 
ing landing gears are with respect to the fuselage reference system 
of axes, and others are ^dth respect to the wing system of axes. 
The engineering drawings must therefore be consulted carefully 
and thoroughly, and, when necessary, all coordinates must be 
converted to one of the two systems. 

9.4. Special planes. There are certain fundamental planes in 
the wing and in the fuselage which are basic in rigging the wing. 
Some of these planes are vertical rib planes, fuselage station 
planes, the horizontal reference plane, normal rib planes, and 
the wing reference plane (or the wdng chord plane, depending 
upon the method of rigging the wing). It is necessary to know 
the true angles between these various planes (refer to Figs. 3.5, 
3.10, and 3.12). 

Example 1. Find the true angle between a fuselage station plane (rigged , 
position) and a normal rib plane, when the wing is rigged by the wing chord 
plane system (see Fig. 3.10). 

The Xto axis is perpendicular to the normal rib planes. The direction 
cosines of the Xu> axis are 1, 0, 0. The y axis is perpendicular to the fuselage 
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station planes. The direction cosines of the y axis are 0, 1, 0. These 
direction cosines must be converted to the wing chord plane system of axes. 
To do this, refer to the box showing the relations between the wing chord 
plane system of axes and the rigged system of axes. The formulas for con- 

WING REFERENCE PLANE 


RIGGED POSITION 

OF PLANES 

NORMAL RIB PLANE 

WING REFERENCE PLANE 

VERTICAL RIB PLANE 

COSA = COS 0 

COS A = -SIN 0 

FUS. STA. PLANE 

COS A = 0 

COS A = 0 

HORIZ. REF. PLANE 

COS A = SIN 0 

COS A = COS0 


4) = ANGLE OF DIHEDRAL 
A s ANGLE BETWEEN PLANES 
Fig. 9.7. 

WING CHORD PLANE 


RIGGED POSITION 

OF PLANES 

NORMAL RIB PLANE 

CHORD PLANE 

VERTICAL RIB PLANE 

COS A * COS 0 

COS A s -SIN 0 

FUS STA. PLANE 

COSA = SIN0 SING 

COS A * COS0 SING 

HORIZ. REF PLANE 

COS A = SIN 0 COS 0 

COS A = COS0 cose 


<) = ANGLE OF DIHEDRAL 
e"= ANGLE OF INCIDENCE 
A = ANGLE BETWEEN PLANES 
Fig. 9,8. 

verting x, y, z coordinates to x^, Zy: coordinates are 

Xw == X cos y sin sin 0 + 2 sin cos 0, 

2 /u, = y cos e — z sin 0, 

Zv, — —X sin 4> y sin 0 cos <^> + 2 cos 4> cos 0. , 

Now X — Oj y = 1, 2 — 0 for the y axis. ' Therefore Xv, = sin sin 0, 
yw — cos 0, Zy, = sin 0 cos We now have the direction cosines of a normal 
to the normal rib plane and the direction cosines of a normal to the fuselage 
station plane, both in the wing chord plane system. They are 

1 , 0 , 0 , 

sin 4i sill 0, cos 0, sin 0 cos <t>. 
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WiNT. Hbperence Plane System 



Wing reference 
plane position 

lligged position 

Normal rib plane 

1 : 0:0 

cos <>: 0 :sin 

Wing reference plane. . . 

0 : 0:1 

— sin . 0 : 0 : cos 0 

Vertical rib plane 

cos <^: 0 : — sin 

1 : 0:0 

Plane of symmetry 

cos : 0 : — ' sin 4> 

1 : 0:0 - 

Water line plane 

sin <^>: 0 :cos 4> 

0 : 0:1 

Buttock line plane 

cos 4>:0:— sin ^ 

1 : 0:0 

Puselage station plane . . 

0 : 1:0 

0 : 1:0 

Hear spar plane 

sin c£ : cos a : 0 

tan <x cos 0: 1 :tan cx sin 0 

Pront spar plane 

sin — cos ^3:0 

— tan ^ cos 0:1:— tan /3 sin 0 

Common per cent plane. 

0 : 1:0 

0 : 1:0 


Note: These are direction cosines, with the exception of the normals to "the spar planes in 
rigged position. 


Wing Chord Plane System 



Wing chord plane 
position 

lligged position 

Normal rib plane 

1:0:0 

cos 0:sin 0 sin 9:sm 0 
cos e 

Wing chord plane 

0:0:1 

—sin 0:cos <f> sin 9: 
cos 0 cos 9 

Vertical rib plane 

cos 0:0: — sin <f> 

1:0:0 

Plane of symmetry 

cos 0:0: — sin 0 

1:0:0 

Water line plane 

• 

sin 0 cos d: — sin d: 
cos 0 cos 9 

0:0:1 

Buttock line plane 

cos 0:0: — sin 0 

1:0:0 

Puselage station plane. . 

sin 0 sin 9: cos 9: cos <f> 
sin 9 

0:1:0 

Bear spar plane 

sin a: cos a:0 

tan c£ cos 0 : tan a sin 0 
sin 6 + cos 0:tan a 
sin 0 cos 6 — sin 9 

Pront spar plane 

sin : — cos ^ : 0 

tan d cos 0 : tan sin 0 
sin 6 — cos 0:tan 0 
sin 0 cos 9 + sin 9 

Common per ceijt plane. 

0:1:0 

0:cos 9: — sin 9 


Note: These are direction cosines, with the exception of the normals to the spar planes in 
rigged position. 



percent 



OUTER WINS- NORMAL RIBS 
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The true angle between the two planes is equal to the true angle between 
these two normals. It is given by 

cos A = sin <f> sin 6. 

This example is typical; The charts in Figs. 9.7 and 9.8 show 
the cosines of the true angles between these fundamental planes. 

In calculating true angles between lines and planes and true 
angles between, two planes, it is necessary to have the direction 
ratios of normals to the planes. Certain basic planes occur so 
often in these calculations that it is convenient to tabulate the 
direction ratios of normals to them. The tables shown on page 
180 are based on Figs. 3.5, 3.10, and 3.12, and also apply to the 
master diagram (Fig. 9.10). 

Example 2. Find the true angle between the front spar plane and a water 
line plane, in the case of a wing rigged by the chord plane system. 

From the chart on the chord plane system, the direction ratios of normals 
to these two planes in the wing chord plane system of axes are 

sin /3: — cos /3:0, 

sin 4> cos B\— sin B: cos 4> cos B. 

The true angle between these two normals is therefore given by 
cos A = sin jS sin <p cos 6 + cos j3 sin 6. 

9.6. Equations of basic wing lines in x„„y„,,z„, coordinates. One 
of the first basic mathematical jobs that must be done on a wing 
is to derive the equations of the wing per cent lines, hinge center 
lines, aileron and flap cutout lines, etc. Table 1 shows a typical 
tabulation of the equations of these lines in their lofted position, 
that is, with reference to the Xir, Vw, system of axes. 

Consider, as an example, the 15 por cent top lofted line. In 
Table 1, the coordinates of this line for wing station = 0 are 
(0, —30.000, 13.342). The coordinates of the 15 per cent top 
lofted line for wing station Xw — 400 are (400, —15.000, 4.781). 
These coordinates are read directly from Table 1. Calculate 
the direction ratios of the line from these two sets of coordinates. 
The direction ratios are 

1:0.03750: -0.02140. 

The equations of the line, as derived from the two .sets of coordi- 
nates and the direction I'atios, are 

ij,, = 0.03750.r„. - 30.000. 

2 ,, = -0.02140.r„. + 13.342. 
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These two equations need not be derived in this way. Once 
Table I has been prepared, the equations of the per cent lines 


Table I 



Station xw = 

= 0 


Station xw = 

= 400 

Tangents 

Per cent 






1 

1 

1 






Zv) 




j 2tff 

j 3-ii) 


S' to 



Vw 

(top) 

(hot.) 

2/w 

! (top) 

! 

(bot.) 

1 

UiV 

(top) 

(bot.j 

0 

-*48.000 

1,253 


1.253 

-24.000 

1 

0 

0 

0.06000 

-0.00313 

-0.00313 

0 1 

-47.880 

2.177 

— 

0.018 

-23.940 

0.493 

-0.336 

0.05985 

-0.00421 

-o.oooso 

0.25 

-47.700 

2.854 

— 

0.601 

-23.850 

0.774 

-0.545 

0.05063 

-0.00520 

0.00014 

b.5 

-47.400 

3.688 

— 

1.276 

-23.700 

1.084 

-0.788 

0.03925 

-0.00651 

0.00122 

1.0 

-46.SU0 

4.793 

— 

2.240 

-23.400 

1.476 

-1.110 

0.05850 

-0.00829 

0,00282 

1.75 

-46. SCO 

5.972 

— 

3.290 

-22.950 

1.897 

-1.454 

0. 05738 

-0.01019 

0 00459 

2.5 

-45.000 

6.863 


4.062 

-22.500 

12.225 

-1.716 

0.05025 

-0.01160 

0.00686 

3.75 

-43.600 

8.047 

— 

5.070 

-21.750 

2.678 

-2.046 

0.05438 

-0.01342 

0.00756 

6 

-42.000 

9.012 

L 

6.866 

-21.000 

3.043 

-2,302 

0.05250 

-0.01492 

0.00888 

7.5 

-30.000 

10.524 


7.044 

-19.500 

'3.637 

-2.681 

0.04875 

-0.01722 

0.01091 

10 

-36.000 

11.700 

— 

7.910 

-18.000 

4.100 

-2.942 

0.04500 

-*0.01900 

0.01242 

J5 

-30.000 

13.342 

— 

9.026 

-15.000 

4.781 

-3.251 

0.03750 

-0.02140 

0.01444 

20 

-24.000 

14.358 

— 

9.676 

-12.000 

5,222 

-3.302' 

0.03000 

-0.02284 

0.01571 

25 

i-18.000 

14.960 

— 

9.964 

- 9.000 

5.503 

-3.420 

0.02250 

-0 .*02364 

0.01633 

30 

-12.000 

15.174 


10.021 

- 6.000 

5.628 

-3.370 

0.01500 

-0.02386 

0.01663 

35 

- 6.000 

15.074 

— 

9.938 

- 3.000 

5.631 

-3.275 

0.00750 

-0.02361 

0.01666 

4Q 

0 

14.717 

— 

9.744 

0 

|5.550 

-3.147 

1 0 

-0.02292 

0.01649 

45 

6.000 

14.131 

— 

9.430; 

3.000 

;5.385 

•-2.989 

-0.00750 

-0.02186 

0.01610 

50 

12.000 

13.354: 


S.996 

6.000 

5.144 

-2.798 

-0.01500 

-0.02052 

0.01549 

56 

18.000 

12.430 

— 

8.497 

9.000 

4.843 

-2.578 

-0.02250 

-0.01897 

0.01480 

60 

24.000 

11.351 


7.942 

12.000 

,4.500 

-2.339 

-0.03000 

-0.01714 

0. 01401 

65 

30.000 

10.139 


7.354 

15.000 

|4.102 

-2.088 

-0.03750 

-0.01509 

0.01314 

70 

36.000 

8.810 


6.708 

18.000 

3.661 

—1.828 

-0.04500 

-0.01287 

0.01220 

75 

42.000 

7.373 

— 

0.042 

21.000 

3.170 

-1.566 

-0.05250 

-0,01051 

.0.01119 

80 

4S.OOO 

5:825 

— 

5.323 

24.000 

2.646 

-1.289 

-0.06000' 

-0.00795 

0.01009 

85 

54.000 

4.153 


4.564 

27.000 

2.080 

-0.997 

-0.06750 

-0.00518 

0.00892 

90 

60.000 

2,364 

— 

3.791 

30.000 

1.469 

-0.702 

-0.07500 

-0.00224 

0.00772 

95 

66,000 

0.416 

— 

2.975 

33 000 

0.830 

-0.430 

-0.08250 

0.00104' 

0.00636 

100 

72.000 

-1.880 

— 

1.880 

36 000 

0 

0 

-0 09000, 

0.00470 

0.00470 

L.J:. flap 

42.000 

0 



28 350* 

0* 


—0.05250 

0 


L.E. aileron 

39.000 


_ 

4.275 

19.500 


—0.591 

—0 04875 


0.00921 

t. aileron hinge 

48.661 




3.9X4 

22.299 


0.002 

—0.06563 


0.00979 

t- flap hinge 

47.530 

0.204 



31,666* 

0.562* 


—0 06140 

0 00134 

Flap cutout 

45.600' 

6.464 

! 

30.780* 

4.119* 


—0 05700 

-0 00902 


Flap cutout 

45.000 



5.894 

30.375* 


—3.039* 

—0,05625 

0.01008 

Aileron cutout 

42.600 

7.234 



31.300 

3.118 , 


i -0.05325 

-0.01029 

Aileron cutout 

30.000 


i- 

L 

6.383 

19.500 

i 

-1.687 

! 

i -0.04875 

i 

0.01174 


* At station xw = 260. 


can be read directly from the table. For example, in the equation 

i/u. ^ 0.03760.r,, - 30.000 

the number 0.03750 can be found directl}^ in the table in the 
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vertical column’ marked yu, under Tangents, and on the 15 per 
cent horizontal row. The number —30.000 can be found 
directly in the vertical column marked y^^ under Station rrto == 0, 
and on the 15 per cent horizontal row. Similarly, in the equation 

Zw -= -■0.02140a',„ + 13.342 

the number —0.02140 can be found in the table in the vertical 
column marked (top) under Tangents, and on the 15 per cent 
horizontal row. The number 13.342 can be found in the vertical 
column marked Zio (top) under Station = 0, and on the 15 
per cent horizontal row. 

In like manner, the equations of all the basic wing lines can 
be read directly from Table I. In order to understand and 
appreciate the table, it is advisable to derive some of the equa- 
tions, as explained previously, and then to check the answers 
by comparing them with the results as read directly from the 
table. 

Example. 'Using the information in Table I as given, it is possible to 
write the equations of any of the given lines by reading the table directly. 
No calculations are necessary. For instance, the equations of the 75 per 
cent bottom lofted line are 

= -0.052502:„ -|- 42.000, 

Zu< == O.OlllOx,, - 6.042. 

Exercises 

Determine the equations of the following lines, using Table I and making 
no calculations: 

1. 20 per cent top lofted line. 

2. 35 per cent bottom lofted line. 

3. 45 per cent bottom lofted line. 

4. Leading edge of the aileron. 

6. Leading edge of the flap. 

Table I refers to the wing designed on the master diagram and loft layout 
(Figs. 9.9 and 9.10). 

9.6. Calculation of normal wing ribs. The next problem that 
confronts the ba.sic caleulations group is to furnish the coordinates 
of the lines listed in Table I at any given rib .station, so that the 
engineering department can ii.se these normal rib eo()rdinate.s for 
basic layout work before the loft lia.s completed the loft layout 
of the wing. 
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In order to calculate the yw coordinates and Zw coordinates for a 
normal rib at a given wing station, it is merely necessary to 
substitute the Xw value indicating the wing station in the equa- 
tions for and Zw in Table I. For example, the shape of the 
normal rib at wing station Xw = 300 can be completely deter- 
mined by substituting 300 for x-w in the equations of the various 
per cent lines. The resulting and Zw values determine the 
offsets to the contour of the normal rib in the body plan (end) 
view of the rib. The y^, and Zw values can be plotted, and the 
result is the shape of the normal rib. 

Example. Find the coordinates of the point of intersection of the 20 per 
cent top lofted line with the wing rib station Xv, == 400. 

The equations of the 20 per cent top lofted line are 

j/u, = 0.03000a:«, — 24.000, 

= -0.02284a;„ 4- 14.368. 

The equation of the normal rib station plane is Xw = 400. Substitute 400 
for Xte in the equations of the line. The results are y«, = —12.000 and 
z„ = 5.222. Therefore the coordinates of the required point are (400, 
— 12.000, 5.222), It should be noted that this particular station is tabulated 
in Table I. Any intermediate normal rib can be calculated by this same 
method. 

Exercises 

1. Determine the coordinates of the basic wing lines as given in Table I 
for rib station Xw = 400 by using the coordinates of the points at station 
aiu- = 0 and the direction ratios of the lines. 

2. Determine the coordinates of the points of intersection of the basic 
per cent lines in Table I and wing station Xw = 200 and plot the points, 
thus determining the contour of the normal rib at that station. 

9.7. Calculation of vertical wing ribs. In oi’der to determine 
the shape of a vertical wing rib, say station x = 35, the procedure 
described in Art. 9.6 can be followed. Notice that a: = 35 is a 
plane parallel to the plane of s^’^mmetry, since the x without 
the subscript w refers to the rigged system of axes. The equa- 
tions of the basic wing lines as given in Table I are stated in 
terms of the rr„., s^'stem of axes. If there are many vertical 

ribs to be calculated, it is more expedient to determine the equa- 
tions of the basic wing lines with reference to the r, y, z system 
of axes (rigged position), and then substitute the x value of the 
vertical rib plane in the equations of the basic wing lines to 
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determine the coordinatevS of the lofted line (outside shape) of 
the vertical rib plane. 

Example 1. Using the information as given in Table I, determine the 
equations of the 10 per cent top lofted line in rigged position, i.e., with respect 
to the X, y, z system of axes. 

First, obtain the coordinates of a point on this line and the direction ratios 
of the line, directly from Table I. 

= 0 , =* - 36 . 000 , = 11 . 700 . 

1 : 0 . 04500 : - 0 . 01900 . 


Table II 



Station = 0 

Tangeiitfs 

Per cent 

Top LX. 

Bottom L.L, 

Tap LX, 

Bottom LX. 


y 

z 

y 

* 

y 

z 

y 

z 

0 

-47.992 

1.259 

-47.992 


1.259 



0.06031 

0. 10194 

0.06031 

0.10194 

0,1 

-47.866 

2.188 

-47.880 


0.018 

0.06015 

0,10085 

0.06017 0.10430 

0.25 

-47.682 

2.868 

-47.704 


0.604 

0.06993 

0.09985 

0.05996 0.10525 

0.5 

-47.377 

3.706 

-47.408 

— 

1.283 

0.05954 

0.09853 

0.05968;0. 10634 

1.0 

-46.771 

4.815 

—46.814 


2.253 

0.05877 

0.09673 

0.05884 

0.1 0796 

1.75 

-45.864 

5.998 

-45,920 

— 

3.310 

0.05763 

0.09481 

0.05772 

0.10975 

2.5 

-44.959 

6.892 

-45.024 

— 

4.087 

0. 05649 jO. 09339 

0.05659:0.11103 

3.75 

-43.454 

8.080 

-43.529 

— 

5.102 

0.05460 0.09156 

Q. 00472', 0.1 1275 

5 

-41.950 

9.047 

-42.032 

— 

5.894 

0.05271 

0.09004 

O.O5284|0. 11409 

7,5 

-38,946 

10.563 

-39.036 


7.091 

0.04893 

0.08773 

0.04907|0. 11615 

‘10 

-35.945 

11.741 

-36.037 

— 

7.964 

0.04516 

0.08593 

0. 0453 ih. 11768 

15 

— 29.948 

13.385 

-30.036 

— 

9.090 

0.03762 

0.08352 

0.03776 

0.11973 

20 

— 23,955 

14,402 

-24.031 

— 

9.745 

0.03009 

0.0S2O7 

0.03022 

0.12101 

25 

-17.965 

15.005 

-18.024 

— 

10.026 

0.02257 

0.08126 

0.02266 

0,12164 

30 

-11.976 

15.219 

-12.016 

— 

10.094 

0.01504 

0,08104 

O.0151i:o. 12195 

35 

- 5.988 

15. 119 

- 6.008 

— 

10.010 

0,00752,0.08129 

0.00755 

0.12198 

40 

0 

14.763 

0 


9.815 

0 

0.08199 

0 

0.12181 

45 

5.989 

14. 176 

6.007 

— 

9.498 

-0,00752!o. 08305 

— 0. 00755 

0.12141 

50 

11.979 

13.399 

12.014 

— 

9.060 

-0,015050.08440 

-O.Ololl 

0,12079 

55 

17.971 

' 12.474 

18.020 

— 

8.557 

-0.02258 0.08596 

-0.02266|0. 12009 

60 

23.964 

11.396 

24.025 

— 

7.998 

-0.0301l|0. 08781 

-0.O302i:0. 11929 

65 

29.960 

10.179 

30 . 029 

__ 

7.396 

-0.03765:0.08987 

-0.03776j0. 11841 

70 

35.958 

: 8.847 

36.032 

— 

6.754 

-0.04519!o. 09211 

-0.0453llo. 11746 

75 

41.959: 7.405 

42.033 

— 

6.082 

-0.05273 0.09449 

-0.05285j0. 11643 

80 

47.963 

5.852 

48.034 

— 

5.358 

-0.0602S 0.09707 

-0.06039 0.11532 

85 

53.971 

4. 174 

54.032 

— 

4.593 

- 0. 06783 jO. 09987 

-0.06794 

0..11413 

90 

50.981 

2.376 

60.030 

_ 

3.815 

-0. 07540-0. 10284 

-0.07547 

0.11292 

95 

65.996 

0.418 

66.026 

i _ 

2.093 

— 0.08296 0. 10610 

-0.08301 

0.11154 

100 

72.018 

-1.891 

72.018 

1 

1 

1,891 

-0.09034 0. 10986 

-0.09054:0. 10986 

Tj E fltin 

42 000' 0 




— O (ln‘779 0. 10.51 1 



fiap hinge 

47 n .^6.5 



-0.06175 

0. 10646 



Plan eiitoiit 

45.561 

6 493 




-n.0,57*^6 0.09600. 



Flap cutout 


45.035 


5.933 





-0.05663 0. 11622 


1 
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Table III 



Station x = 35 

Per 

Top L.L. 

j 

j Bottom L Jj. 

cent 


z (sta- 

z (sta- 


z (sta- 

z (sta- 


y 

tion 0 

tion 35 , 

y 

tion 0 

tion 35 



ref.) 

ref.) 


ref.) 

ref.) 

0 

-45.881 

4.827 

1.148 

-45.881 

4.827 

1.148 

0.1 

-45.761 

5.718 

2.039 

-45.774 

3.633 

-0.046 

0.25 j 

-45.584 

6.363 

2.684 

-45.605 

3.080 

-0.599 

0.5 

-45.293 

7.155 

3.476 

-45.323 

2.439 

-1.240 

1.0 1 

-44.714 

8.201 

4.522 

-44.755 

1.526 

-2.153 

1.75 j 

-43.847 

9.316 

5.637 

-43.900 

0.531 

-3.148 

2.5 I 

-42.982 

10.161 

6.482 ' 

-43.043 

-0.201 

-3.880 

3.75 

-41.543 

11.285 

7.606 , 

-41.614 

-1.156 

-4.835 

5 

-40.105 

12.198 

8.519 

-40.183 

-1.901 

-5.580 

7.5 

-37.233 

13.634 

9.955 j 

-37.319 

-3.026 

-6.705 

10 

-34.364 

14.749 

11.070 

-34.451 

-3.845 

-7.524 

15 

-28.631 

16.308 

12.629 1 

-28.714 

-4.899 

-8.578 

20 

-22.902 

17.274 

13.595 

-22-973 

-5.510 

-9.189 

25 

-17.175 

17.849 

14.170 

-17.231 

-5.769 

-9.448 

30 

-11.450 

18.055 

14.376 

-11.487 

-5.826 

-9.505 

35 

- 5.725 

17.964 

14.285 

- 5.744 

-5.741 

-9.420 

40 

0 

17.633 

13.954 

0 

-5.552 

-9.231 

45 j 

5.726 

17.083 

13.404 

5.743 

-5.249 

-8.928 

50 1 

11.452 

16.353 

12.674 

11.485 

-4.832 

-8.511 

55 

17.181 

15.483 

11.804 

17.227 

-4.354 

-8.033 

60 

22,910 

14.469 

10.790 

22.968 

-3.823 

-7.502 

65 

28.642 

13.324 

9.645 

28.707 

-3.252 

-6.931 

70 

34.376 

12.071 

8.392 

34.446 

-2.643 

-6.322 

75 

40.113 

10.712 

7.033 

40.183 

-2.007 

-5.686 

80 

45.853 

9.249 

6.570 

45.920 

-1.322 

-5.001 

’85 

51.597 

7.669 

3.990 

51.654 

-0.598 

-4.277 

90 

57.342 

5.975 

2.296 

57,389 

0.137 

-3.542 

95 

63.092 

4.134 

0.455 

63.121 

0.911 

-2.768 

100 

68.849) 

1.954 

-1.725 

68,849 

1.954 

-1.725 

L.E. flap 

40.152 

3.679 

0 




t. flap hinge. . 

45.368 

3.931 

0.252 I 


1 

J i 


Flap cutout . . . 

43.557 

9.853 

' 6.174 1 


1 


Flap cutout . . . 

1 

i 


1 

1 

43.053| 

-1.865 1 

-5.544 
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The rotation of axes equations are 

X — Xy. cos ^ — 2 u? sin <f>y 

y == 

25 — Xy, sin ^ H" Zte cos <f>. 

The angle of dihedral for this wing is ^ = 6®. See the wing master diagram 
(Fig. 9.10), The new coordinates of the point are 

X =- —1.223, y = -36,000, ^ = 11.636. 

The direction ratios of the line in the z, y, z system are 

0. 99651 : 0.04500 : 0.08563 or 1 ; 0.0451 6 : 0.08593. 

Using this point and these direction ratios to write the equations of the line, 

y = 0,04516x — 35,945, 

2 0.08593a; + 11.741. 

The equations of all the basic wing lines in the x, y, z system 
are tabulated in Table II. These equations were derived by 
the method described in Example 1. 

Example 2. Using. Table II directly, with no calculations necessary, the 
equations of the 50 per cent bottom lofted line are 

y - -0,01511a; -j- 12.014, 

21 = 0,120792: - 9.060. 

To determine the coordinates of the lofted line of vertical rib station 
X = 35, substitute a: = 35 in the equations of the basic wing lines tabulated 
in Table II. The complete set of answers are shown in Table III. 

The z values of the points are given with relation to the wing reference 
plane trace at station a; = 0 (plane of symmetry of the airplane) and the 
wing reference plane trace at station x = 35. The values in Table III can 
be used to lay out the shape of the vertical rib at station x == 35. 

Exercises 

1, Using Table I, derive tlie equations for the following basic wing lines 
in rigged position. Use the rotation of axes equations. Check the answers 
obtained by this method with the values as tabulated in Table 11, 

(a) 10 per cent top lofted line (L.L.). 

(b) 25 per cent bottom lofted line. 

(c) Leading edge (L.E.) of tbe flap. 

(d) 40 per cent top lofted line. 

(e) 75 per cent top lofted line. 

(/) 95 per cent bottom lofted line. 

(g) 35 per' cent top lofted line. 

2. Using the ecpuitions of the basic wing lines as tabulated in Table IT, 
determine the coordinates of tbe lofted line of vertical rib station a; = 35 
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at the following points. Chech the answers obtained by this method with 
the values as tabulated in Table III. 

{a) 10 per cent top lofted line. 

(b) 25 per cent bottom lofted line. 

{c) Leading edge of the flap. 

(d) 40 per cent top lofted line. 

(e) 75 per cent top lofted line. 

(/) 95 per cent bottom lofted line. 

{g) 35 per cent top lofted line. 

9.8. Wing bevels (flange angles). The term bevel, as it is used 
in the aircraft industry, is synonymous with the word angle. 
The bevels on a normal wing rib are the angles that are made 
by the plane of a normal \ving rib with the outer covering (skin) 
of the airplane. Since the outer skin of the wdng is a curved 
surface, the bevel of a normal wing rib varies along its lofted- 
line from point to point. For obtaining a very close approxima- 
tion of the bevel of the flange of the wing rib, which attaches 
the skin to the rib, the skin is taken as a plane at the point where 
the bevel is read (see the loft lajmut, Fig. 9.9). 

The loft layout shows how the bevel is read at the 90 per cent 
top lofted line of the vertical rib station x — 35, measuring 
outboard. Here Ay and Az are found in Table II under Tangents 
of Top L.L, of y and z, I’espectively. Tangent A = 0.075 is 
measured on a full-sized layout of a wing, as illustrated on the 
loft layout (Fig. 9.9). The angle is an open angle. A = 4°17', 
Therefore the true bevel is open 4°17', or the true angle between 
the wing skin and the plane of the vertical rib at station a: = 35 
is equal to 94°17^ The angle in practical use for most cases 
has an allowable tolerance of at least ±10'. For this reason, 
bevels are usuallj’- picked up from the loft layout with the help 
of some analytic geometry, as shown on the loft layout. 

To obtain the bevels on a normal rib, follow the same pro- 
cedure as described in the last paragraph for a vertical rib, but 
use Table I. It will be found that these points lie on the per 
cent lines as sho-svn in the loft layout. Since this is true, it is 
simple to plot these points by using proportional distances along 
the per cent lines. Points are plotted on the loft lajmut for 
the stations at 20-in. intervals. Therefore of that distance 
would be the proper distance for determining the points on the 
lofted line of a normal rib 1 in. away. This will be adequate 
for determining the bevels of the normal ribs. These values 
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are usually calculated at the same time as the equations of the 
basic lines, since it is advisable to make the loft layout of the 
vdng using these factors. 

For example, the direction ratios of the 15 per cent top lofted 
line from Table I are 

1:0.03750; -0.02140. 

The factor is thei'efore 

V (0.03750)2 + (-0,02140)2. 

On some wings it is possible to use identical bevels on all parallel 
ribs at the same per cent line. 

Exercises 

Determine the following bevels, all bevels being measured outboard. 

1* Normal rib at station Xy, == 300. 

(a) 15 per cent top lofted line. 

(&) 25 per cent top lofted line. 

(c) 35 per cent bottom lofted line. 

(d) 50 per cent bottom lofted line. 

(e) 75 per cent bottom lofted line, 

2. Vertical rib at station x — 35, 

(a) 15 per cent top lofted line. 

(b) 25 per cent top lofted line. 

(c) 35 per cent bottom lofted line, 

(d) 50 per cent bottom lofted line. 

(e) 75 per cent bottom lofted line. 

9.9. Angle made on a vertical rib plane by the intersections of 
the front spar plane and the wing reference plane. Consider the 
problem of determining the angle made on the vertical rib 
plane at station a: = 35 by the intersections of the front spar 
plane and the wing reference plane. Is the aft lower angle 
greater or smaller than 90° ? See the ma.ster diagram (Fig. 9.10). 
The direction ratios of a normal to the front spar plane are 

— tan /3 : 1 : 0. 

The direction ratios of a normal to the vertical rib plane are 


1:0:— tan <!>. 

Both these sets of direction ratios are with respecd to the Vw, 
Zw system of axes. The direction ratios of the line ot intersection 
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of the front spar plane and the vertical rib plane are obtained 
by cross-miiltipl^dng 

-- tan j8 : 1 : 0 
1:0;— tan 

The results are 

— tan <i>: — tan jS tan 4>: —1. 

The direction ratios of the line of intersection of the wing 
reference plane and the vertical rib plane are 

0 : 1 : 0 . 

The required angle is given by 

— tan S tan 4> . 

\/ tan^ (}) + tan^ j8 tan^ ^ + 1 
— tan /3 tan 4> 
s/ sec® (f) + tan® 0 tan® 

— sec cf> 
tan jS tan (p 
-1 

tan 0 sin p 
— tan 0 sin cj>- 
-(0.03760) (0.10463). 

-0.00392. 

90°13'29'^ 

Exercise 

Find the angle made on the vertical rib plane at station x = 35 by the 
intersections of the rear spar plane and the wing reference plane (see the 
master diagram, Fig. 9.’l0). Ans. S9°46'31". 

9.10. True angle between a vertical rib plane and the front 
spar plane. Consider the problem of determining the true angle 
between a vertical rib plane and the front spar plane (see the 
master diagram, Fig. 9.10). 

The direction ratios of a normal to the vertical rilj plane in 
Xw, Vw, Zie position are 

1:0;- tan or 1 :0: —0.10510. 

The direction ratios of a normal to the front spar plane in 

y-a>, Sw position are 


cos A = 
cos A = 
tan A = 

tan A = 

cot A = 
cot A = 
cot A = 
A = 


-0.03750:1:0. 
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The required angle is given by 

, -0.03750 

. cos A = T - -- = r - =■ . ^ 

Vl + (-0.10510)^ V(-0.03750)- + 1 

cos A = —0.03727. 

A = 92°8'S". 

Exercise 

Find the true angle between the rear spar plane and a vertical rib plane (see 
the master diagram^ Fig, 9.10). Ans. 87“51'o2". 

9.11. True distance along the flap hinge center line between 
hinge points, as measured from the first hinge' point. Consider 
the problem of determining the true distance along the flap 
hinge center line between hinge points, as measured from the 
first hinge point at station = 55.000 (see the master diagram, 
Tig. 9.10). 

The direction ratios of the flap hinge center line are 

1: -0.06140:0.00134. 

These direction ratios may be obtained from the equations of 
this line on the master diagram. The length for one unit change 
in Xie value is 

Vl + (-0.06140)2 + (0.00134)2, 

or 1.00188. Therefore the required distances are given by 

d = (1.00188) (a:«, — 55). 

The distances for the various values of Zw at the hinge points 
on the center line of flap hinge are 


^ 55.000. 

d = 

0. 

Xu- = 115.000. 

d = 

60.113. 

a-,. = 205.000. 

d = 

150.282. 

.r,, = 245.000. 

d = 

190.357. 


Exercise 

Find the true distance along the aileron hinge center line between hinge 
points as measured from the first hinge point at station x,e = 275.000 (see 
the master diagram, Fig. 9.10). Atis. Xw = 275.000. d = 0. 

■ Xu- = 320.000. d = 45.099. 

a:,.. = 365.000. d = 90.198. 

9.12. True angle between the plane of the flap hinge bracket 
and the rear spar plane- The flap hinge bracket is taken to be a 
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plane normal to the flap hinge center line. Consider the problem 
of determining the true angle between this plane and the rear 
spar plane (see the master diagram, Fig. 9.10). 

The direction ratios of a normal to the rear spar plane in 
Xw, Vm, Zm position are 

0.03750:1:0. 

The direction ratios of a normal to the plane of the bracket are 
the direction ratios of the flap hinge center line. They are 

1: -0.06140:0.00134. 

The required angle is given by ■ 

, ■ 0.03750 - 0.06140 

jTo^ = ■ — — — ■ — - 

■> Vl + (-0.03750)2 Vl + (-0.06140)2 + (0.00134)2' 

cos A = —0.02384. 

A = 91°21'58". * . 

Exercise 

Find the true angle between the planes of the aileron hinge brackets 
(planes normal to the aileron hinge center line) and the rear spar plane (see 
the master diagram, Fig. 9.10). ■ Ans. A — 91“36'27't 

9.13. Rotation of axes equations for flap position to wing lofted 
position. Consider the problem of determining the rotation of 
axes equations for converting coordinates from the flap position 
y/j 2/) to the wing lofted position (Xw, y^, zj). See the master 
diagram (Fig. 9.10). 

The Xf axis is the flap hinge center line. The direction ratios 
of the Xf axis are therefore 

1: -0.06140:0.00134. 

The y / axis is perpendicula’r to the x / axis and also perpendicular 
to the Zw axis. This position of the y/ axis is selected in order 
that the trace of the Xjyf plane and the trace of the XwVw plane on 
a plane normal to the flap hinge center line will be parallel. 

The direction ratios of the y/ axis may therefore be obtained 
by cross-multiplying 

1: - 0.06140:0.00134 

0 : 0 : 1 . 

The results are 


-0.06140: -1:0 


or 0.06140:1:0. 
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The Zf axis is normal to the Xf axis and the yj axis. Its direc- 
tion ratios may be obtained by cross-multiplying the direction 
I’atios of the Xf axis and yf axis. 

The box for the rotation of axes equations is as follows; 




Vw 


Xf 

0.9981194 

-0-0612845 

0.0013375 

Vf 

0.0612846 

♦ 

0.9981203 

0 


-0.0013350 

0.0000820 

0.9999990 


The rotation of axes equations from flap position to wing lofted 
position are 

= 0.9981194X/ + 0.0612846y/ - 0.0013350z/, 
yv, = -0.0612845a;/ -j- 0.9981203y/ -j- 0.0000820z/, 

= 0.0013375a:/ + .0.9999990s/. 

The rotation of axes equations from wing lofted position to 
flap position ai-e 

Xf = 0.9981 194a:,„ - 0.0612845y« -f- 0.0013375z„., 

Vf = 0.0612846a:„ -h 0.9981203yu., 

Zf = -0.0013350a:^ + 0.0000820i/«, 0.9999990z„. 

Notice that seven-place decimals are used here. In a case 
like this, when the flap hinge center line makes such a small 
angle with the mng reference plane, five-place decimals are not 
adequate. 

Consider the matter of determining the origins of these two 
systems of axes with respect to each other (see the master 
diagram, Fig. 9.10). The origin of the flap position is 


Xf = 0. 

a-K, = 0. 

d 

11 

= 47.530. 

Zf = 0. 

= 0.204. 


The origin of the wing lofted position is 

a-,„ = 0. Xf = 2.913. 

y. r = 0. y/ = —47.441. 

z, r = 0. Zf = —0.208. 
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Exercise. 

'T)etermine the rotation of axes equatioxis for aileron position (_Xa, Va, Za) to 
wing lofted position J/w, Zn-), and the coordinates of the origin of each 
system with respect to the other system (see the master diagram, Fig. 9.10). 




Vw 

Zy) 

Xo, 

0.9978056 

-0.0654860 

0.0097685 

j 

0.0654891 

0.9978533 

0 


-0.0097476 

0.0006397 

0.9999522 


Aileron origip 

Xtt. = 0. 

11 

p 


Va = 0. 

= 48.551. 


Za ~ 0. 

Zw = —3.914. 

Wing origin 

Xv> — 0. 

Xa == 3.218. 


Vw = 0. 

y„ = -48.447. 


Zy, = 0. 

= 3.883. 


9.14. Intersection of a line and a plane. Consider the problem, 
of determining the Xw coordinate of the point of intersection of 
the canted trailing edge structure in the flap area with the wing 
reference plane trace on the rear spar (see the master diagram, 
Fig. 9.10). 

The coordinates of the first hinge point are 

Xu, ~ 55.000, 

y, , = 44.153, 

z, , = 0.278. 

The equation of the plane perpendicular to the flap hinge center 
line at station Xu, = 55 is 

(0.9981 194) (a-„. - 55.000) - (0.0612845) (?/,.. - 44.153) • 

d- (0.0013375) (3„. - 0.278) = 0. 

0.9981194j:„. ~ 0.0612845^,„ + 0.00133755!„ = 52.191. 

For a more general solution, w'here more than one problem of 
this type is to be solved, let 52.191 = d. Here d is the distance 
from the origin to the planes perpendicular to the flap hinge 
center line at the hinge points. Then the equation of the plane 
is 


0.9981 194r„. - 0.06l28457/„, + 0.0013375^,„ = d. 
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The trace of the wing reference plane on the rear spar is a line, 
whose equations are 

yv, = -0.03750;r„. + 30.000, 

= 0 . 

Solving for in terms of d!, 

= 0.9995826^^ + 1.838. 

To find the Xw station at the rear spar- wing reference plane 
trace for the ribs 4 in. on either side of the flap hinge center line 
at station Xw = 55 (see the master diagram) : 

= 0.9995826(d ± 4) + 1.838. 

The inboard station is 

x^e = 50.009. 

The outboard station is 

Xw = 58.006. 

To find the d values for all other cant stations, in order to solve 
for the Xw values at the rear spar-wing reference plane trace, use 

d == 52.191 + (1.0018841) - 55) ± 4. 

For the second hinge point at station rr,;. = 115.000, where 
d = 112.304, the values of d and Xw are 

d = 108.304, Xn. = 110.097. 

d = 116.304, Xw = 118.093. 

For the third hinge point at station = 205.000, where 
d = 202.474, the values of d and r„. are 

d = 198.474, = 200.229. 

d = 206.474, Xw = 208.226. 

For the hinge point at station .r„. = 245.000, where d = 242.549, 
the values of d and Xw are 

d 238.549, = 240.287. 

d = 246.549, Xw = 248.284. 
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Exercise 

Find the coordinates of the points of intersection of the canted trailing 
edge structure in the aileron area with the wing reference plane trace on the 
rear spar (see the master diagram, Fig. 9.10). 

An&. = 270.281. 

= 278.279. 

, Xui = 315.368. 

Xju — 323.366. 
x^ = 360.456. 
x^u = 368.453. 

9.16. Rotation of axes equations for nacelle position to wing 
lofted position. See the master diagram (Fig. 9.10) and Art. 8.10. 
The box for the rotation of axes equations for nacelle position 
2/n, 2n) to wing lofted position (x^, Vu, Zw) is as follows ; 



The nacelle origin is at 

Xn = 0. Xw = 147.810. 

Vn = 0 . y^o = 0 . 

Zn = 0 . = 0 . 

The wing origin is at 

= 0. x» == —147.000. 

Vw = 0. 2/n = 0.540. 

Zu, = 0. Zn = — 15.442. 

As an example in the use of these equations, determine the 

equation of the front spar plane in nacelle position (see the master 
diagram) . 

A point on the front spar plane is 

Xw — 0. Xn — 147. 

?/» = ~30. = -29.4417. 

Zw — 0. Zn = —16.4890. 
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The direction ratios of a normal to the front spar plane are 

= -0.03750. Xr, = —0.03731. 

Uw — 1 . y-n — 1 . 

Zv> = 0. z„ = 0.03100. 

The equation of the front spar plane in nacelle position is 

(- 0.03731) (a;« + 147) + (l)( 2 /„ + 29.4417) 

+ (0.03100) (2„ + 16.4890) = 0. 

-0.03731a;„ + + 0.031003„ =.-24.468. 

Exercise 

Determine the equation, of the rear spar plane in nacelle position (see the 
m’aster diagram, Fig. 9.10). 

Ans. 0.03732a:n + + O.OSSSozn = 24.476. • 

9.16. Angle between a line and a plane. ’ The center line of 
the main landing gear bearing is parallel to the x axis. Deter- 
mine the true angle between the center line of the main landing 
gear bearing and the front spar plane, to which the fitting that 
locates the lauding gear bearings is attached. 

The direction ratios of the center line of the bearing in x^ y, z 
position are 1:0:0. In Xw, ’Vw, Zw position they are 1:0;— tan <^>. 

The direction ratios of a normal to the front spar plane in 
Xw, Vw, Zw position are — tan ]3 : 1 : 0. 

The true angle is given by 

, -0.03750 

cos A = , , 

Vl + (-0.10510)2 Vl + (-0.03750)2 

cos A = -0.03727. 

Since we are finding the angle between a line and a plane, we have 

A = 2“8^8”. 

Compare this problem with the problem in Art. 9.10. The 
two problems are equivalent. The equivalence of problems is 
worth noting and watching for since it occurs so often. Problems 
that are stated differently are often equivalent problems. 

Exercise 

Determine the angle made on the front spar plane by the projection of the 
center line of bearing on the front spar plane and the wing reference plane 
trace on the front spar plane. A ns. 6'0'14". 

9.17. Remarks on accuracy. By its very nature, accuracy in 
measurements is a relative rather than an absolute concept. 
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The accuracy of the calculations is based \ipon the accuracy of 
the available information and data, and these in turn depend 
upon the uses to which they are to be put, and upon certain 
physical limitations. Slide-rule accuracj?^ may be warranted 
under some circumstances, but it is usually valuable only as a 
rough check. In this book we have used five-decimal-place 
accuracy for convenience. Usually the calculations necessary 
in work of this type are performed on calculating machines. 
Seven-decimal-place accuracy can be justified in certain instances. 
It is convenient to use a calculating machine to the limit of its 
keyboard. A careful discussion of ‘significant figures in sequences 
of operations as varied and as numerous as those employed here 
would be possible, but of doubtful practical value. No general 
rules can be laid down. The matter of accuracy is worth careful 
consideration, and the final decisions must be based upon the 
requirements of the job to be done. 

9.18. General remarks on the master diagram, loft layout, and 
basic data sheets. The master diagram is a source of. many 
problems which illusti’ate the use of solid analytic geometry 
as applied to the airplane. Used in conjunction wdth the loft 
.layout and the basic data sheets, it can be used to illustrate all 
the principles discussed in the previous chapters. A short list 
of such applications is 

1. Calculation of contours of all normal ribs. 

2. Calculation of contours of all vertical ribs. 

3. Distance between hinge points. 

4. Distance along leading edge, trailing edge, spar lofted 
lines, per cent lines, etc., between normal ribs and between 
vertical ribs. 

5.. True angles between basic planes. 

6. Equations of basic lines and planes. 

7. Angle between a normal rib trace and a vertical rib trace 
on a spar plane, and other similar combinations of basic planes. 

8. Distance from a hinge point to the top and bottom lofted 
lines of the rear spar, as measured in the plane of the hinge 
bracket (which is normal to the hinge center line). 

9. Rotation of axes from wing lofted position to various sub- 
assembly positions, such as trailing edge section, center section, 
nose section, and finally final assembly position (rigged position). 
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The intersection of a plane and a right circular cone is a conic 
section. The cone is composed of two parts, or nappes (see 
Fig. 10.1). If the plane does not pass through the vertex of the 
cone, the section is an ellipse, parabola, or hyperbola (see Fig. 



ellipse parabola hyperbola 

Fig. 10. 1 . 

10.1). If the plane cuts across one nappe at an angle the curve 
of intersection is an ellipse. If the plane is parallel to an element 
of the cone the curve of intersection is a parabola. If the i^lane 
cuts both nappes the curve of intersection is a hyperbola. 

The study of the.se curves i.s a part of plane analytic geometry. 
The graphs of those conic.s in jilane analytic geometry, in the 
so-called “.standard positions,” are shown in Fig. 10.2. 

In the application of conics to lofting, it happens that the 
curves in .standard position are not very useful, and the ba.sic 
theory as developed in plane, analytic geometry is not the mo.^t 
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convenient approach. Instead, the viewpoint of synthetic and 
analytic projective geometry is adopted, and the graphical con- 
structions and equations are based on Pascal’s theorem and 
Brianchon’s theorem. 

Conics have many properties that make them admirably 
suited to the requirements of design and lofting. They are 
“fair” curves, and they can be selected so as to meet sets of 
conditions that arise frequently in design and lofting. They 
can be constructed graphically, and their equations can be cal- 





y^=2PX 

PARABOLA 


+Y 



ELLIPSE 

Fig. 10.2. 


+Y 



culated analytically. They can be reproduced easily and 
accurately. They can be used to approximate predetermined 
shapes. Their good streamline characteristics have been proved 
by performance. 

This chapter will deal with graphical constructions and 
properties of conics from the projective geometry point of view, 
and applications to design and lofting. 

10.1. Pascal’s theorem. A generalized concept of a hexagon 
is that a hexagon is a figure formed by six points of a plane, no 
three of which lie in a straight line, and the lines joining these 
six points in any order (see Fig. 10.3). 

Consider the hexagon 1-2-3-4-5-6, inscribed in a conic (see Fig. 
10.4). The three pairs of opposite sides are 1-2, 4-5; 2-3, 5-6; 
3-4, 6-1. Pascal’s theorem states that the three pairs of opposite 
sides of a hexagon inscribed in a conic intersect in three points 
that lie on a straight line. In Fig. 10.4, 1-2, 4-5 intersect at P; 
2-3, 5-6 intersect at Q; 3-4, 6-1 intersect at P. Pascal’s theorem 
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states that P, Q, R lie on a straight line. This line is called the 
Pascal line. This theorem is the foundation for many useful 
geometrical constructions for conics. It is usually stated as 
follows : 



HEXAGON (33456 HEXAGON 136452 

Pig. 10.3. 



p2 AND 4^ = P 
2^ AND 5=^ = Q 
3^ AND Fm = R 
Fig. 10.4. 

A necessary and sufficient condition that six points be points 
of a point conic is that the pairs of opposite sides of any simple 
hexagon having these points as vertexes meet in collinear points. 
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Since a circle is a conic, it is easj' and instructive to test this 
theorem with a circle. Draw a circle with compasses. Select 
any six points on the circle and number the points 1, 2, 3, 4, 5, 6 
in any order. List the three pairs of opposite sides. Draw these 
pairs of opposite sides and find their three points of intersection. 
Notice that these three points of intei’section are collinear. 
Pascal proved his theorem for a circle and then deduced its truth 
for other conic sections from the fact that ellipses, parabolas, and 
hyperbolas can be obtained from circles by projections and sections. 



3-4 AND X-1 = R 3=4 AND 7=T = R 

Fig. 10.5. 

10.2. Conic determined by five points. Consider the conic 
determined by the five points 1, 2, 3, 4, 5 (see Fig. 10.6). Con- 
sider the problem of determining additional points on the given 
conic. 

Let a; be a sixth point on tfie conic. Then the Pascal hexagon 
is 1-2-3-4-5-a;. The pairs of opposite sides are 1-2, 4-5; 2-3, b-x; 
3-4, x-1. Here 1-2 means the line through points 1 and 2, and 
similarly for the symbols 4-5, etc. Draw the three pairs of 
opposite sides, and find their points of intersection. The points 
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of intersection are P, Q, R. These three points determine the 
Pascal line. 

The actual steps in the construction necessary to locate x, a 
sixth point on the conic, are: 

^ 1. Draw 1-2 and 4-5. These two lines intersect. Label the 
point of intersection P. 

2. Through P draw any line. This is the Pascal line. 

3. Draw 2-3. This line intersects the Pascal line. Label the 
point of intersection Q. 

4. Draw 3-4. This line intersects the Pascal line. Label the 
point of intersection R. 

5. Draw 5-Q and 1-P. These two lines intersect. Label the 
point of intersection x. This is the required point. 

Notice that any number of points z can be found by changing 
the position of the Pascal line through P. See steps 1 and 2 
above. In Fig. 10.5 another position of the Pascal line is shown, 
leading to the point another point on the conic. 

10.3. Conic determined by one point slope and three addi- 
tional points. Consider the conic determined by the five points 
1, 2, 3, 4, 5. Suppose that points 1, 2 coincide. The line 1-2 will 
be a tangent to the conic at the point 2. In this special case we 
say that the conic is detetmined by the point slope 1-2 and the 
three additional points 3, 4, 5. The point and the tangent (slope) 
being two conditions, the total number of co7iditions is five, as 
in the case of the conic determined by five points (see Fig. 10.6). 

To find a sixth point on the conic, proceed as follows: 

1. Draw 4-5. The given tangent 1-2 and the line 4-5 inter- 
sect. Label the point of intersection P. 

2. Through P draw any line’. This i.s the Pascal line. 

3. Draw 2-3. This line intersects the Pascal line. Label the 
point of intersection Q. 

4. Draw 3-4. This line intersects the Pascal line. Label the 
point of intersection R. 

5. Draw 5-Q and 1-P. These two lines intersect. Label 
the point of intersection r. This is the required point. 

By varying the position of the Pascal line through P we can 
obtain additional points on the imvve. The location of another 
point, y, is shown in Fig. 10.6. 

The Pa.scal hexagon is 1 -2-3-4-5-j-. The pairs of opposite 
sides are 1-2, 4-5; 2-3, 5-.r; 3-4, r-1. In this ease 1-2 is the given 
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tangent to the conic. The. points of intersection of the three 
pairs of opposite sides are P, Q, B. These three points deter- 
mine the Pascal line. 



p2 AND 4^ = P ' 

2^ AND B-X * Q 
5=4 AND JFn = R 

Fig. 10.6. 

. 10.4. Conic determined by two point slopes and one additional 
point. Consider the conic determined by the five points 1, 2, 3, 
4, 5. Suppose that points 1, 2 coincide and points 4, 5 coincide. 
The lines 1-2 and 4-5 will be two tangents to the conic, at points 
2, 5 respectively. In this special case we say that the conic is 
determined by the point slope 1-2, the point slope 4-5, and the 
additional point 3. The point and the tangent (slope) being two 
conditions, the total number of conditions is five, as in the case 
of the conic determined by five points (see Fig. 10.7). 

To find a sixth point on the conic, proceed as follows : 

1. The given tangents 1-2 and 4-5 intersect. Label the point 
of intersection P. 

2. Through P draw any line. This is the Pascal line. 

3. Draw 2-3. This line intersects the Pascal line. laibol 
the point of intersection Q. 


r=2 AND 4=3 * P 1 
iPi AND = Q 

3=4 AND Y=1 = R 



Aet. 10.41 CONSTRUCTION OF A CONIC 205 

'“® intersects the Pascal line. Label the 
point of intersection R. me 

5. Diaw 5-Q and l-i2. These two lines intersect. Label the 
point of intersection x. This is the required point. 

y var.^ng the position of the Pascal line through P we can 
obtain additional points on the curve i gn /-iie can 

e 1-2, 4-5, 2-3, 5-x; 3-4, x-l. In this case 1-2 and 4-5 are 



1-2 AND 4^ = P 
AND 5^ E 0 
3^ AND s R 


i-2 AND ?r5 = P 
2^ AND 5^ = Q 
3^ AND 7^ = R 

Fig. 10.7. 


given tangents to the conic. The points of intersection of the 
three pairs of opposite sides are P, Q, R, These three points 
determine the Pascal line. 

This is an extremely useful form of the Pascal construction 
Very often the design requirements are that the tangents at two 
points be fixed in slope and that the curve pass through an addi- 
tional (intermediate) point (see Fig. 10.8). 

In designing the nose of this fuselage, the tangent at 1, 2 is 
required to be vertical, and the tangent at 4, 5 is fixed in slope 
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Also, the designed curve is to pass through the point 3. These 
conditions are exactly the “two point slopes and one additional 
point” described in this ai'ticle. By means of the Pascal con- 
struction the design requirements can be met by a conic, which 
can be constructed geometrically by obtaining additional points 
as described in this article (compare Figs. 10.8 and 10.7). 



Fig. lO.S. 


10.5. Tangent to a conic determined by five points. Consider 
the conic determined by the five points, 1, 2, 3, 4, 6. Consider 
the problem of determining the slope at one of the given points 
(see Fig. 10.9). 



3-4 AND 6—1 = R 


Fig. 10.9. 


To find the tangent at 4, proceed as follows: 

1. Draw 3-4 and 6-1. These two lines intersect. Label the 
point of intersection R. 

2. Draw a:-6 and 2-3. These two lines intersect. Label the 
point of intersection Q. 

3. Draw the line RQ. This is the Pascal line. 
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• 4. Draw 1-2. This line intersects the Pascal line. Label the 
point of intersection P. 

5. Draw 4-P. This is the required tangent. 

The Pascal hexagon is l-2-3-4-a:-6. The pairs of opposite 
sides are 1-2, 4-a:; 2-3, a;-6; 3-4, 6-1. These three pairs of opposite 
sides intersect at P, Q, JR. The points 4, x coincide, and the line 
4-rc is the required tangent to the conic. The points P, Q, R 
determine the Pascal line. 



4-X 

AND 4^ = P 
F5 AND = Q 
3“4 AND 6-1 = R 
Fig. 10.10. 

10.6. Tangent to a conic determined by one point slope and 
three additional points. Consider the conic determined by the 
point slope 1-2 and the three additional points 3, 4, 6. Consider 
the problem of detemiining the slope of the tangent at any one 
of the three additional points, say 4 (see Fig. 10.10). . 

To find the tangent at 4, proceed as follows: 

1. Draw 3-4 and 6-1. These two lines intersect. Label the 
point of intersection R. 

2. Draw 2-3 and 6-r. These two lines intersect. Label the 
point of intersection Q. 

3. Draw RQ. This is the Pascal line. 
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4. The given tangent 1-2 intersects the Pascal line. Label the 
point of intersection P. 

5. Draw 4-P. This is the required tangent. 

The Pascal hexagon is l-2-3-4-a;-6. The three pairs of opposite 
sides are 1-2, 4-a:; 2-3, a:-6; 3-4, 6-1. These three pairs of opposite 
sides intersect in P, Q, R. The points P, Q, B determine the 
Pascal line. 

10.7. Tangent to a conic determined by two point slopes and 
one additional point. Consider a conic determined by two point 
slopes 1-2 and 3-4, and one additional point, 6. Consider the 



PZ AND ^ = P 
Fa AND Fe »Q 

F4 and 6=1 = R 
Fig. 10.11. 


problem of determining the tangent at the additional point, G 
(see Fig. 10.11). 

To find the tangent at 6, proceed as follows: 

1. Draw the line 6-1. The line 6-1 and the tangent 3-4 
intersect. Label the point of intersection R. 

2. Draw the line 4-z. The line 4-r and the tangent 1-2 inter- 
sect. Label the point of intersection P. 

3. Draw PR. This is the Pascal line. 

4. Draw the line 2-3. The line 2-3 intersects the Pascal line. 
Label the point of intersection Q. 

5. Draw the line 6-Q. This is the required tangent. 

The Pascal hexagon is l-2-3-4-a:-6. The three pairs of opposite 
sides are 1-2, 4-x; 2-3, a:-6; 3-4, 6-1. These three pairs of opposite 
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sides intersect in the three points P, Q, R. The points P, Q, R 
determine the Pascal line. 

This construction gives the tangent at the control point, 6. 

10.8. The control point. When a conic is determined by two 
point slopes and an additional point, the additional point serves 
as a control point which determines the shape of the conic. By 



E 


AD = DE E a D ARE point slopes 

« ELLIPSE 

'll® PARABOLA 
^ = HYPERBOLA 

AC 

A CIRCLE IS A SPECIAL CASE OF AN ELLIPSE 

Tig. 10.12. 


varying the position of the control point an infinite variety of 
shapes can be determined, each of which continues to have the 
same fixed point slopes (see Fig. 10.12). 

In Fig. 10.12, the two given fixed points and slopes are D, DC] 
E, EC. The point B is the control point and is .shown in several 
different po.sitions. Draw the chord DE and draw CA from C 


to -4, where .4 is the mid-point of the chord DE. Consider the 

. AB ^,AB 1 1 ^ 1 

ratio It = 2 ’ then the conic is a parabola. It 
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AB 1 

the conic is an ellipse. If > 2 ' the conic is a hyperbola. 

Notice that a circle is a special case of an ellipse. If we always 
select a control point B on the line CA, the curve can be precisely 
specified by stating the exact value of ABj AO. It is not neces- 
sary, however, to restrict the control point to the line AO. The 
control point can be anywhere inside the triangle CDB. This 
arbitrariness in the position of the control point is one of the best 
features of this type of curve as applied in designing and lofting. 

10.9. Brianchon’s theorem. From the standpoint of projec- 
tive geometry, there are point conics and line conics. Point 



Fig. 10 . 13 . 

conics are determined by points and line conics are determined 
by tangents (lines) . The line conic analogue of Pascal’s theorem 
is Brianehon’s theorem. This theorem may be stated as follows; 

J/ the sides of a hexagon are tangents to a conic, the lines joining 
pairs of opposite vertexes pass through one point. 

Brianchon’s theorem gives rise to a set of graphical construc- 
tions similar to those resulting from Pascal’s theorem. It is 
used to find additional lines tangent to a conic when the conic is 
determined by five lines (tangents) and to solve many special 
cases and variations of this basic problem. 

In Fig. 10.13, the conic is insci'ibed in the hexagon 1-2-3-4-5-6- 
Th‘e three pairs of opposite vertexes are the points of intersection 
of 1, 2 and 4, 5; 2, 3 and 5, 6; 3, 4 and 6, 1. These three pairs of 
opposite vertexes determine the lines p, g, r. The lines p, q, r 
determine the Brianchon point B. 
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10.10. Conic determined by jfive lines (tangents). Consider 
the conic determined bj’’ five lines, no three of which are concur- 
rent (see Fig. 10.14). Consider the problem of finding additional 
tangents to the given conic. 

In Fig. 10.14, the conic is determined by the five lines (tan- 
gents) 1, 2, 3, 4, 5. The notation 1, 2 indicates the point of inter- 
section of lines 1 and 2, and similarly for 2, 3, etc. The three 



Fig. 10 . 14 . 


pairs of opposite vertexes are 

1, 2 and 4, 5 

2, 3 and fi, cc 

3, 4 and x-, 1. 

The line joining the two points 1, 2 and 4, 5 is p. The line joining 
the two points 2, 3 and 5, x is g. The line joining the two points 
3, 4 and x, 1 is r. The lines p, q, r intersect in a point, 5. The 
point B is the Brianchon point of the hexagon i-2-3-4-5-x. 

To construct the additional tangent x to the conic determined 
by the five tangents 1, 2, 3, 4, 5, proceed as follows: 

1. Join the point 1, 2 to the point 4, 5. Label this line jy. 

2. On the line p select any point B. This is the Brianchon 
point. 

3. Join the point 2, 3 to the point B. .Label this line q. 
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4. Join the j^oint 3, 4 to B. Label this line r. 

5. The lines 5 and q and the lines 1 and r determine two points 
of intersection which in’ turn determine an additional tangent 
to the given conic. 

By varying the position of the arbitrarily selected point B, 
additional tangents to the conic can be determined. In Fig. 
10.14, the construction for locating another tangent, y, is shown. 



Fig. 10.15. 


10.11. special cases of Brianchon’s theorem. Brianchon’s 
theorem can be specialized to solve the following problems : 

1. To find additional lines tangent to the conic determined by 
one slope point and three additional lines (tangents) . 

2. To find additional lines tangent to the conic determined by 
two slope points and one additional line (tangent). 

3. To find the point of contact (tangent point) on one of the 
five tangents to a conic determined by five given tangents. 

4. To find the point of contact (tangent point) on one of the 
three tangents to a conic determined by one slope point and 
three additional lines (tangents). 

5. To find the point of contact (tangent point) on the tangent 
to a conic deteimined by two slope points and one additional 
line (tangent). 

These problems and their solutions are given in Figs. 10.15 to 
10.19, inclusive. The notations are those adopted in Art. 10.10. 
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The constructions are specialized from the general construction 
in Art. 10.10 in much the same way that the special cases of 
Pascal's theorem were derived in Arts. 10.3 to 10.7, inclusive. 

10.12. Tangent construction for a parabola. The construction 
illustrated in Fig. 10.20 is one that finds many applications in 
lofting and design. In Fig. 10.20, the lines AB and CB are given 
fixed tangents. A curve is desired that will be tangent to AB 
at A and tangent to CB at C. No other limitation is to be placed 
on the curve. A parabola is a curve that will fit these prescribed 



LINES AB AND CB ARE DIVIDED INTO SAME NUMBER 
OF EQUAL PARTS 

Fig. 10.20. 


conditions. To construct the parabola by tangents, proceed as 
follows ; 

1. Divide AB into any convenient number of equal parts, say 6. 

2. Divide CB into the same number of equal parts. Notice 
that the parts of CB are equal to each other, but they are not 
equal to the parts of AB unless AB = CB. 

3. Join the corresponding points of division, as shoivn on Fig. 
10.20. These lines are. each tangent to the required curve. 

Parabolas of this type are similar to vertical curves used in. 
railroad engineering. 

To e.sta]ilish the e.xact points of tangenc}', make use of the 
follow'ing relations; 

1. The distance from the point 1 on AB to the ]K)int of tan- 
gency on 1-1 is of the total length ot 1-1. 
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2. The distance frona the point 2 on AB to the point of tan- 
gency on 2-2 is of the total length of 2-2. 

3. The distance from the point 3 on .45 to the point of tan- 
gency on 3-3 is ^ .of the total length of 3-3. 

4. The distance from the point 4 on 4.5 to the point of tan- 
gency on 4-4 is ^ of the total length of 4-4. 

5. The distance from* the point 5 on AB to the point of tan- 
gency on 5-5 is ■§■ of the total length of 5-5. 

Similar relations hold when the segments AB, CB are divided 
in anj?- number of equal parts. In general, if the segments AB, 



CB are each divided into n equal parts, and if we consider the 
Kh tangent, then the distance from point A: on 45 to the point 

k 

of tangency on k-k is - times the total length of k~k. 

Since the curve in Fig. 10.20 is a parabola, the control point 
may be found as follows: 

1. Draw the chord 4C. 

2. Find the mid-point of AC and label it M. 

3. Draw the line segment BM. 

4. Find the mid-point of 5^1/ and label it P. 

This is the control point, and PM/BM = This parabola 
can be used whenever a curve is required which is to be tangent 
to 45 at 4, tangent to CB at C, and the curve can be of a shape 
that will allow it to pass through the point P as described above. 
Instead of using the tangent lines construction, the point P can 
be used as a control point, and the construction of Art. 10.4 can 
be used. 
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An example of such a set of requirements is shown in the wing 
tip in Fig. 10.21, where two parabolas are used to design the 
wing-tip curve. In Fig. 10.21, the given fixed tangents are AB, 
BD, BE, and the given fixed points of tangency are A, C, E. The 
point M is the mid-point of AC, and P is the mid-point of BM, 
The point N is the mid-point of CE, and Q is the mid-point of DN. 

10.13. A hyperbola construction. Consider the problem of 
constructing a curve that shall be tangent to OB at B, and 
tangent to OC at C (see Fig. 10.22). These conditions can be 
met by a parabola, constructed by the tangents method or by 
the control point method. In Fig. 10.22 there is still another 
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solution to the problem. This construction yields a hyperbola. 
The procedure is as follows : 

1. Draw AB at any angle to OB. 

2. Draw BE parallel to AB. 

3. Draw AB. This line intersects OB. Label the point of 
intersection G. 

4. Draw CG. 

5. The lines CG, BE intersect. Label the point of intersection 
F. This is a point on the required curve. 

Additional points can be located by varying the position of BE 
parallel to AB. Parallel rulers are u-seful in drawing BE parallel 
to AB. 

The line AB is a control line. Once the position of .\B has 
been established, the shape of the curve is \iniquely determined. 


218 CONIC SECTIONS. GRAPHICAL TREATMENT [Chap. 10 


Different shapes can be obtained by var:>nng the position of the 
control line AB. All these shapes will be tangent to the x axis 
at B and tangent to the y axis at C. 

If 0(7 = OA, the curve is a parabola. 

10.14. Construction of a parabola by tangents (alternative 
method). An alternative method for constructing a parabola by 
tangents .is shown in Fig. 10.23. The parabola is to be tangent 
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to the y axis at the origin, and tangent to the line BC at B (see 
Fig. 10.23). • 

The construction is as follows: 

1. ' Select any point on OA, say D. 

2. Draw DF parallel to OG. 

3. Draw the chord OB. 

4. Lines OB, DF intersect at G. 

5. Through G draw HE parallel to BC. 

6. Lines HE, OC intersect at H. 

7. Lines DF, BC intersect at F. 

8. Line HF is tangent to the parabola. By varying the posi- 
tion of the point D on OA, other tangents can be found. The 
parabola may be constructed by setting a spline tangent to this 
envelope of tangents. 

To construct a series of tangents, parallel rulers can be used 
to expedite the construction. Draw OB first. Use the parallel 
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rulers to mark a series of points such as G and F. Then use 
the parallel rulers to mark a series of points H (see Fig. 10.24). 
The lines GiF i are parallel to the tangent OC, and the lines are 
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parallel to the tiingent BC. The lines HiFi are the required 
tangents. 

The exact points of tangenc}’' may be found as folloivs. Locate' 
M, the mid-point of OB. Draw CM. lanes 6^7’ drawn through 
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G parallel to CM will intersect the tangents FH at the points 
of tangency (see Fig. 10.25). 

If the tangent FH is required to yield a certain predetermined 
point of tangency, say sA x = p, choose D at ic = ■%/ ap, so that 
fc = -s/op. See Fig. 10.23. 

10.15. Lofting by conics. IMany different factors enter into 
the determination of the outside contours of an airplane. After 
much preliminary investigation the final shape must be com- 
pletely and precisely described before mass production can begin. 
The manner of this description may assume many different 
forms: lines, numbers, drawings, tables of offsets, sample parts, 
templates, master patterns, dimensions of tools, etc. The 
more mathematical the description is, the more the fabrication 
process may be broken up and distributed among different 
tools and different processes. The shipbuilding industry years 
ago began to demand and seek precise shapes by water line, 
buttock line, frame station, diagonal line fairing processes known 
as ship lofting. Later the automobile industry and the airplane 
industry adopted these methods, vfith certain variations. The 
advantages of predetermining precise forms include interchange- 
ability, standar<fization, and manufactuifing breakdowns. The 
result is increased production. 

The use of tables of offsets and full-scale frame lines is common 
in shipbuilding; the use of solid patterns is common in automobile 
building; the use of loft layouts and plaster patterns is common 
in aircraft tooling in developing cowls, ducts, fillets, and other 
complex shapes. There are certain disadvantages inherent in 
loft layouts and plaster patterns. From an analytical standpoint 
they are indeterminate. If the loft layouts or plaster patterns 
were destroyed, new ones would not be exact duplicates of the 
original. In order to convey a description of a part to another 
location it is necessar}’- actually to transport the part or pattern. 
Many engineering shapes are so complicated that these methods 
are the onlj?- ones feasible. On the other hand, a surprisingly 
large variety of shapes can be described completely mathemati- 
cally — by formulas and by geometrical constructions. 

Conic sections are well suited to the requirements of lofting 
and design. Both the graphical and analytical methods are 
useful. An illustration of how conics may be used in lofting is 
shown ill Fig. 10.26. 
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In Fig. 10.26, the profile \’ie\v shows the curve of intersection 
made by the plane of symmetry [x = 0) with the nose of the 
fuselage. This curve of intersection is determined by two conics, 
an upper curve and a lower curve. Each is determined by a 
horizontal tangent, a vertical tangent, the points of tangency, and 
a control point. The equations of these curves are calculated. 

The body plan view shows the curv^es at fuselage stations, 
made by the intersection of planes of the type y — constant 
with the nose of the fuselage. 



The bottom plan view shows the maximum half breadth 
curve, which is a conic determined by two point slopes and a 
point. The equation of this curve is calculated. 

To determine the curves of the cross section at fuselage 
station A, the equations of the curves in the profile view and 
the bottom plan view are used to determine the upper, lower, 
and x?/-plane width points. The slopes of the tangents are 
fixed as shown in Fig. 10.26. The control points in the upper 
and lower conics of the body plan view are determined b;\ assign- 
ing a p value for the body plan curves. 

The body plan conics are constructed graphically. Notice 
that each is determined by two point slopes and a conti'ol point, 
and that these are determined mathematically. 
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The shape of the surface is therefore determined in a precise 
manner, so that the three basic views are mathematically 
related. The profile view and bottom plan view are not drawn 
full size. The mathematical equations suffice for their deter- 
mination. The body plan rfew is drawn full size as a loft layout, 
but the usual water line, buttock line, frame line, and diagonal 
line fairing procedure is eUminated. 



CHAPTER 11 

CONICS. ANALYTICAL THEORY 

Conic sections are useful when treated analyticallj' as well 
as when treated graphically. For long curves the graphical 
methods for laying out conics meet with physical difficulties and 
limitations, which can be overcome by writing equations for the 
curves and then plotting the curve by offsets (ordinates). The 
graphical methods are more useful in preliminary design, scale 
layouts, and the lofting of fillets, wing-tip cross sections and body 
plan sections of fuselage and nacelle shapes on small airplanes. 
Curves that are used as longitudinal control lines and do not 
appear on any template, such as fuselage top and bottom profile, 
maximum half breadth and side control lines, may be determined 
advantageously by calculation rather than layout. 

This chapter will include the derivation of formulas for conic 
sections, and applications of these formulas to practical situations 
as they arise in design and lofting. 

11.1. General equation of a conic. The general equation of 
the second degree is 

Ax^ -b Bxy + A- Dx + Ey + F ^ 0. 

This equation represents a conic section. The. value of B- — AA C 
determines the nature of the conic, as follows; 

B- — 4AC < 0. ellipse 
B^ — A AC = 0. parabola 
B- — iAC > 0. hyperbola 

The general equation appears to have six constants, but in 
reality has only five arlfitrary constants, since division by one of 
them, say .4, gives 

x^- + ^xy + + jx + jy + j = 0, 

which contains five undetermined coefficients. Therefore five 
independent conditions are sufficient to determine a conic. The 

223 



224 CONICS. ANALYTICAL THEORY [Chap. 11 

most convenient method for determining the equation of a conic 
from five given conditions is based on the theory of the degenerate 
base conics of a pencil of conics. 

11.2. Conic determined by five points, no three of which are 
coUinear. Consider the problem of finding the equation of a 
conic through five given points, no three of which lie in a straight 
line. Let the points be 1, 2, 3, 4, 5 (see Fig. 11.1). We shall. 
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Fig. 11 . 1 . 


restrict our attention to the case in which the conic goes through 
the origin, with an equation of the type 

Ay^ + Bxy + + By + Fx = 0. 

Write the equations of the lines 4-3, 2-1, 3-2, 4-1. Let these 
equations be denoted by 

4-3 : T = 0. 

2- 1: a = 0. 

3- 2:^ = 0. 

4- 1:5 = 0. 

Then the equation 

lv/35 -|- ay — 0 

represents the family of conics through the points 4, 3, 2, 1. In 
this equation K is a parameter, and its value can be determined 
from the fifth condition, which is that the conic pass through the 
point 5. Notice that each of the equations a — 0, /3 = 0, 7 = 0 , 
5 = 0 is a first-degree equation in x and y, and so the equation 
if ^5 -)- ay = 0 is an equation of the second degree in x and y. 
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The point 4 is the intersection of the two straight lines 7 = 0 
and 5 = 0. The coordinates of 4 therefore satisfy the equations 
7 = 0 and 5 = 0, i.e., they reduce the left-hand side of 7 = 0 
and 5 = 0 to zero. Since we have, then, that 7 = 0 and 5 = 0, 
the equation -f- ay = 0 becomes Kp{0) + o:(0) = 0, or 

0=0. Therefore the coordinates of 4 satisfy the equation 
K^S + «7 = 0, and the point 4 lies on the locus represented by 
K^S -j- 0:7 = 0. Likewise, it can be shown that 3, 2, 1 lie on the 
locus represented by KfiS -H 0:7 = 0. 

Example. Find the equation of the conic through the five points 4(0, 01, 
3(1, 2 ), 2 ( 2 , 3), 1(4, 4), 5(7,5). 

The equations of 4-3, 2 - 1 , 3-2, 4-1 are 

y:4-3:y — 2x = 0. 
a: 2-1; a: — 2y 4 = 0. 

/3;3-2;a: - y 1 = 0. 

5:4-1;?/ — a; = 0. 

The equation K08 -|- 0:7 = 0 becomes 

K(x — y + l)iy — x) + (x — 2y + 4)(?/ — 2a:) == 0. 

To evaluate K, let a: = 7 and y = 5. Here (7, 5) are the coordinates of 
point 5. We obtain 

JC(7 - 5 + 1)(5 - 7) 4- (7 - 10 4 - 4)(5 - 14) = 0 . 

-6K - 9 = 0. 

K = -1.5. 

Substitute this value for K in the equation above. 

- 1 . 0 ( 2 : - y + l)(y -x) +(x -2yA- 4)(j/ - 2x) = 0 . 

- 0 . 52:2 2xy - O.Sy® 4- 2.5?/ - 6 . 02 : = 0. 

* x^ — 4:xy y- — oy 13x = 0. 

This is the equation of the conic through the five given points. Substituting 
the coordinates of each of the given points in the equation, we find that all 
five points satisfy this equation. 

The answer obtained for this example is in the general form. 
This is not the most convenient form for calculating offsets 
(ordinates). In order to obtain this form, arrange the terms so 
as to form a quadratic equation in y: 

+ t/(-4.r - 5) -h (x- 4- 13a-) = 0. 

Solving this by the quadratic formula, 

4x 4- 5 ± V(-4r -5)'- - 4(x- 4- 137) 

V 

it = 2.r 4- 2.5 4: - 3.r + 6!25- 
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When the equation of the conic is in this form, x represents the 
station distance (abscissa) and y represents the offset to the curve 
(ordinate). The proper choice of the + sign can be made by- 
checking the equation by substituting the coordinates of one of 
the given points. In this example, x = 1 3delds y = 2 if the 
minus sign is used for the radical, and so the fipal result is 

y — 2x 2.5 — -y/Sx^ — 3a: + 6.25. 

In order to simplify the calculation as much as possible, it is 
convenient to write the equations a = 0, ^ = 0 , t = 0, 5 = 0 in 
the form 

a:y — miX — hi = 0, 

P‘.y — tn^x — hz = 0 , 
y.x — msy = 0, 

S:y — m^x = 0. 

Substitute these equations in the formula K^8 + ay = Q. 
We obtain ■ 

K(y — mzx — Ji^iy — lUiX) + (2/ — miX — hi){x — m^y) — 0. 

Simplify by multiplying and collecting terms. 

(K — mz)y^ + [1 + mims — K{m<i + ‘m^]xy 

+ {Kmzrrii ~ mi)x‘^ + (Jiimz — hzK)y + — hi)x = 0. 

Compare- this result with the general equation 

Ay^ + Bxy + Dx^ + Ey Fx = 0. 

By equating Coefficients we obtain general formulas for A^ B, D, 
E, and F. Now solve the equation for y in terms of x. Assume 
the final result to be 

y = cx A- d + 's/ a,x~ + 6a: 4- d'^. 

We find the following general values for the coefficients: 

A — K — niz. 

B = I A- mi-mz — K{mz A- W4). 

D = Km^mi — mi. 

E = hcn-z ~ hzK. 

F = hzm.iK — hi. 

B 

2A 
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d = 


-E 

2A 


a 

h 



Instead of- re-solving the problem each time it occurs, vre can use 
these formulas to calculate the final result immediately. 

To illustrate the procedure, calculate the final result for the 
preceding example from these formulas. 


a = y ~ — 2. 

^ = y — X — 1. 
y = X — ^y. 
d = y — X. 

m-L = ^, m 2 = 1 , m 3 = -j, nii = 1 , hi = 2 , Ji-2 == 1 . 

^ ^ — 0-375 (substituting x — 7, y = 5). 

po 

A = -0.125. c = 2. 

B = 0.5 d = 2.5. 

D = -0.125. a = 3. 

E = 0.625. b = -3. 

F = -1.625. 

y — cx -‘r d ± s/ax^ A- bx A- d‘. 
y = 2x -H 2.5 - - dx 6.25. 


This result checks -with the result obtained in the example on 
page 225. 

Sometimes it is more convenient to calculate the x coordinates 
from given y coordinates. In this case, 


X 

c 


= cy A' d + "v^ ciy~ by -h d~, 

= --B 
2D ’ 


d = 


2D’ 


a = 


h = 


c- 

2cd - p‘ 


where 
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These formulas can be obtained from the other case by inter- 
changing the coefficients of x and y (interchanging A and D, and 
E and F). The values of the constants mi, m2, m3, rrii, hi, 

A, B, D, E, F are the same as in the previous case, when the 
equation was solved for y in terms of x. 

When the equation of a curve is y = Six), given values of x 
can be substituted in the equation, and the corresponding values 
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of y can be calculated. A table of offsets to the curve can be 
prepared, and this table can be used to lay out the curve (see 
Fig. 11.2). 

The curve in Fig. 11.2 is not tangent to the y axis at the origin. 
The tangent at the origin and the tangent at (7, 5) can be con- 
structed geometrically by the construction described in Art. 10.5, 
or the slope of the tangents can be calculated analytically from 
the derivative, which in this example is 

^ 2 — 

2 \/Zx^ - 3a: -b 6.25 

In this example, when x = 0 then dy/dx = 2.6, and so the slope 
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of the tangent at the origin is 2.6, i.e,, the trigonometric tangent 
of the angle between the tangent line and the x axis is 2.6 at 
(0, 0). x4.1so, when a: = 7, dyjdx = 0.30435, and so the slope 

of the tangent at (7, 5) is 0.30435, i.e., the trigonometric tangent 
of the angle between the tangent line and the x axis is 0.30435 
at (7, 5). 

11.3. Conic determined by a point slope and three points. 
Having established the theory for the case of a conic through five 
points, we shall now specialize the theory to certain special cases. 
Consider the case of a conic determined by a point slope and 
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three points. By a point slope we mean that a point is given 
and the slope of the curve at that point is also given. Suppose 
that in Fig. 11.1 the points 1 and 2 coincide. The line through 
1 and 2 becomes a tangent to the curve (see Fig. 11.3). There 
are five given conditions, namely, four points and a tangent. 
The procedure to be used in arriving at the equation of the curve 
is the same as in Art. 11.2. 

Example. Find the equation of the conic which is determined by the 
points 4(0, 0), 3(1, 21, and 5(2, 3), and the tangent at the point 1, 2 (.4, 4), the 
equation of the tangent being y — -jT — 3 =0. 

Referring to Fig, 11.3, the three given points are 4, 3, 5, and the tangent 
is at the point 1, 2. Here 1, 2 indicates that the points 1 and 2 (of the gen- 
eral case of a conic through five points) coincide, and the line through 1, 2 
is tangent to the curve. 
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The basic straight line equations are 

ct'.y — "I’.r — 3=0, 

: i/ — ^ — 4 = 0, 

. y‘-x — = Q, 

S:^ — X = 0 . 

Comparing these equations with the general equations for ce, /3, y, 5 in Art. 

11.2, we find 

mi = T. 
ma = 
ma = -g-. 

^ nit — 1 . 

hi = 3. 

Aa = "I. 

<xy 

The value of K is calculated from the relation K ~ evaluated for 

fid’ 

a; = 2, y = 3. The result is K = 0.75. 

Calculate the values of A, B, D, E, F from the general formulas in Art. 

11.2. The results are A = 0.25,. B = — 0.125, Z) = 0.25, B = 0.5, F = —2. 
Calculate the values of a, b, c, d from the general formulas in Art. 11.2. The 
results are c = 0.25, d = — 1, a = —0.9375, 6 = 7.5. The final equation of 
the curve is therefore 

y = 0.25® - 1 + V- 0.9375® 2 + 7.5® +"1. 

The plus sign for the radical is selected by substituting the ® coordinate of 
one of the given points and choosing the sign of the radical which will 
check the y coordinate of that point. 

’After obtaining the equation of a conicj it is desirable to check 
the given data and thereby prove that the equation satisfies them. 
In this example it is necessary to check the points (0, 0), (1, 2), 
(2, 3) , and (4, 4) . It is also necessary to check the slope of the 
given tangent at the point (4, 4), which depends upon the value 
of the derivative 

nor. . -1.8750a: + 7.5 

dx 2 -v/-0.9375a;2 + 7.5a; + 1 

at the point (4, 4). At (4, 4) dy/dx = 0.25, which checks with 
the slope of the given tangent line y — — 3 = 0. 

11.4. Conic determined by pne point and two point slopes. 
Consider the problem of finding the equation of a conic deter- 
mined bj’’ one point and two point slopes (see Fig. 11.4). This 
is the most useful of all the cases we consider. Very often, in 
design and in lofting, it is nece.ssary to establish a cvirvc that is 
tangent to a given line at a given point, is tangent to another 
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given line at a given point, and passes through a third given 
point. Conic sections as calculated in this article satisfy these 
five conditions perfectly. The third given point (control point) 
allows great latitude in fixing the shape of the curve after the 
two point slopes have been fixed. This flexibility is very valu- 
able and is one of the chief reasons why conic sections are so 
useful in designing and lofting. 

Compare Figs. 11.4 and 11.1. The points 1, 2 of Fig. 11.1 
coincide in Fig. 11.4, and the points 3, 4 of Fig. 11.1 coincide 
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Fig, 11,4. 


in Fig. 11.4. The line jS “ 0, which joins points 2^ 3 in Fig, 11,1, 
and the line 5 = 0, which joins points 4, 1 in Fig. 11.1, therefore 
coincide in Fig. 11.4. The lines 1-2 and 3-4 of Fig. 11.1 become 
tangents to the conic in Fig. 11.4. 

Example 1. Find the equation of the conic that is tangent to the line 
y = -la; at the origin, is tangent to the line through the two points (3, 5) 
and (4, 4) at the point (4, 4), and passes through the point (3.5, 4). See 
Fig. 11.5. 

Notice that this type of problem is a special case of the conic through five 
points (see Pig. 11,1), The points 4, 3 coincide at the origin in Fig. 11.5, 
the points 2, 1 coincide at (4, 4), and the point 5 is the point (3.5, 4). 

The equation of the family of conics tangent to ^ ~ origin and 

tangent to the line through (3, 5) and (4, 4) at the point (4, 4) is 

TCfSd 4 - cxy — 0 , 

where tin? general ecpiations of a. d, y, 5 are as given in Art. 11.2. 
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In this example, the- equations a—O, ^3—0, 7=0, 5=0 become 

<x:y +^““ 8 = 0 , 

. p\y — re = 0» 
y\x — 0.6^ = 0, 

5:2/ — rc = 0. 

By comparing these equations with the general equations in Art. 11.2, 

mi = — 1. /ii = 8. 

7712 = 1 . — 0 . 

VH =0.6. 

7714 == 1 ‘ 

Also, X = , evaluated for rr = 3.5 and 2 / = 4; so = 2.2. Using 

/ 35 ’ 
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these values to calculate A, JS, Z), and F, 

A = 1 . 6 , 

B = -^4, 

D = 3.2, 

E = 4.8, 

F - -8, 

Calculating the values of u, fc, c, and d from these numbers, by means of the 
general formulas given in Art. 11.2, 

c = 1.25, 
d = —\ .5, 
a = -^0.4375, 
b = 1.25. 
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Therefore the final equation of the curve is 

y = 1.25a: - 1.6 + -s/^OAZIox^ + 1.25x + 2.25. 

It is always advisable to check the given data. In this case, 
we check the points (0, 0), (4, 4), and (3.5, 4). Also, we check 
the slope at (0, 0) and (4, 4) by means of the derivative 

dx ' ^ 2 V-0.4375a:2 i 25a: + 2.25’ 

Notice that the formulas given in Art. 11.2 are quite general 
and include this very useful case of a conic determined by one 
point and two point slopes. 

Example 2. Determine the equation of the nose of the fuselage from the 
data given in Fig, 11.6. Let the control point be (15, 20). 
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The steps in the calculation of the constants are the same as in Example 1. 
The results are 

a:y — 0.05241X - 26.8554 = 0. 



^:y — 0.53: = 0. 



11 

o 



8:y — 0.53: =*= 0. 


K = 0.73359. 

A = 0.73359. 

a = -0.14559. 

mt = 0.05241. 

B = 0.26641. 

b = 36.608. 

mi = 0.6. 

D = 0.13099. 

c = -0.18158. 

ms = 0. 

E = 0. 

(Z = 0. 

mi = 0.5. 

F = —26.8554. 


hi = 26.8554. 




/)2 = 0 

y == — 0.18158:k + a/ — 0.145593;- + 36.6083:. 
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It is essential to check the given data. From this equation 
the curve can be plotted by ordinates. The control point can 
be varied to produce an infinite variety of shapes. 

11.6. The control point. The control point can be varied at 
will. Each position of the control point will result in a unique 
value of K, and therefore in a unique conic. A convenient 
method o^ selecting the control point is illustrated in Fig. 11.7. 

In Fig. 11.7, the point slopes at A and B are fixed. The point 
M is the mid-point of the line segment AB. The point B is 



the mid-point of the line segment CM. The control point is 
established on CM. The figure shows three positions for the 
control point :D,E, and P. The position at D yields a hyperbola, 
the position at E yields a parabola, and the position at F jdelds 
an ellipse. Let us define the ratio MP/CM as the p value of the 
conic, where P represents the position of the control point. It 
can be proved that the nature of the conic is determined as 
follows : 


P < ^. ellipse 

P = parabola 

p > ^. hyperbola 

With fixed point slopes at A and B it is therefore convenient 
to select a control point on CM and to designate the curve by 
the value of p. For example, p = 0.25 indicates a unique conic, 
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which happens to be an ellipse. Notice that only one value of 
p yields a parabola, namely,’ p = ^. 

11.6. The parabola. Consider the problem of determining a 
conic that is tangent to a given line at a given point, and is 
tangent to another given line at a given point. If these are the 
only restrictions on the curve, the control point is of no particular 
significance. A convenient control point for such a curve is 
one that yields a parabola. In this case the equation 

y — cx d + s/ ax^ + 6a; + d- . 

reduces to the special form 

y — m -s/x + nx, 

if the axes are taken as in Fig. 11.8. With the dimensions given 
in Fig. 11.8, the values of m.and n are 

2i 

m — — 

■s/r 

s - 2t 

n = 

This equation for a parabola can be derived as follows: From 
Figs. 11.8 and 11.4, 

s — t . 

a:y x — L 

. . r 

/3:y ~ ® a:, 

y'.x, 

S:y — - X. 

» r 

The equation of the family of conics with the point slopes as 
given in Fig. 11.8 is 

V J- 

K[y y j_x] -}-[y - ^ ~ ^ X - t] {x) = 0. 

^ ^ 3-2 + j I - tx = 0. 

r'^ 7 / \ r 

The conic will be a parabola if B~ — 4AZ) = 0, where A is the 
coefficient of x^, B is the coefficient of xy^ and 2) is the coefficient 
of y-. This condition yields 
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Substituting this value for K in the equation of the family of 



conics, and solving for y in terms of x, 

2t s - 2t 

+ - 1 ^ . 

This completes the derivation. 

Example. Find the equation of the parabola as determined in Fig. 11. 

+Y 



Referring to Fig.* ll.S and the formulas for m and n, 

r = 16, 
s = 18, 
t = 14, 

2t 

s 2t 


= -0.625, 
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The equation of the parabola is 

y = 7 ■\/x — 0.625j:. 

To check the given data, check the points (0, 0) and (16, 18) and 
check the slope at these two points by the formula 

dy m 

j ;= + 

dx 2 ■\/ X 

If the axes of reference are such that it is not convenient to 
use one of the tangents as the y axis, as was done in Fig. 11,9, it 
is best to use the general method as outlined in Art. 11.4. 


+Y 



Fia. 11.10. 


For parabolas of the type shown in Figs. 11.8 and 11.9, the 
control point is as shown in Fig. 11.10. 

In Fig. 11.10, M is the mid-point of OB and P is the mid-point 
of CM. The point P is the control point. Notice that 

PM/CM = p = 

11.7. Matching conics. Two circles are considered to be 
“matched” when they have a common tangent (see Fig. 11.11). 
In Fig. 11.11, the common tangent is the y axis, and the line of 
centers is the x axis. Although the tangents are identical at 
the origin, there is an abrupt change in the curvature at that 
point. The curvature of a circle is the reciprocal of its radius, 
and, since the radii of the two circles are different, their curva- 
tures are different. We use the word curvature hei’e to mean 
the rate of change of the direction of the tangent, as defined 
precisely in calculus. 
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If we replace one of the circles by a straight line, we have the 
situation shown in Fig. 11.12. This is similar to the railroad 
engineering problem of joining a straight track to a circular 


+Y 



track. An object moving along the straight line will acquire 
an acceleration as it meets the circular arc. In railroad engineer- 
ing certain transition curves are used to make the change in cur- 
vature from the straight line to the circle as gradual as possible. 

A somewhat similar situation arises when we attempt to match 
two conics (see Fig. 11.13). 



In Fig. 11.13, conic 1 is to be matched to conic 2. Usually 
this is accomplished by merely establishing the y axis as the com- 
raon tangent. That this is not sufficient to produce a matching 
of curvatures results from the fact that the curvature of a conic 
vanes from point to point on a conic. That the matching of 
curvatures is desirable follows from the discussion of the pre- 
ce ing paragraphs. Aerodynamic considerations demand that 
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the curvatures of conics 1 and 2 be the same at their common 
point, at least for certain critical places on the contour of the 
airplane. 

One method of stating the problem is as follows: Let us assume 
that conic 1 in Fig. 11.13 is a given conic, determined bj’’ two 
point slopes and a control point. It is required to find the equa- 
tion of a conic 2 that will 

1. Be tangent to conic 1 at the origin. 

2. Have the same curvature at the origin as conic 1. 


+Y 



3. Be tangent to a given line at a given point. Notice that 
an arbitrary control point cannot be assigned on conic 2. Such 
a control point would result in six conditions on conic 2. Only 
five conditions can be met by a conic. One method of solving 
this problem is illustrated in the following example. 

Example. Pind the equation of the conic as determined in Fig. 11.14. 
The radius of the circle of curvature is equal to the reciprocal of the curva- 
ture. The equation of the circle of curvature at the origin is 

X- — ■ffx = 0. 

Assume an c'quatinii of Ihe t.vpe 

.■la-2 4- Bjctj 4- Cy- 4- Dx = 0. 

Ordinarily a- conic, and a circle will intersect in four poiiit.s. In the ease of 
the circle of curvatxire, tliree of these points coincide, in this e.xamplc, at the 
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origin. We have the problem of sohang the above two equations so that 


+Y 



Fia. 11.14. 


three of the roots will be equal. In this case, 

_ _ 2^ 

so we have 

Ax^ -h Bxy + — 2» = 0. 

Let us make the conic pass through the point (3, 2). We obtain 

SA A-2B ^ - 10. 

Now differentiate' the equation of the conic implicitly: 

dy ___ —2Ax By 2 
dx Bx + 18t/ 

At the point (3, 2) the tangent is horizontal in Pig. 11.14. Therefore 

-6A - 25 + 2 = 0. 

Solving for A and B, 

A = 4, B = -11.. 

Tlie equation of the required conic is 

4;x^ — llxy + 9j/- — 2a: = 0. 

This conic it ill sQ.tisfy the following five conditions r 

1. Pass through the origin. 

2. Have a vertical tangent at the origin. 

3. Have a curvature of 9 at the origin. 

4. Pass through the point (3, 2). 

5. Have a slope of zero at (3, 2). 
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SUMMARY OF FORMULAS 


I. PLANE ANALYTIC GEOMETRY 

1. Length of the line segment Pi (a;i, yz). 

d = xzy + {yi ~~ y^y. 

2. Inclination of the line through P\{xi, yi) and Piixs, yi). 

^ - yi 

OL = tan 1 

^2 

3. Slope of the line through P\{x\, yi) and Pzixz, yz)- 


1/2 - yi 
m — 

Xz ~ Xi 

4. Point-slope equation of a straight line. 

y — yi - m{x — xi). 

5. Two-point equation of a straight line. 


y - yi = 


i/2 - i/1 
332 — Xi 


{X — Xi). 


6. Slope-intercept equation of a straight line. 

y = nil + b. 

7. Distance from the point Pi(xi, i/i) to the line y = 7nx -f b. 

, mxi ~ yi -h b 

d = . 

+ 1 


II. SOLID ANALYTIC GEOMETRY 

8. Direction ratios of the line through P i(xi, yi, ^i) and P 2 ( 2 : 2 , yz, z 

X 2 — xiiyz — yi-^-2 — zi- 

9. Tjcngth of the line segment Pi{xi, y\, Z\)Pi(Xi, yz, Zz). 

d = '\/ {Xz — ^i)" + (i/2 “ J/O" + (^2 — 
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10. Direction cosines of the line through 2 / 1 , 21 ) and ^ 2 (^ 2 , 2 / 2 , 


cos Oi 


" Xi 

' n / { x 2 — xi )^ + Oji — 2/0“ + (^2 — 


cos 


j/2 ~ l/l 

•\/ (a:2 — a:i)® +.(*/« — vO^ + (^2 — 


■\/ (xs — xi)^ -\- (1/2 — yi)~ + (^2 *" ^ 1 )® 


11 . True angle between two lines whose direction cosines are a, b, c axid 
d, e, f. 

COS ^ = ad A- + (f- 

12. True angle between two lines whose direction ratios are r:s:t ai d 
u:v:uK 

ru + sv + tiu 

cos 6 = — ;-=====. — - 

'V 


13 . True angle (0) between the line whose direction cosines are a, &, c 
and the plane, the direction cosines of a normal to the plane being d, a, /. 

cos (90° -- d) ^ ad + i>e + cf. 

14. True angle between two planes, the direction cosines of normals to 
the two planes being a, hy c and d, e, /. 

cos 0 = ad + be + c/. 

15. Direction ratios of a normal to a plane, the direction ratios of two lines 

in the plane being a, h, c and d, e, /. ■ 

If — ce:cd — cf:ae — hd, 

16. Normal form of the equation of a plane, the direction cosines of a 
normal to the plane being cos a, cos 0, cos y and the perpendicular distance 
from the origin to the plane being p. 

X cos oi + y cos j3 + s cos y = p. 

17. General form of the equation of a plane. 

Ax + By + + D =0. 

18. Equation of the plane determined by the point Pi(xiy y^j zl) and a 
normal to the plane, the direction ratios of the normal being a:b:c, 

a(x — Xi) + b(y — ^i) + c(z — Zi) = 0. 

19. Distance from the point PAxi, 7 / 1 , zi) to the plane 

X cos a: + ^ cos d + Z COS y — p. 
d — Xi cos (X + yi cos f3 + zi cos y — p. 
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20. Test for parallel planes. 

Aix + Biy + Ciz + jDi =0. 

A 2 X + B 2 IJ + C 2 Z 4- D-, = 0. 

^ 1 _ 

Ai ~ Ci 

21. Test for perpendicular planes. 

AiX "f" Biy "t“ C7 i2 Di =0. 

Asx + B2y + C^z + £>2=0. 

-<41^2 4“ BiB^ -j- C 1 C 2 = 0. 

22. Intercept form of the equation of a plane whose intercepts are a, b, c. 


23. Equations of a line. General form. 

A.iX -j” Biy C iz Di = 0, 

Aox + Boy + ^2^ + ‘Do — 0, 

24. Equations of a line. Projecting planes, 

Aix + Biy = Di, 

Aox 4" Goz = Z)2. 

25. Equations of a line through the point Pi(:ci, i/i, zi), and whose direction 
ratios are a:b:c.^ 

^1 y — 2/1 2 — 21 


26. Distance from the point Pi(a:i, yi, 2i) to the line‘P2(a:o, yo, zo)PAxz, ya, 
Zz), where 6 is the true angle between PiPo and P2P3. 

d = PiPo sin 6, 

27. Shortest distance between the lines AB and CD, wdiere Pi(a;u yu ^ 1 ) 
is any point on AB, p 2 (xo, y >, ^2) is any point on CD, and cos cx, cos cos y 
are the direction cosines of a normal to AB and CD. 

d — (xi — Xo) cos « 4- (yi ■— yo) cos + (21 — zo) cos y. 

28. Direction ratios of the bisector of the angle between two lines whose 
direction cosines are a:b:c and d:e:f. 

a + d:b A- c:c + f* 

29. Equations for translating axes, 

x' — X — h. 
y' = y — k. 

^ z — L 
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30. Rotation of axes equations. Riggetl to wing reference plane. 

Xte = X <-*os + z sin 4>. 

l/w == !/. 

= —X sin </> + 2: cos 4>, 

31. Rotation of axes equations. \Ying reference plane to rigged. 

X Xti* cos ^ “ Zto sin 
y *= y..- 

z == Xu^ sin <}> + Ziff cos 0. 

32. Rotation of axes equations. Rigged to vertical stabilizer, 

Xv = X cos 5 + Z/ sin 8, 

= —X sin 5 + Z/ 

Zv = -2. 

33. Rotation of axes equations. Vertical stabilizer to rigged. 

X == Xv COS 5 — yt, sin 5. 
y = a;r sin 8 + cos 5. 
z = Zv. 

34. Rotation of axes equations. Rigged to nacelle. 

Xn — X. 

Vn y cos 8 — z sin 5. 

Z7X = y sin 8 A- z cos 8. 

35. Rotation of axes equations; Nacelle to rigged, 

X == Xri^ 

y == yn cos 8 + z,, sin 5. 

Z — T/n sin 5 + cos 5. 

36. Rotation of axes equations. Rigged to horizontal stabilizer. 

Xh =*= X. 

Vh — y cos d — z sin 0, 

zt^ = y sin B + z cos 0. 

37. Rotation of axes equations. Horizontal stabilizer to rigged. 

X = Xh^ 

y = Uh cos 6 + zh sin B. 
z = —yn sin B -p Zh cos Q, 

3S. Rotation of ax(‘s equations. Rigged to wing chord plane. 

Xjv = X cos <t> IJ sin (t> sin B A- z sin <p cos 0. 

Vw “ y cos d — z sin S. 

Zu, ^ X sin A^ y cos 4 * siu $ A- z cos 4> cos B. 
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39. Rotation of axes equation. Wing chord plane to rigged. 

X = Xw cos (}> — Zu- sin <#>. 

y = Xu- sin 0 sin 0 + y„. cos d +’ 2 „ cos <j> sin ff. 
z = Xw sin </> cos 0 — iju- sin 6 + Zu cos ct> cos S. 

40. General equation of a conic. 

Ax^ + Bxy + Cif- + Dx+Ey + P = 0. 
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10 

.07285 

13.7267 

.09042 

11. 0594 j 

.10805 

9.25530 

. 12574 

7.95302 

60 

11 

.07314 

13.6719 

.09071 

11.0237- 

.10834 

9.23016 

.12603 

7.93438 

49 

12 

.07344 

13.6174 

.09101 

10.9882: 

.10863 

9.20516 

. 12633 

7.91582 

48 

13 

.07373 

13.6634 

.09130 

19.9529- 

.10893 

9.18028 

.12662 

7 . 89734 

47 

14 

.07402 

13.5098 

.09159 

10.9178 

.10922 

9.15554 

,12692 1 

7.87895 

46 

15 

.07431 

13.4566 

.09189 

10.8829 

.10952 

9.13093 

.12722 1 

7 . 86064 

45 

16 

.07461 

13.4039 

.09218 

10.8483 

.10981 

9.10646 

.12751 

7,84242 

44 

17 

.07490 

13.3615 

.09247 

10.8139 

.11011 

9.08211 

. 12781 

7.82428 

43 

18 

.07519 

13.2996 

.09277 

10.7797 

.11040 

9.05789 

.12810 

7.80622 

42 

19 

.07548 

13.2480 

.09306 

10.7457 

.11070 

9.03379 

. 12840 

7.78825 

41 

20 

.07578 

13.1969 

.09335 

10.7119 

.11099 

9.00983 

. 12869 

7 . 77036 

40 

21 

.07607 

13.1461 

.09365 

10.6783 

.11128 

8.98598 

.12899 

7.75264 

39 

23 

.07636 

13.0958 

.09394 

16.64601 

.11158 

8.96227 

. 12929 

7.73480 

38 

23 

.07665 

13.0458 

.09423 

10.61181 

.11187 

8.93867 

. 12958 

7.71715 

37 

24 

.07695 

12.9962 

.09453 

10.5789 i 

.11217 

8.91620 

.12988 

7.69967 

36 

25 

.07724 

12.9469 

.09482 

10.5462! 

.11246 

8.89185 

.13017 

7.68208 

.35 

26 

.07753 

12.8981 

.09511 

10.51361 

.11276 

8.86862 

. 13047 

7.66466 

34 

27 

.07782 

12.8496 

.09541 

10.4813), 

.11305 

8.84551 

. 13076 

7.64732 , 

33 

28 

.07812 

12.8014 

.09670 * 

10.4491 \ 

.11335 

8.82252 

.13106 

7.63006 

32 

29 

.07841 

12.7536 

.09600 

10.4172 1 

.11364 

8.79964 

.13136 

7.61287 

31 

30 

.07870 

12.7062 

..09629 

10.3854 J 

.11394 

8.77689 

.13165 

7.59676 

30 

31 

.07899 

12.6591 

.09658 

10.3538 !' 

.11423 

8.75425 

-13195 

7.57872 

29 

33 

.07929 

12.6124 

.09688 

10.3224 ;i 

.11452 

8.73172 

.13224 

7.56176 

28 

33 

.07958 

12.5060 

.09717 

10.2913 i| 

.11482 

8.70931 

. 13254 

7.54487 1 

27 

34 

.07987 

12.6199 

.09746 

10.2602 l! 

.11511 

8.68701 

- 13284 

7.62806 

26 

35 

.08017 

12 , 4742 

.09776 

10.2294 ; 

.11541 

8.66482 

-13313 

7.51132 

25 

36 

.08046 

12.4288 

.09805 

10.1988 1 

.11570 

8.64276 

. 13343 

7.49465 

24 

37 

.08075 

12.3838 

.09834 

10.1683 

.11600 

8.62078 

. 13372 

7.47806 

23 

38 

.08104 

12,3390 

.09864 

10.1381 i 

.11629 

8.69893 

. 13402 

7.46154 

22 

39 

.08134 

12.2946 

.09893 

10.1080 I 

.11659 

8.57718 

. 13432 

7.44509 

21 

40 

.08163 

12.2505 

.09923 

10.0780 

.11688 

8.55555 

. 13461 

7.42871 

20 

41 

.08192 

12.2067 

.09052 

10.0483 

.11718 

8.5:Mn2 

, 13491 

7.41240 

19 

42 

.08221 

12.1632 

.09981 

10.0187 

.11747 

8 . ol — o9 

. 13521 

7.39616 

18 

43 

.08251 

12.1201 

.10011 

9.989311 

.11777 

8.4;)'.:^S 

. 13550 

7.37999 

17 

44 

.08280 

12.0772 

. 10040 

9.96007! 

.11806 

8. 47007 

. 13580 

7.36389 

16 

45 

.08309 

12.0346 

. 10069 

9.931011 

.11836 

8.-14S;)r. 

- 13669 

7.84786 

15 

46 

,08339 

11.9923 

. 10099 

9.90211 

.11865 

8.427‘!5 

. 13639 

7.33190 

14 

47 

.08368 

11.9504 

.10128 

9. 87338; 

.11895 

8.40705 

- 13669 

7.31600 

13 

48 

.08397 

1 1 . 9087 

.10168 

9 . 84482: 

.11924 

8 . .'-JStiJo 

. 13698 

7.30018 

12 

49 

.08427 

11.8673 

.10187 

9.81641! 

.11964 

8 . 36.';.55 

. 13728 

7.28442 

11 

50 

.08456 

11.8262 

.10216 

9,7S817j 

.11983 

8.34196 

. 13758 

7.26873 

10 

51 

.08485 

11.7853 

.■:Q246 

9,76009' 

.12013 

8.32446 

. 1.37.S7 

7.25310 

g 

52 

.08514 

11.7448 

. 0275 

9.73217: 

. 12042 

8.30406 

■. 13817 

7.23754 

8 

53 

.08644 

11.7045 

. : 0305 

9.70441 

. 12072 

8.28376 

. l:is-i6 

7.22204 

7 

54 

.08573 

11.6645 

. i 0334 

9 . 67680: 

.12101 

8.26356 

- i:itt#6 

7.20661 

6 

55 

.08602 

11.6248 

. : 

9.64935 

.12131 

8.24345 

. 1:v.<(!6 

7. 19125 

6. 

56 

.08632 

11.5853 

. : 0393 

9.622051 

.12160 

8.22344 

. i:j5j;i.=i 

7. 17694 

4 

57 

.08661 

11.5461 

. :0122 

9 . 69490' 

,12190 

8.20352 

. 1.300."> 

7. 16071 

3 

58 

.08690 

1 1 . 6072 

. ' 0-1 .-32 

9.56791! 

.12219 

8.18370 

. 135)05 

7. 14553 

2 

59 

.08720 

11.4685 

. : 0-1 1. 

9.64106' 

. 12249 

8.16398 

. l'0!-l 

7. 13042 

1 

60 

.08749 

11.4301 

. i0510 

! 9.51436| 

. 12278 

8.14435 

. 140.54 

7. 11637 

0 
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tan 

cotan 

tan 

cotan 

tan 

cotan 

tan 

cotan 

/ 

0 

. 14054 

7.11537 

: .15838 

6.31375 

.17633 

5.6712S 

, 19438 

5 . 14455 

60 

1 

. 14084 

7 . 1003S 

.15808 

6.30189 

. 17663 

5.66165 

. 19468 

5. 1365S 

59 

2 

.14113 

7.08546 

, .15398 

6.29007 

. 17693 

5.65205 

. 19498 

5.12862 

58 

3 

.14143 

7.07059 

, .15928 

6.27829 

. 17723 

5.64248 

.19529 

5.12069 

57 

4 

, 14173 

7.05579 

; .15958 

6.26655 

. 17753 

5.63295 

.19559 

5.11279 i 

56 

5 

.14202 

7.04105 

.15988 

6.25486 

. 17783 

5.62344 

.19589 

5 . 10490 

55 

6 

, 14232 

7 . 02637 

.16017 

6.24321 

. 17813 

5.61397 

.19619 

5.09704 

54 

7 

. 14262 

7.01174 

.16047 

6.23160 

. 17843 

5 . 60452 

.19649 

5.08921 

53 

8 

. 14291 

6.99718 

.16077 

. 6.22003 

, 17873 

6.59511 

.19680 

5.08139 ' 

52 

9 

. 14321 

6.98268 

.16107 

6.20851 

, 17903 

5.58573 

.19710 

5.07360 1 

51 

10 

. 14351 

6.96823 

1 .16137 

1 

6.19703 

. 17933 

5.57638 

. 19740 

5.06584 I 

50 

11 

. 14381 

6,95385 

I .16167 

6.18559 

. 17963 

5.56706 

. 19770 

5.05809 

49 

12 

. 14410 

6.93952 

.16196 

6.17419 

. 17993 

5.55777 

. 19801 

5.05037 

48 

13 

. 14440 

6.92525 

. 16226 

6.16283 

.18023 

5.54S51 

. 19831 

5.04267 

47 

14 

. 14470 

6.91104 

. 16256 

6.15151 

. 18053 

5.53927 

.*19861 

5.03499 

46 

15 

. 14499 

6.89688 

. 16286 

6.14023 

. 18083 

5.53007 

.19891 

5.02734 

45 

16 

. 14529 

6.88278 

.16316 

6.12899 

.18113 

5.52090 

. 19921 

5.01971 

44 

17 

. 14559 

6.86874 

. 16346 

6.11779 

, 18143 

5-51176 

. 19952 

5.01210 

43 

18 

. 14588 

6.85475 

. 16376 

6.10664 

. 18173 

5.50264 

. 19982 

5.00451 

42 

19 

.. 14618 

6.84082 

. 16405 

6.09552 

. 18203 

5.49356 

.20012 

4.90695 

41 

20 

. 14648 

6.82694 

j 

. 16435 

6.08444 

.18233 

6.48461 

.20042 

4.98940 

40 

21 

. 14678 

6.81312 

.16465 

6.07340 

.18263 

6.47548 

.20073 

4.98188 

39 

22 

. 14707 

6.79936 

.16495 

6.06240 

. 18293 

5.46648 

.20103 

4.97438 

38 

23 

. 14737 

6.78564 

. 16525 

6.05143 

.18323 

5.45761 

.20133 

4.96690 

37 

24 

. 14767 

6.77199 

.16555 

6.04051 

.18353 

5.44867 

.20164 

4.95945 

36 

25 

. 14796 

6.75838 

. 16585 

6.02962 

. 18383 

5.43966 

.20104 

4.96201 

35 

26 

. 14826 

6.74483 

.16615 

6.01878 

. 18414 

6.43077 

.20224 

4.94460 

34 

27 

. 14856 

6.73133 

, 16645 

! 6.00797 

. 18444 

5.42192 

.20254 

4.93721 

33 

28- 

. 14886 

6.71789 

.16674 

5.99720 

. 18474 

5.41309 

.20285 

4.929S4 

32 

29 

.14915 

! 6.70460 

.16704 

1 5.98646 

. 18504 

5.40429 

.20315 

4.92249 

31 

30 

.14945 

6.69116 

; 16734 

5.97576 

.18534 

5.39552 

.20345 

4.91516 

30 

31 

.14975 

6.67787 

. 16764 

5.96510 

.18564 

5.88677 

.20376 

4.90785 

29 

32 

.15005 

6.66463 

.16794 

5.95448 

.18594 

5,37805 

.20406 

4.90056 

28 

33 

.15034 

6.65144 

.16824 

5.94390 

. 18624 

5.36936 

.20436 

4.89330 

27 

34 

.15064 

6.63831 

.16854 

5.93335 

.18664 

5.36070 

.20466 

4.88605 

26 

35 

,15094 

6.62523 

.16884 

5.92283 

.18684 

5.35206 

. 20497 

4.87882 

25 

36 

.15124 

6.61219 

.16914 

5.91235 

, 18714 

5.34345 

.20527 

4.87162 

24 

37 

.15153 

6.59921 

.16944 

5.90191 

.18745 

5.33487 

.20557 

4.86444 

23 

38 

.15183 

6.58627 

.16974 

5.89151 

.18775 

5.32631 

.20588 

4.85727 

22 

39 

.15213 

6.57339 

. 17004 

5.88114 

.18805 

5.31778 

.20618 

4.85013 

21 

40 

.15243 

6.56055 

. 17033 

5.87080 

.18835 

5.3092S 

.20648 

4.84300 

20 

41 

1 .16272 

6.54777 

. 17063 

5.86051 

. 18865 

5.30080 

.20679 

4.83590 

' 19 

42 

.15302 

6.53503 

.17093 

6.85024 

. 18805 

5.29235 

.20709 

4.82SS2 

18 

43 

.15332 

6.52234 

.17123 

5.84001 

.18925 

5.28393 

.20739 

4.82175 

17 

44 

.16362 

6.50970 

.17153 

5.82982 

. 18955 

5.27553 

.20770 

4.81471 

IG 

45 

.15391 

6.49710 

.17183 

5.81966 

. 18986 

5.26715 

.20800 

4.80769 

15 

46 

.15421 . 

6.48456 

.17213 

5.S0953 

.19016 

5.25880 

.20830 

4.80068 

14 

47 

.15451 

6.47206 

. 17243 

5.79944 

. 10046 

5.25048 

.20861 

4.79370 

13 

48 

.15481 

6.45961 

. 17273 

5.78938 

. 10076 

5.24218 

.20891 

4.78673 

12 

49 

.15511 

6.44720 

. 17303 

5.77936 

.19106 

5.23391 

.20921 

4.77978 

11 

50 

. 15540 

6.43484 

.17333 

5.76937 

.19136 

5.22566 

.20952 

4.77286 

10 

51 

. 15570 

6.42253 

.17363 

5.75941 

.19166 

5.21744 

.20982 

4.76595 

9 

52 

. 16600 

6.41026 

, 17393 

5.74949 

.19197 

5.20925 

.21013 

4.75906 

S 

53 

. 15630 

6.39804 

. 17423 

5.73960 

. 19227 

5.20107 

.21043 

4.75219 

7 

54 i 

. 15660 

6.38587 

. 17453 

5.72974 

. 19257 

5.19293 

.21073 

4.74534 

6 

55 

. 15689 

6.37374 

. 17483 

5.71992 

. 19287 

5.18480 

.21104 

4.73851 

5 

56 

. 15719 

6.36165 

.17513 

5.71013 

.19317 

5.17671 

.21134 

4.73170 

4 

57 

. 15749 

6.34961 

. 17543 

5.70037 

.19347 

5.16863 

.21164 

4 . 72490 

3 

58 

. 15779 

6.33761 

. 17573 

5 . 69064 

.19378 

5.1605S 

.21195 

4.71813 

2 

59 

. 15809 

6.32566 

. 17603 

5 . 68094 

.19408 

5.15256 

.21225 

4.71137 

1 

60 

, 16838 

6.31375 

. 17633 

5.67128 

. 19438 

5.14455 

.21256 

4.70463 

0 
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tan 
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0 

,21256 

4,70463 

.23087 

4,33148 

.24933 

4.C1078 

.26795 

3.73205 

60 

1 

.21286 

4.69791 

.23117 

4.32573 

.24964 

4.00582 

.26826 

3.72771 

59 

2 

.21316 

4.69121 

.23148 

4.32001 

.24995 

4.00086 

.26857 

3.72338 

68 

3 

-21347 

4.68452 

.23179 

4.31430 

.26026 i 

3.99592 

.26888 

3.71907 

57 

4 

.21377 

4.67786 

. 23209 

4.30860 

.25056 

3.99099 

.26920 

3.71476 

56 

5 

,21408 

4.67121 

.23240 

4.30291 

.25087 

3.98607 

.23951 

3.71046 

55 

6 

-21438 

4.66458 

.23271 

4.29724 

.25118 

3.98117 

.23982 

3.70616 

54 

7 

.21469 

4.65797 

.23301 

4.29159 

.25149 

3.97627 

.27013 

3.70188 

53 

8 

.21499 

4.65138 

.23332 

4.28595 

.25180 

3.97139 

.27044 

3.69761 

52 

9 

.21529 

4.64480 

.23363 

4.28032 

.25211 

3.96651 

.27076 

3.69335 

61 

10 

.21560 

4.63825 

.23393 

4.27471 

.25242 

3.96165 

.27107 

3.68909 

50 

11 

.21590 

4.63171 

.23424 

4.26911 

.25273 

3.95680 

.27138 

3.68485 

49 

12 

.21621 

4.62518 

.23456 

4.26352 

.25304 

3.95196 

.27169 

3.68061 

48 

13 

.21651 

4.61868 

.23485 

4.25795 

.25336 

3.94713 

.27201 

3 . 67638 

i 47 

14 

.21682 

4.61219 

.23516 

4.25239 

.25366 

3.94232 

.27232 

3.67217 

46 

15 

.21712 

4. 60572 

.23547 

4.24685 

.25397 

3.93751 

.27263 

3.66796 

45 

16 

.21743 

4.69927 

.23578 

4.24132 

.25428 

3.93271 

. 27294 

3.66376 

i 44 

17 

.21773 

4.59283 

- 23608 

4.23580 

.25459 

3.92793 

.27326 

3 . 65957 

1 43 

18 

.21804 

4.58641 

.23639 

4.23030 

.25490 

3.92316 

. 27357 

3 . 65638 

I 42 

19 

.21834 

4.58001 

.23670 

4.22481 

.25521 

3.91839 

. 27388 

3.65121 

' 41 

20 

.21864 

4.57363 

.23700 

4.21933 

.26552 

3.91364 

.27419 

3 . 64705 

i 40 

21 

.21895 

4.56726 

.23731 

4.21387 

.25583 

3.90890 

.27451 

3.64289 

1 39 

22 

.21925 

4.56091 

.23762 

4.20842 

.25614 

3.90417 

.27482 

3 . 63874 

38 

23 

.21956 

4.55458 

. 23793 

4.20298 

.25645 

3.89945 

.27513 

3.63461 

37 

24 

.21986 

4.54826 

.23823 

4.19756 

.25676 

3 . 89474 

. 27545 

3.63048 

36 

25 

.22017 

4,54196 

.23854 

4.19215 

.25707 

3,89004 

. 27676 

3.62636 

35 

26 

.22047 

4.53568 

.23885 

4.18675 

.25738 

3.88536 

. 27607 

3 . 62224 

34 

27 

.22078 

4.52941 

.23916 

4.18137 

.25769 

3 . 88068 

. 27638 

3.61814 

33 

28 

.22108 

4.52316 

.23946 

4.17000 

.25800 

3.87601 

. 27670 

3.61405 

32 

29 

.22139 

4.51693 

.23977 

4.17064 

.25831 

3.87136 

.27701 

3.60996 

31 

30 

.22169 

4.51071 

.24008 

4.16530 

.25862 

3.86671 

. 27732 

3.60588 

30 

31 

.22200 

4.50451 

.24039 

4.15997 

.25893 

3.86208 

. 27764 

3.60181 

' 29 

32 

.22231 

4.49832 

.24069 

4.16465 

.25924 

3.85745 

. 27795 

3.69775 

28 

33 

.22261 

4.49215 

.24100 

4.14934 

.25955 

3.85284 

. 27826 

3.69370 

27 

34 

.22292 

4.48600 

.24131 

4.14405 

.25986 

3 . 84824 

. 27858 

3 . 58966 

26 

35 

.22322 

4.47986 

.24162 

4.13877 

.26017 

3.84364 

. 27889 

3 . 58562 

25 

36 

.22353 

4.47374 

.24193 

4.13350 

.26048 

3 . 83906 

. 27920 

3.58160 

24 

37 

.22383 

4:46764 

.24223 

4.12825 

.26079 

3 . 83449 

. 27962 

3 . 57753 

23 

38 

.22414 

4.46155 

.24254 

4.12301 

.26110 

3.82992 

. 27983 

3.57357 

22 

39 

.22444 

4.45548 

,24285 

4.11778 

.26141 

3.82537 

.28015 

3.56957 

21 

40 

.22476 

4.44942 

.24316 

4.11266 

.26172 

3 . 82083 

. 28046 

3.56557 

20 

41 

.22505 

4.44338 

.24347 

4.10736 

.26203 

3.81630 

. 28077 

3.56159 

19 

42 

.22536 

4.43735 

.24377 

4.10216 

.26235 

3.81177 

.28109 

3.55761 

18 

43 

.22567 

4.43134 

.24408 

4.09699 

.26266 

3 . 80726 

.28140 

3 . 55364 

17 

44 

.22597 

4.42534 

.24439 

4.09182 

.26297 

3 . 80276 

.28172 

3.54968 

16 

45 

.22628 

4.41936 

.24470 

4.08666 

.26328 

3.79827 

, 28203 

3 . 54573 

15 

46 

.22668 

4.41340 

.24501 

4.08152 

.26359 

3.79378 

. 28234 

3.54179 

14 

47 

.22689 

4.40745 

.24532 

4.07639 

.26390 

3.78931 

. 28266 

3.53785 

13 

48 

.22719 

4.40152 

.24562 

4.07127 

.26421 

3.78485 

. 28297 

3.53393 

12 

49 

.22750 

4.39560 

.24593 

4.06616 

.26452 

3.78040 

.28329 

3.53001 

11 

50 

.22781 

4.38969 

.24624 

4.06107 

.26483 

3.77695 

.28360 

3.52609 

10 

51 

.22811 

4.38381 

.24655 

4.05599 

.26515 
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.32492 

3.07768 

. 34433 
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3.44576 

.30923 

3.23381 

.32846 
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2.47509 

.42447 

2.35585 
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2.69831 
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.71417 

1.40022 

28 

33 

.63830 

1 . 56667 

.66314 

1.50799 

.68857 

1.45229 

.71461 

1.39936 

27 

34 

.63871 

1 . 56566 

.66356 

1.60702 

.68900 

1.45138 

.71505 

1.39850 

26 

35 

.63912 1 

1 . 56466 

.66398 

1.60607 

. 68942 

1.45049 

.71549 

1.39764 

25 

36 

.63953 

1.56366 

.66440 

1.50512 

.68985 

1.44958 

.71593 

1.39679 

24 

37 

.63994 

1 . 56265 

.66482 

1.50417 

..69028 

1.44868 

.71637 

1.39593 

23 

38 

.64035 

1.56165 

.66524 

1.60322 

•.69071 

1.44778 

.71681 

1 .*39507 

22 

39 

.64076 

1 . 56065 

. 66566 

1.60228 

.69114 

1.44688 

.71725 

1.39421 

21 

40 

.64117 

1 . 55966 

. 66608 

1.50133 

.69157 

1.44598 

.71769 

1.39336 

20 

41 

.64158 

1 . 55866 

. 66650 

1.60038 

.69200 

1.44508 

.71813 

1.39250 

19 

42 

.64199 

1 . 55766 

. 66692 

1.49944 

.69243 

1.44418 

.71857 

1.39165 

IS 

43 

. 64240 

1 . 55666 

. 66734 

1.49849 

.69286 

1.44329 

.71901 

1.39079 

17 

44 

. 64281 

1 . 55567 

. 66776 

1.49755 

.69329 

1.44239 

.71946 

1.38994 

16 

46 

.64322 

1 . 55467 

. 66818 

1.49661 

.69372 

1.44149 

.71990 

1.38909 

15 

46 

.64363 

1.55368 

. 66860 

1.49566 

.69416 

1.44060 

.72034 

1.38824 

14 

47 

•64404 

1.65269 

. 66902 

1.49472 

.69459 

1.43970 

.72078 

1.38738 

13 

48 

. 64446 

1.55170 

.66944 

1.49378 

.69502 

1.43881 

.72122 

1.38653 

12 

49 

. 64487 

1.55071 

.66986 

1.49284 

.69545 

1.43792 

.72166 

1.38568 

11 

50 

. 64528 

1 . 54972 

.67028 

1.49190 

.69688 

1.43703 

.72211 

1.38484 

10 

51 

. 64569 

1.54873 

.67071 

1.49097 

.69631 

1.43614 

.72255 

1.38399 

9 

52 

.64610 

1 . 54774 

.67113 

1 . 49003 

.69675 

1.43525 

.72299 

1.38314 

8 

53 

. 64652 

1 . 54675 

.67165 

1.48909 

.69718 

1.43436 

.72344 

1.38229 

7 

54 

. 64693 

1 . 54576 

.67197 

1.48816 

.69761 

1.43347 

.72388 

1.38145 

6 

55 

. 64734 

1 . 54478 

.67239 

1.48722 

.69804 

1.43258 

.72432 

1.38060 

5 

56 

. 64775 

1 . 54379 

. 67282 

1.48629 

.69847 

1.43169 

.72477 

1.37976 

4 

57 

.64817 

1 . 54281 

.67324 

1.48536 

.69891 

1.43080 

.72521 

1.37891 

3 

58 

. 64858 

1.54183 

. 67366 

1.48442 

.69934 

1 . 42992 

. 72565 

1.37807 

2 

59 

. 64899 

1 . 54085 

. 67409 

1 . 48349 

.69966 

1.42903 

.72610 

1.37722 

1 

60 

.64941 

1 . 53986 

.67451 

1.48256 

,70021 

1.42815 

.72654 

1.37638 

0 
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APPENDIX 


33“ I 37“ II 38“ 39“ 

tan I cotaa. tan I cotan tan I cotan tan j cotan 


0 72654 1.37G38 .75355 1.32704 .78129 1,27994 .80978 1.23490 60 

1 .72699 1.37554 .75401 1.32624 .78175 1,27917 .81027 1.23416 59 

2 .72743 1.37470 .75447 1.32544 .78222 1.27841 .81075 1.23343 58 

3 .72788 1.37386 .75492 1.32464 .78269 1.27764 .81123 1.23270 57 

4 . 72832 1.37302 . 75538 1.32.384 . 78316 1.27688 . 81171 1.23196 56 

5 .72877 1.37218 .75584 1.32304 .78363 1.27611 .81220 1.23123 55 

6 .72921 1.37134 .75629 1.32224 .78410 1.27535 .81268 1.23050 54 

7 .72966 1.37050 .75675 1.32144 .78457 1.27458 .81316 1.22977 53 

8 .73010 1.36967 .75721 1.32064 .78504 1.27382 .81364 1.32904 52 

9 .73055 1.36883 .75767 1.31984 .78551 1.27306 .81413 1.22831 51 

LO .VSlOO 1.36800 .75812 1.31904 .78598 1.27230 .81461 1. 22758 ,50 

11 .73144 1.36716 .75858 1.31825 .78645 1.27153 .81510 1.22685 49 

12 .73189 1.36633 .75904 1.31745 .78692 1.27077 .81558 1.22612 48 

13 .73234 1.36549 .75950 1.31666 .78739 1.27001 .81606 1.22539 47' 

14 .73278 a. 36466 .75996 1.31586 .78786 1.26925 .81655 1.22467 46 

15 .73323 1.36383 .76042 1.31507 .78834 1.26849 .81703 1.22394 45 

16 .73368 1.36300 .76088 1.31427 .78881 1.26774 .81752 1.22321 44 

17 .73413 1.36217 .76134 1.31348 .78928 1.26698 .81800 1.22249 43 

18 .73457 1.36133 .76180 1.31269 .78975 1.26622 .81849' 1.22176 42 

19 .73502 1.36051 .76226 1.31190 .79022 1.26546 .81898 1.22104 41 

20 .73547 1.35968 .76272 1.31110 .79070 1.26471 .81946 1.22031 40 

21 .73592 1.35885 .76318 1.31031 .79117 1.26395 .81995 1.21959 39 

22 ^73637 1.35802 .76364 1.30952 .79164 1.26319 .82044 1.21886 38 

23 .73681 1.35719 .76410 1.30873 .79212 1.26244 .82092 1.21814 37 

24 .73726 1.35637 .76456 1.30795 .79259 1.26169 .82141 1.21742 36 

25 .73771 1.35554 .76502 i 1.30716 .79306 1.26093 .82190 1.21670 35 

26 .73816 1.35472 . 7654F' / 1 .30637 .79354 1.26018 .82238 1.21598 34 

27 .73861 1.85389 .76594 1.30558 .79401 1.25943 .82287 1.21526 33 

28 .73906 1:35307 .76640 1.30480 .79449 1.25867 .82336 1.21454 32 

29 . 73951 1.35224 . 76686 1.30401 .79496 1‘. 25792 .82385 1.21382 31 

30 .73996 1,35142 .76733 1.30323 .79644 1.26717 .82434 1.21310 30 

31 .74041 1.35060 .76779 1.30244 .79591 1.25642 .82483 1.21238 29 

32 .74086 1.34978 .76825 1.30166 .79639 1.25567 .82531 1.21166 28 

33 .74131 1.34896 .76871 1.30087 .79686 1.25492 .82580 1.21094 '27 

34 .74176 1.34814 .76918 1.30009 .79734 1.25417 .82629 1.21023 26 

35 .74221 1.34732 .76964 1.20931 .79781 1.25343 .82678 1.20951 26 

36 .74267 1.34650 .77010 1.29853 .79829 1.25268 .82727 1.20879 24 

37 .74312 1.34568 .77057 1.29775 *.79877 1.25193 .82776 1.20808 23 

38 .74357 1.34487 .77103 1.29696 79924 1.26118 .82826 1.20736 22 

39 .74402 1.34405 .77149 1,29618 .79972 1.25044 .82874 1.20665 21 

40 .74447 1.34S23 .77196 1.29541 .80020 1.24969 .82923 1.20593 20 

41 .74492 1.34242 .77242 1.29463 ,80067 1.24895 .82972 1.20522 19, 

42 .74538 1.34160 .77289 1.29385 .80115 1.24820 .83022 1.20451 18 

43 .74583 1.34070 .77335 1.29307 .80163 1.24746 .83071 1.20379 17 

44 .74628 1.33998 .77382 1.29229 .80211 1.24672 .83120 1.20308 16 

45 .74674 1.33916 .77428 1.29152 .80258 1.24597 .83169 1,20237 15 

46 .74719 1.33835 .77475 1.29074 .80306 1.24523 .83218 1.20166 14 

47 .74764 1.33754 .77521 1.28997 .80354 1.24449 .83268 1.20095 13 

48 .74810 1.33673 .77568 1.28919 .80402 1.24375 .83317 1.20024 12 

49 .74855 1.33592 .77615 1.28842 .80450 1.24301 .83366 1.19953 11 

50 .74900 1.33511 .77661 1.28764 .80498 1.24227 .83415 1.19882 10 

51 .74946 1.33430 .77708 1.28687 .80546 1.24153 .83465 1.19811 9 

52 .74991 1.33349 .77754 1.28610 .80594 1.24079 .83514 1.19740 8 

53 .75037 1.33268 .77801 1.2S533 ,80642 1.24005 .83564 1.19669 7 

54 .75082 1.33187 .77848 1.28456 .80690 1.23931 .83613 1.19599 6 

55 .75128 1.33107 .77895 1.28379 .80738. 1.23858 .83662 1.19528 5 

56 .75173 1.33026 .77941 1.28302 .80786 1.23784 .83712 1.19457 4 

57 .75219 1.32946 .77988 1.28225 .80834 1.23710 .83761 1.19387 3 

58 ,75264 1.S2S65 .78035 1.28148 .80882 1.23637 .83811 1.19316 2 

69 .75310 1.32785 .78082 1.28071 .80930 1.23563 .83860 1.19246 1 

60 .75355 1.32704 .78129 1.27994 .80973 1.23490 .83910 1.19175 0 
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II 41'’ 1 

II 42° 1 

11 43° 



tan 

cotan 

tan 

cotan 

tan 

cotan 

tan 

cotan 


0 

.83910 

1.19175 

.86929 

1 . 15037 

.90040 

1.11061 

.93252 

1 . 07237 

60 

1 

.83960 

1.19105 

.86980 

1 . 14969 

.90093 

1.10996 

.93306 

1.07174 

59 

2 

.84009 

1 . 19035 

.87031 

1 . 14902 

.90146 

1.10931 

.93360 

1.07112 

58 

3 

.84059 

1 . 18964 

.87082 

1 . 14834 

.90199 

1 . 10867 

.93415 

1 . 07049 

57 

4 

.84108 

1.18894 

.87133 

1 , 14767 

.90251 

1 . 10802 

.93469 

1.06987 

56 

5 

.84158 

1 . 18824 

.87184 

1.14699 

.90304 

1.10737 

.93524 

1 . 06925 

55 

6 

.84208 

1 . 18754 

.87236 

1 . 14632 

.90357 

1 . 10672 

.93578 

1 . 06862 

54 

7 

.84268 

1 . 18684 

.87287 

1 . 14565 

.90410 

1.10607 

,93633 

1 . CG800 

53 

8 

.84307 

1.18614 

.87338 

1.14498 

.90463 

1 . 10543 

.93688 

1.0673S 

52 

9 

.84357 

1 . 18544 

.87389 

1 . 14430 

.90516 

1.10478 

.93742 

1 . 06676 

51 

10 

.84407 

1 . 18474 

.87441 

1 . 14363 

.90569 

1 . 10414 

.93797 

1.06613 

50 

11 

.84457 

1 . 18404 

.87492 

1 . 14296 

.90621 

1 . 10349 

.93852 

1.06551 

49 

12 

.84507 

1 . 1C334 

.87543 

1.14229 

.90674 

1.10285 

.93906 

1.C64S9 

48 

13 

.84556 

1 . 1G264 

.87595 

1.14162 

.90727 

1 . 10220 

.93961 

1.06427 

47 

14 

.84606 

1.18194 

.87646 

1.14095 

.90781 

1.10156 

.94016 

1.06365 

46 

15 

.84666 

1.10125 

.87698 

1.14028 

.90834 

1.10091 

.94071 

1.C6303 

45 

16 

.84706 

1.1C055 

.87749 

1.13961 

.90887 

1.10027 

.94125 

1.06241 

41: 

17 

.84756 

1 . 179SG 

.87801 

1 . 13894 

.90940 

1.09963 

.94180 

1.06179 

43 

18 

.84806 

1.17916 

.87852 

1.13828 

.90993 

1.09899 

.94235 

1.06117 

42 

19 

.84856 

1 . 17846 

.87904 

1.13761 

.91046 

1.09834 

.94290 

1.06056 

41 

20 

.84906 

1 . 17777 

.87955 

1 . 13694 

.91099 

1.09770 

.94345 

1.05994 

40 

21 

.84956 

1 . 17708 

.88007 

1 . 13627 

.91153 

1.09706 

.94400 

1.05932 

30 

22 

.85006 

1.176S8 

.88059 

1.13561 

.91206 

1.09642 

.94455 

1.05870 

33 

23 

; 85057 

1 . 17569 

.88110 

1.13494 

.91259 

1.09578 

.94510 

1.05809 

37 

24 

^85107 

1.17500 

.88162 

1.13428 

.91313 

1.09514 

.94565 

1.05747 

33 

25 

.85157 

1.174C0 

.88214 

1 1.13361 

.91366 

1.09450 

.94620 

1.05685 

35 

26 

.85207 

1.17SG1 

.88205 

1 1.13295 

.91419 

1.09386 

.94676 

1.06624 

31 

27 

.86267 

1 . 17202 

.88317 

1 1.13228 

.91473 

1.09322 

.94731 

1.65562 

33 

28 

.85307 

1 . 17223 

.88369 

1.13162 

.91526 

1.09258 

.94786 

1.05501 

32 

29 

.86358 

1.17154 

.88421 

1.13096 

.91580 

1.09195 

.94841 

1.05439 

31 

30 

.85408 

1 . 17085 

.88473 

1.13029 

.91633 

1.09131 

.94896 

1.06378 

30 

31 

.85458 

1.17016 

.88524 

1 . 12963 

.91687 

1.09067 

.94952 

1.06317 

29 

32 

.85509 

1 . 10947 

.88576 

1 . 12897 

.91740 

1.09003 

.95007 

1.05255 

28 

33 

.85559 

1 . 10878 

.83628 

1.12831 

.91794 

1.08940 

.95062 

1.05194 

27 

34 

.85609 

1 . 16SC9 

.88680 

1 . 12765 

.91847 

1.08876 

.95118 

1.05133 

26 

35 

.85660 

1.1G741 

.88732 

1.12699 

.91901 

1.08813 

.95173 

1.05072 

25 

36 

.85710 

1 . 1G672 

.88784 

1.12633 

.91955 

1.08749 

.95229 

1.C5010 

24 

37 

.85761 

1 . 16303 

.88836 

1.12567 

.92008 i 

1.08686 

.95284 

1.04949 

23 

38 

.85811 

1 . 16535 

.88888 

1.12501 

.92062 1 

1.08622 

.95340 

1 . 04888 

22 

39 

.85862 

1 . 164G6 

.88040 

1.12435 

.92116 ! 

1.08559 

.95395 

1.04827 

21 

40 

.85912 

1 . 16398 

.88992 

1.12369 

.92170 

1.08496 

.95451 

1.04766 

20 

41 

.85963 

1.16329 

.89045 

1 . 12303 

,92224 

1.08432 

.95506 

1.04705 

19 

42 

.86014 

1.1G2G1 

.89097 

1.12238 

.92277 

1 . 08369 

.95562 

1 . 04644 

18 

43 

, 86064 

1.10102 

.89149 

1.12172 

.92331 

1.08306 

.95618 

1.04583 

17 

44 

.86115 

1.16124 

.89201 

1.12106 

.92385 

1.08243 

.95673 

1.04522 

16 

45 

.86166 

1 . 16056 

.89253 

1.12041 

.92439 

1.08179 

.95729 

1.04461 

15 

46 

.86216 

1.15987 

.89306 

1.11975 

.92493 

1.08116 

.95785 

1.04401 

14 

47 

.86267 

1.15919 

.89358 

1.11909 

.92547 

1 . 08053 

.95841 

1.04340 

13 

48 

.86318 

1.15851 

.89410 

1.11844 

.92601 

1 . 07990 

.95897 

1.04279 

12 

49 

.86368 

1 . 15783 

.89463 

1.11778 

.92655 

1 . 07927 

.95952 

1.04218 

11 

60 

.86419 

1.15715 

.89515 

1.11713 

.92709 

1 . 07864 

.96008 

1.04158 

10 

51 

. 86470 

1.15647 

.89567 

1.11648 

.92763 

1 . 07801 

.96064 

1.04097 

9 

52 

.86521 

1.15579 

.89620 

1.11582 

.92817 

1-07733 

.90120 

1.04036 

8 

53 

.86572 

1.15511 

.89672 

1.11517 

.92872 

1.07676 

.96176 

1.03976 

7 

54 

.86623 

1.15443 

.89725 

1.11452 

.92926 

1.07613 

.96232 

1.03915 

6 

55 

.86674 

1.15375 

.89777 . 

1.11387 

.92980 

1.07550 

.96288 

1.08855 

5 

56 

.86725 

1.15308 

.89830 

1.11321 

.93034 

1 . 07487 

,96344 

1.03794 

4 

57 

.86776 

1.15240 

.89883 

1.11256 

.93088 

1 . 07425 

.96400 

1.03734 

3 

58 

.86827 

1.15172 

.89935 

1.11191 

.93143 

1.07362 

.96457 

1.03674 

2 

59 

.86878 

1 . 15104 

.C99G8 

1.11126 

.93197 

1 . 07299 

.96513 

1.03613 

1 

60 

.86929 

1 . 15037 

.90040 

l.llOGl 

.93252 

1.07237 

.96569 

1.03653 

0 
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— 

44° 

— 

— 

44» 



44“ 



tan 

cotan 



tan 

cotan 



tan 

cotan 


0 

96569 

1 . 03553 

60 

21 

.97756 

1.02295 

39 

41 

.98901 

1.01112 

19 

1 

96625 

1 . 03493 

59 

22 

.97813 

1.02236 

38 

42 

.98958 

1.01053 

18 

2 

96681 

1 . 03433 

58 

23 

.97870 

1.02176 

37 

43 

.99016 

1.00994 

17 

3 

9673S 

1.03372 

57 

24 

.97927 

1.02117 

36 

44 

.99073 

1.00935 

16 

4 

96794 

1.03312 

56 

25 

.97984 

1.02057 

35 

45 

.99131 

1.Q0876 

15 

5 

06S50 

1 . 03252 

55 

26 

.98041 

1.01998 

34 

46 

.09189 

1.00818 

14 

6 

06907 

1.C3192 

54 

27 

.98098 

1.01939 

33 

47 

.99247 ■ 

1.00759 

13 

7 

.06963 

1.C3132 

53 

28 

.98155 

1.01879 

32 

48 

.99304 

T; 00701 

12 

S 

,07020 

1 . 03072 

52 

29 

.98213 

1.01820 

31 

49 

.96362 

1.00642 

11 

9 

.07076 

1.03012 

51 

30 

.98270 

1.01761 

30 

50 

.99420 

1.00583 

10 

10 

.07133 

1.02952 

50 













31 

.98327 

1.01702 

29 

51 

.09478 

1 . 00525 

9 

11 

.97189 

1.02892 

49 

32 

.98384 

1.01642 

28 

62 

.0‘5.‘..X6 

1.00467 

8 

12 

.97246 

1.02832 

48 

33 

. 98441 

1.01583 

27 

53 

.09504 

1.00408 

7 

13 

. 97302 

1.02772 

47 

34 

.98499 

1.01524 

26 

54 

.096.=S2 

1.00350 

6 

14 

. 97359 

1.02713 

46 

35 

.98556 

1.01465 

25 

55 

.09710 

1.00291 

5 

IS 

.97416 

1 . 02653 

45 

36 

.98613 

1.01406 

24 

56 

.0976.8 

1,00233 

4 

16 

. 97472 

1 . 02593 

44 

37 

.98671 

1.01347 

23 

57 

.OOSi'o 

1.00175 

3 

17 

. 97529 

1.02533 

43 

38 

.08728 

1.01288 

22 

58 

.OO.S.vl 

1.00116 

2 

18 

.97586 

1.02474 

42 

39 

.98786 

1.01229 

21 

59 

.09012 

1.00058 

1 

19 

.97643 

1.02414 

41 

40 

.98843 

1.01170 

20 

60 

1 

1 

0 

20 

.97700 

1.02355 

40 










cotan 

tan 



CO tan 

tan 



cotan 

tan 


1 

45° 



45° 



i 

45“ 




NATURAL SINES AND COSINES 



cine 

J° 

cosine 



c 

sine 

cosine 



G 

sine 

cosine 


0 

.00000 

1 

60 

21 

.00611 

.99998 

39 

41 

.01193 

.99993 

10 

1 

.00029 

1 

59 

22 

.00640 

.99998 

38 

42 

.01222 

.99993 

18 

2 

.00058 

1 

58 

23 

. 00669 

.99998 

37 

43 

.01251 

.99992 

17 

3 

.00087 

1 

57 

24 

.00698 

.99998 

36 

44 

.01280 

.99992 

16 

4 

.00116 

1 

56 

25 

.00727 

.99997 

36 

46 

.01309 

.99991 

15 

6 

.00145 

1 

55 

26 

.00756 

.99997 

34 

46 

.01338 

.99991 

14 

6 

.00175 

1 

54 

27 

.00785 

.99997 

33 

47 

.01367 

.99991 

13 


.00204 

1 

63 

28 

.00814 

.99997 

32 

4S 

.01396 

.99990 

12 

8 

.00233 

1 

52 

29 

.00844 

.99996 

31 

40 

. 01425 

.99990 

11 

9 

.00262 

1 

51 

30 

.00873 

.99996 

30 

50 

. 01454 

.99989 

10 

10 

.00291 

1 

50 













31 

.00902 

,99996 

29 

51 

.01483 


9 

11 

.00320 

.99999 

49 

32 

.00931 

.99996 

23 

62 

.01513 

.iiOOSi) 

8 

12 

.00349 

. D99S9 

48 

33 

.00960 

.99995 

27 

53 

.01542 

.90088 . 

7 

13 

.00378 

.99999 

47 

34 

.00989 

.99995 

26 

64 

.01571 

. oooss 

6 

14 

.00407 

.99999 

46 

35 

.01018 

.99995 

25 

55 ; 

.01600 

. 9J9>7 

5 

15 

.00436 

.99999 

45 

36 

.01047 

.99996 

24 

56 ; 

.01629 

. 9':1'.}.S7 

4 

16 

.00465 

.99999 

44 

37 

.01076 

.99994 

23 

57 

.01658 

. 9'.'98(’i 

3 

17 

.00495 

.09999 

43 

38 

.01105 

.99994 

22 

58 

.01687 


2 

18 

.00524 

. 99999 

42 

39 

.01134 

.99994 

21 

59 

.01716 

.99985 

1 

19 

. 00553 

.99998 

41 

40 

.01164 

.99993 

20 

60 

.01745 

.9rj9S5 

0 

20 

.00582 

.99998 

40 










cosine 

cine 



cosine 

sine 
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cosine 

sine 



89° 



89° 
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1 

o 

11 2° 

1 ^ 

1 / 

4“ 



sine 

cosine 

sine 

cosine 

sine 

cosine 

sine 

cosine- 


0 

.01745 

.99985 

. 03490 

.99939 

.05234 

.99863 

.06976 

.99756 

60 

1 

.01774 

.99984 

.03519 

.99938 

.05263 

.99861 

.07005 

,99754 

59 

2 

.01803 

.99984 

. 03548 

.99937 

.05292 

.99860 

.07034 

.99752 

58 

3 

.01832 

.99983 

. 03577 

.99936 

.05321 

.99858 

.07063 

.99750 

57 

4 

.01862 

.99983 

.03606 

-99935 

.05350 

.99857 

.07092 

,99748 

56 

5 

.01891 

.99982 

. 03635 

.99934 

.05379 

.99855 

.07121 

.99746 

55 

6 

.01920 

.99982 

. 03664 

.99933 

.05408 

.99854 

.07160 

.99744 

54 

7 

.01949 

.99981 

. 03693 

.99932 

.05437 

.99852 

.07179 

,99742 

53 

8 

.01978 

.99980 

. 03723 

.99931 

.05466 

.99851 

.07208 

,99740 

52 

9 

.02007 

.99980 

. 03752 

.99930 

.05495 

.99849 

.07237 

.99738 

51 

10 

.02036 

.99979 

. 03781 

.99929 

.05524 

.99847 

.07266 

.99736 

50 

11 

.02065 

.99979 

.03810 

,99927 

.05553 

.99846 

.07295 

.99734 

49 

12 

.02094 

.99978 

. 03839 

. 99926 

.05582 

.99844 

.07324 

.99731 

48 

13 

.02123 

.99977 

. 03868 

.99925 

.05611 

.99842 

.07353 

.99729 

47 

14 

.02152 

,99977 

.03897 

.99924 

.05640 

.99841 

.07382 

.99727 

46 

15 

.02181 

.99976 

. 03926 

.99923 

.05669 

.99839 

.07411 

.99725 

45 

16 

,02211 

.99976 

. 03955 

.99922 

.05698 

.99838 

.07440 

.99723 

44 

17 

. 02240 

.99975 

. 03984 

.99921 

.05727 

.99836 

.07469 

.99721 

43 

18 

. 02269 

.99974 

.04013 

.99919 

.05756 

.99834 

.07498 

-99719 

42 

19 

. 02298 

. 99974 

. 04042 

.99918 

.05785 

.99833 

.07527 

.99716 

41 

20 

.02327 

.99973 

. 04071 

.99917 

.05814 

.99831 

.07556 

.99714 

40 

21 

.02356 

-99972 

.04100 

.99916 

.05844 

,99829 

.07585 

.99712 

39 

22 

. 02385 

.99972 

.04129 

.99915 

.05873 

.99827 

.07614 

-99710 

38 

23 

.02414 

.99971 

.04159 

.99913 

.05902 

.99826 

.07643 

.99708 

37 

24 

. 02443 

.99970 

.04188 

.99912 

.05931 

.99824 

.07672 

.99705 

36 

26 

. 02472 

.99969 

.04217 

.99911 

.05960 

.99822 

.07701 

.99703 

35 

26 

.02601 

.99969 

.04246 

.99910 

.05989 

.99821 

.07730 

.99701 

34 

27 

. 02530 

.99968 

.04275 

.99909 

.06018 

.99819 

.07759 

.99699 

33 

28 

. 02560 

.99967 

.04304 

.99907 

.06047 

.99817 

.07788 

.99696 

32 

29 

. 02589 

.99966 

.04333 

.99906 

.06076 

.99815 

.07817 

.99694 

31 

30 

.02618 

.99966 

- 04363 

.99905 

.06105 

.99813 

.07846 

.99692 

30 

31 

. 02647 

.99965 

.04391 

.99904 

.06134 

.99812 

.07875 

-99689 

29 

32 

.02676 

.99964 

. 04420 

.99902 

. 06163 

.99810 

.07904 

.99687 

28 

33 

. 02705 

.99963 

.04449 

.99901 

.06192 

.99808 

.07933 

.99685 

27 

34 

.02734 

.99963 

.04478 

.99900 

.06221 

.99806 

. 07962 

.99683 

26 

35 

.02763 

.99962 

.04507 

.99898 

. 06250 

.99804 

.07991 

.99680 

25 

36 

.02792 

.99961 

.04536 

. 99897 

.06279 

.99803 

.08020 

.99678 

24 

37 

.02821 

.99960 

.04565 

.99896 

.06308 

.99801 

.08049 

.99676 

23 

38 

. 02850 

.999S9 

. 04594 

.99894 

. 06337 

.99799 

. 08078 

.99673 

22 

39 

. 02879 

.99959 

. 04623 

. 99893 

-06366 

.99797 

.08107 

.99671 

21 

40 

. 02908 

.99958 

. 04653 

.99892 

. 06396 

.99795 

.08136 

.99668 

20 

41 

. 02938 

.99957 

. 04682 

.99890 

.06424 

.99793 

.08165 

. 99666 

19 

42 

. 02967 

.99956 

.04711 

.99889 

.06453 

.99792 

.08194 

.99664 

18 

43 

. 02996 

.99955 

.04740 

.99888 

. 06482 

.99790 

.08223 

.99661 

17 

44 

, 03025 

. 99954 

.. 04769 

.99886 

.06611 

.99788 

. 08252 

, 99659 

16 

45 

. 03054 

.99953 

. 04798 

, 99885 

. 06540 

.99786 

. 0S281 

.99657 

15 

46 

. 03083 

. 99952 

. 04827 

.99883 

. 06569 

.99784 

.08310 

,99654 

14 

47 

.03112 

.99952 

.04856 

.99882 

.06598 

.99782 

.08339 

. 99652 

13 

48 

.03141 

.99951 

. 04885 

.99881 

.06627 

.99780 

.08368 

.99649 

12 

49 

.03170 

.99950 

.04914 

.99879 

.06656 

.99778 

. 08397 

. 99647 

11 

50 

.03199 

.99949 

. 04943 

.99878 

. 06685 

. 99776 

.08426 

,99644 

10 

51 

.03228 

.99948 

.04972 

.99876 

.06714 

.99774 

.08455 

.99642 

9 

52 

. 03257 

.99947 

.05001 

.99875 

. 06743 

.99772 

. 08484 

.99639 

S 

53 

. 03286 

.99946 

.05030 

.99873 

. 06773 

. .99770 

.08513 

.99637 

7 

54 

.03316 

.99945 

. 05059 

.99872 

. 06802 

.99768 

. 0S542 

, 99635 

6 

56 

. 03345 

.99944 

.05088 

.99870 

.06831 

.99766 

.08571 

. 99632 

5 

56 

. 03374 

.99943 

.05117 

.99869 

. 06860 

.99764 

. 08600 

. 99630 

4 

57 

. 03403 

.99942 

.05146 

.99867 

. 06889 

.99762 

. 08629 

. 99627 

3 

68 

. 03432 

.99941 

.05175 

.99866 

.06918 

.99760 

. 08658 

.99625 

2 

59 

.03461 

.99940 

.05205 

.99864 

. 06947 

.99758 

. 08687 

. 99622 

1 

60 

. 03490 

.99939 

.05234 

. 99863 

.06976 

.99756 

.08716 

.99619 

0 

/ 

cosine 

sine . 

cosine 

sine 

cosine 

sine 

cosine j 

sine 

* 


8^ 

5° 1 

00 

8€ 


85 

1° 
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APPENDIX 


— 

5 

O 

1 6^^ 1 

7 

•'O 

] 8° 


r 

sine 

cosine 

sine 

cosine 

sine 

cosine 

sine 

cosine 


0 

.08710 

.‘.iOOl'.l 

. 10453 

.99452 

.12187 

. 99255 

.13917 

.99027 

60 

1 

,08745 


. 10482 

.99449 

.12216 

.99251 

.13946 

. 99023 

59 

2 

. 08774 

. l.tOG I -I 

.10511 

1 .99446 

.12245 

. 99248 

.13975 

.99019 

5R 

3 

.08803 

. ‘.'‘jfi i •.! 

. 10540 

.99443 

. 12274 

. 99244 

.14004 ^ 

.99015 

57 

4 

.08831 

.‘joenu 

. 10569 

.99440 

. 12302 

. 99240 

.14033 

.99011 

56 

5 

. C3860 

-OOGf.'T 

. 10597 

. 99437 

.12331 

. 99237 

.14061 

. 99006 

55 

6 

. C38S0 

, 99601 

. 10626 

,99434 

.12360 

.99233 

.14090 

.99002 

54 

7 

■.03918 

,99602 

. 10655 

.09431 

.12389 

.99230 

.14119 

.98998 

53 

8 

. 0S947 

.99590 

. 10684 

.99428 

.12418 

.99226 

.14148 

. 98994 

52 

9 

. 08976 


. 10713 

. 99424 

. 12447 

.99222 

.14177 

. 98990 

51 

10 

. 0D0O5 

. 0‘.)5‘J4 

. 10742 

.99421 

. 12476 

.99219 

. 14205 

.98986 

50 

11 

. 09034 

.99591 

. 10771 

.99418 

. 12504 

.99215 

.14234 

.98982 

49 

12 

.09063 

.99588 

. 10800 

.99415 

. 12533 

.90211 

. 14263 

. 98978 

48 

13 

. 09092 

.99586 

. 10829 

,99412 

.12562 

.09208 

. 14292 

.98973 

47 

14 

.09121 

.99583 

. 10858 

.99409 

.12591 

.99204 

.14320 

.98969 

46 

15 

.09150 

.99580 

. 10887 

.99406 

.12620 

.99200 

.14349 i 

.98965 

45 

16 

.09179 

.09578 

.10916 

.99402 

.12649 1 

.90197 

.14378 

.98961 

44 

17 

,09208 

.99575 

. 10945 

.99399 

-12678 : 

.99193 

.14407 

.98967 

43 

18 

.09237 

.99572 

. 10973 

.99396 

.12706 i 

.99J89 

.14436 

.98963 

42 

19 

.09266 

.09670 

. 11002 

.99393 

.12735 i 

,901.86 

.14464 

.98948 

41 

20 

.09205 

.99567 

. 11031 

.99390 

.12764 

.99182 

.14493 1 

.98944 

40 

21 

.09324 

.99564 

.11060 

.99386 

.12793 1 

.99178 

.14522 ' 

.98940 

39 

22 

.09353 

.99562 

, 11089 

.99383 

.12822 1 

.99175 

.14551 

.98936 

38 

23 

.09332 

.99559 

, 11118 

.99380 

.1285i i 

.99171 

.14580 1 

.98931 

37 

24 

-09411 

.99556 

.11147 

.99377 

.12880 i 

.99167 

.14608 

.98927 

36 

25 

.09440 

.99553 

.11176 

.99374 

.12908 i 

.99163 

.14637 

.98923 

36 

26 

.09469 

.99551 

.11205 

.99370 

.12937 1 

.99160 

. 14666 

.98919 

34 

27 

.09498 

.99548 

.11234 

.99367 

.12966 i 

.99156 

. 14695 

.98914 

33 

28 

.09527 

.99545 

.11263 

.99364 

.12996 

.99162 

. 14723 

.98910 

32 

29 

-09556 

.99542 

.11291 

.99360 

.13024 

.99148 

. 14752 

.98906 

31 

30 

.09585 

,99540 

.11320 

.99357 

. 13053 

.99144 

. 14781 

.98902 

30 

31 

.09614. 

.99537 

.11349 

.99354 

. 13081 

.99141 

. 14810 

.98897 

29 

32 

.09642 

.99534 

.11378 

.99351 

.13110 

.99137 

. 14838 

.98893 

28 

33 

.09671 

.99631 

.11407 

.99347 

.13139 

.99133 

. 14867 

.98889 

27 

34 

.09700 

.99528 

.11436 

.99344 

.13168 

.99129 

. 14896 

.98884 

26 

35 

.09729 

.99526 

.11465 

.99341 

.13197 

.99125 

. 14925 

.98880 

25 

36 

.09758 

.99523 

.11494 

.99337 

. 13226 

.99122 

. 14954 

.9)8876 

24 

37 

.09787 

.99520 

-11623 

.99334 

. 13254 

.99118 

. 14982 

.98871 

23 

38 

.09816 

.99517 

.11552 

.99331 

. 132S3 

.99114 

. 15011 

. 98867 

22 

39 

.09845 

.99514 

.11580 

.99327 

.13312 

.99110 

. 15040 

.98863 

21 

40 

.09874 

.99511 

.11609 

.99324 

. 13341 

.99106 

. 15069 

.98858 

20 

41 

.09903 

. 99508 

.11038 

.99320 

. 13370 

.901C32 

. 15097 

.98854 

19 

42 

.09932 

.99506 

.11607 

.99317 

.13399 

.99 Oil. 8 

. 15126 

.9884:9 

18 

43 

.09961 

.99503 

.11696 

.99314 

- 13427 

.99n-4 

. 15155 

. 98845 

17 

44 

.09990 

.99600 

.11725 

.99310 

. 13456 

.9009! 

. 15184 

.98841 

16 

45 

.10019 

. 99497 

.11754 

. 99307 

. 13485 

.99087 

. 15212 

.98836 

15 

46 

.10048 

.99494 

.11783 

.99303 

.13514 

.9908:1 

. 15241 

. 98832 

14 

47 

.10077 

.99491 

.11812 

.99300 

.13543 

.9907!> 

. 15270 

.98827 

■ 13 

48 

.101C5 

.99488 

.11840 

.99297 

.13572 

.9!-'07o 

. 15299 

. 98823 

12 

40 

.10135 

.99485 

.11869 

. 99293 

. 13600 

.90071 

. 15327 

.98818 

11 

50 

.10164 

. 99482 

.11898 

.99290 

.13629 

.99007 

. 16366 

.98814 

.10 

61 

.10102 

.99479 

.11927 

.99286 

.13668 

.99063 

.15385 

. 9SS09 

. 9 

52 

.10221 

. 99476 

.11956 

. 99283 

. 13687 

.99059 

.15414 

. 98805 

$ 

53 

. 10250 

.99473 

.11985 

. 99279 

.13716 

.99055 

. 15442 

. 98800 

7 

54 

. 10279 

.99470 

.12014 

.99276 

.13744 

.99051 

.15471 

.98796 

6 

55 

. 10308 

.99467 

. 12043 

.99272 

, 13773 

.99047 

.15500 

.98791 

5 

58 

.10337 

.99464 

.12071 

. 99269 

. 13802 

.99043 

. 15529 

. 98787 

4 

57 

.10366 

.99461 

.12100 

. 99265 

.13831 

.99039 

.15557 

.98782 

3 

5S 

.103G5 

.99458 

.12129 

.99262 

. 13860 

.99035 

,15586 

. 98778 

2 

59 

.104‘M 

.99455 

.12158 1 

.99253 

. 138S9 

.99031 

.15615 

. 98773 

1 

60 

. 10453 

. 99452 

.12187 , 

. 99255 

.13017 

.99027 

.15643 

. 9S769 

0 
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cosine 

sine 

/ 


1 84'’ 

I! 83° 1 

I 82° t 

[ 81° 1 




SINES 


261 



g 


10“ 

11“ 

12“ 



sine 

cosine 

sine 

cosine 

sine 

cosine 

sine 

cosine 


0 

.15643 

.98769 

. 17365 

. 98481 

. 19081 

.98103 

.20791 

.97815 

60 

1 

.15672 

.98764 

. 17393 

. 98476 

.19109 

.98157 

.20820 

.97809 

59 

2 

.15701 

.98760 

. 17422 

.98471 

.19138 

.‘JS152 

. 20843 

.97803 

58 

S 

.15730 

.98755 

. 17461 

.98466 

.19167 

.98146 

.20877 

.97797 

57 

4 

. 15758 

.98751 

. 17479 

.98461 

.19195 

.98140 

.20905 

.97791 

56 

5 

. 15787 

.98746 

. 17508 

.98455 

. 10224 

.98135 

.20933 

.97784 

55 

6 

.15816 

.98741 

. 17537 

.98450 

. 19252 

.98129 

.20962 

.97778 

51 

7 

.15845 

.98737 

. 17565 

.98445 

. 19281 

.98124 

.20990 

.97772 

53 

8 

. 15873 

. 98732 

. 17594 

. .98440 

. 19309 

.98118 

.21019 

.97766 

5i 

9 

.15902 

.98728 

. 17623 

.98435 

. 10338 

.93112 

.21047 

.97760 

51 

10 

.15931 

.98723 

.17651 

.98430 

. 19366 

.98107 

.21076 

.97754 

50 

11 

. 15959 

.98718 

.17680 

,98425 

.19395 

.98101 

.21104 

.97748 

49 

12 

. 15988 

.98714 

.17708 

.98420 

. 19423 

.98096 

.21132 

.97742 

48 

13 

.16017 

.98709 

.17737 

.98414 

. 19462 

.98090 

.21161 

.97735 

47 

14 

. 16046 

.98704 

. 17766 

.98409 

.19481 

.93084 

.21189 

.97729 

46 

15 

. 16074 

.98700 

. 17794 

.98404 

. 19509 

.98079 

.21218 

.97723 

45 

16 

.16103 

.98695 

. 17823 

.98399 

. 19538 

.98073 

.21246 

.97717 

44 

17 

.16132 

.98690 

. 17852 

.08394 

. 19566 

.98067 

.21275 

.97711 

43 

18 

.16160 

.98686 

. 17880 

.98389 

.19595 

.98061 

.21303 

.97705 

42* 

19 

.16189 

.98681 

. 17909 

. 98383 

. 19623 

.98056 

.21331 

.97698 

41 

20 

.16218 

.98676 

. 17937 

.98378 

. 19652 

.98050 

.21360 

.97692 

40 

21 

.16246 

.98671 

.17966 

.98373 

. 19680 

.98044 

.21388 

.97686 

39 

22 

.16275 

. 98667 

. 17995 

.98368 

. 19709 

.98039 

.21417 

.97680 

38 

23 

.16304 

.98662 

. 18023 

.98362 

. 19737 

.98033 

.21445 

.07673 

37 

24 

.16333 

.98657 

. 18052 

.98357 

. 19766 

.98027 

.21474 

.97667 

36 

25 

.16361 

. 98652 

. 18081 

.98362 

. 10794 

.98021 

.21502 

.97661 

35 

26 

.16390 

.98648 

. 13109 

.98347 

. 19823 

.98016 

.21630 

.97655 

34 

27 

.16419 

. 98643 

.18138 

.98341 

. 19851 

.98010 

.21559 

.97648 

33 

28 

. 16447 

.98638 

.18166 

.98336 

. 19880 

.93004 

.21587 

.97642 

32 

29 

.16476 

. 98633 

.18195 

.98331 

. 19908 

.97997 

.21616 

.97636 

31 

30 

.16505 

. 98629 

. 18224 

.98325 

. 19937 

.97992 

.21644 

.97630 

30 

31 

.16538 

.98624 

. 18252 

.98320 

. 19965 

.97987 

.21672 

.97623 

29 

32 

. 16562 

.98619 

.18281 

,98316 

.19994 

.97981 

.21701 

.976f7 

23 

33 

.16591 

.98614 

. 18309 

.98310 

,20022 

.97975 

.21729 

.97611 

27 

34 

. 16620 

. 98609 

. 18338 

.98304 

,20051 

.97960 

.21758 

.97604 

20 

35 

.16648 

. 98604 

. 18367 

.98299 

.20079 

.97963 

.21786 

.07598 

25 

36 

. 16677 

.98600 

.18395 

.98294 

.20108 

.97958 

.21814 

.97592 

24 

37 

.16706 

. 98595 

.18424 

.98288 

.20136 

.97952 

.21843 

.97585 

23 

38 

. 16734 

. 98590 

. 18452 

.98283 

.20165 

.97946 

.21871 

.97679 

22 

39 

.16763 

.98585 

. 18481 

.98277 

.20193 

.97940 

.21899 

.97673 

21 

40 

.16792 

. 98580 

. 18509 

.98272 

.20222 

.97934 

.21928 

.97566 

20 

41 

. 16820 

.98575 

. 18538 

.f->267 

.20250 

.97928 

.21956 

.97660 

19 

42 

.16849 

.98570 

. 18567 

. 9820 : 

. .20279 

.97922 

.21985 

.97653 

IS 

43 

.16878 1 

.98565 

. 18595 


.20307 

.97916 

.22013 

.97547 

1'/ 

44 

.16906 

.98561 

. 13624 

. <|S2.~>.) 

.20336 

.97910 

.22041 

.97541 

IG 

45 

.16935 

. 98556 

. 18652 

. 932-1. =1 

.20364 

.97905 

.22070 

.97534 

15 

46 

.16964 

.98551 

. 18681 

. < 82-10 

.20393 

. 97899 

.22098 

.97628 

14 

47 

.16992 

. 93546 

.18710 

. <=3234 

.20421 

.97893 

.22126 

.97621 

13 

48 

.17021 

.08541 

. 18738 

. 9322n 

.20450 

.97887 

.22155 

i .97515 

12 

49 

.17050 

.98536 

. 18767 

. <-322.-5 

.20478 

. 97SS1 

.22183 

.97508 

11 

50 

.17078 

. 9853 1 

. 18795 

. 08213 

.20507 

.97875 

.22212 

1 .97502 

10 

51 

.17107 

. 98526 

. 18S24 

.08212 

.20535 

.97869 

.22240 

.97496 

9 

52 

.17136 

.98521 

. 18852 

. 98207 

.20563 

.97863 

.22268 

! .97489 

8 

53 

.17164 

.98516 

.ISSSI 

.93201 

.20592 

.97857 

.22297 

.97483 

7 

54 

.17193 

.98511 

.18910 

.<18196 

.20620 

.97851 

.22325 

.97476 

6 

55 

• .17222 

. 98606 

. 1S93S 

.08190 

.20649 

. 97845 

.22353 

.97470 

t 5 

56 

.17250 

.98501 

. 18967 

.98185 

.20677 

.97839 

.22382 

.97463 


57 

. 17279 

.98496 

. 18995 

. 981 79 

.20706 

.97833 

.22410 

.97457 

3 

53 

. 17308 

.98491 

. 19024 

.98174 

.20734 

. 97827 

.22438 

.97450 

2 

50 

. 17336 

.98486 

. 19052 

.98168 

.20763 

.97821 

.22467 

. 97444 

1 

60 

.17365 

.98481 

. 19081 

.98163 

.20791 

.97815 

.22495 

.97437 

0 

, 

cosine 

sine 

cosine 

si no 

cosine 

sine 

cosine 

sine 



o 

O 

CO 

79 " 

1 78 " 

! 77“ 




262 


APPENDIX 



IS’ ' 

li® 

15° 

16° 



sine 

cosine 

sine 

cosine 

sine 

cosine 

sme 

cosine 


0 

.22495 

.97437 

-24192 

. 97030 

. 25882 

.06593 

. 27564 

.96126 

60 

1 

.22523 

,97430 

.24220 

.97023 

.25910 

.96585 

. 27592 

.96118 

59 

2 

.22652 

.97424 

. 24249 

.970J5 

.25938 

.96578 

.27620 

.86110 

68 

3 

.22580 

.97417 

.24277 

.97008 

.25966 

.96670 

. 27648 

.96102 

57 

4 

.22608 

.97411 

.24305 

.97001 

.25994 

. .96562 

.27676 

.96094 

50 

5 

.22637 

.97404 

.24333 

. 96994 

,26022 

.96555 

.27704 

.96086 

55 

6 

.22665 

.97398 

.24362 

.96987 

.26050 

.96547 

.27731 

. 96078 

64 

7 

.22693 

.97391 

.24390 

.96980 

.26079 

.96640 

.27759 

,96070 

63 

8 

.22722 

.97384 

.24418 

.96973 

.26107 

.96532 

.27787 

.96062 

62 

9 

.22750 

.97378 

.24446 

.96966 

.26135 

.96524 

.27815 

. 96054 

61 

10 

.22778 

.97371 

.24474 

.96959 

.26163 

.96517 

.27843 

.96046 

50 

11 

.22807 

.97365 

.24503 

.06953 

.26191 

.96509 

.27871 

. 96037 

40 

12 

.22835 

.97358 

.24531 

.069-i5 

.26219 

.96502 

.27899 

.96029 

48 

13 

.22863 

.97351 

,24559 

.96937 

.26247 

.96494 

: 27927 

.96021 

47 

14 

.22892 

.97345 

.24587 

.96030 

.26276 

.96486 

.27965 

.96013 

43 

15 

.22920 

.97338 

.24615 

.‘.if, 92 3 

.26303 

.96479 

.27983 

.96005 

45 

16 

.22948 

.97331 

.24644 

.060; 6 

.26331 

.96471 

.28011 

. 95997 

44 

^7 

. 22977 

.97325 

.24672 


.26369 

.96463 

.28039 

.95989 

43 

18 

.23005 

.97318 

.24700 

. 06903 

.26387 

.96456 

.28067 

.95981 

42 

19 

.23033 

.97311 

.24728 

.96894 

.26415 

.96448 

.28095 

.95972 

41 

20 

.23062 

.97304 

.24756 

.96887 

.26443 

.96440 

.28123 

. 95964 

40 

21 

.23090 

.97298 

.24784 

.96880 

.26471 

.96433 

.28150 

.95956 

39 

22 

.23118 

.97291 

,24813 

.96873 

.26600 

.96425 

.28178 

. 96948 

38 

23 

,23146 

.97284 

.24841 

.96866 

.26528 

.96417 

.28206 

.95940 

37 

24 

.23175 

.97278 

.24869 

.96858. 

.26566 

.96410 

.28234 

.96931 

36 

25 

.23203 

.97271 

.24897 

.96861 

.26584 

.96402 

.28262 

,95923 

35 

26 

.23231 

. 97264 

,24925 

. 96844 

.26612 

.96394 

.28290 

.95915 

34 

27 

.23260 

.97257 

,24954 

.96837 

.26640 

.96386 

.28318 

. 95907 

33 

28 

.23288 

.97251 

.24982 

.96829 

.26668 

.96379 

.28346 

. 95898 

32 

29 

.23316 

.97244 

.25010 

.96822 

.26696 

.96371 

.28374 

.95890 

31 

30 

.23345 

.97237 

.25038 

.96815 

.26724 

.96363 

.28402 

.95882 

30 

31 

.23373 

.97230 

.25066 

,96807 

.26752 

.96355 

.28429 

. 95874 

29 

32 

.23401 

.97223 

.25094 

.96800 

.26780 

.96347 

.28457 

.95865 

28 

33 

.23429 

.97217 

.25122 

.96793 

.26808 

.96340 

.28486 

. 95867 

27 

34 

.23458 

.07210 

.25151 

.96786 

.26836 

.96332 

.28513 

. 95849 

26 

35 

.23486 

.97203 

.25179 

.96778 

.26864 

.96324 

.28541 

.95841 

25 

36 

.23614 

.97196 

. 25207 

.96771 

.26892 

.96316 

.28569 

.95832 

24 

37 

.23542 

.97189 

.25235 

.96764 

.26920 

.96308 

.28597 

.95824 

23 

38 

.23571 

.97182 

, 25263 

.96756 

.26948 

.96301 

.28625 

.95816 

22 

39 

.23599 

.97176 

.25291 

.‘96749 • 

.26976 

.96293 

.28652 

. 95807 

21 

40 

.23627 

.97169 

. 25320 

.96742 

,.27004 

.06285 

.28680 

.96799 

20 

41 

.23656 

.97162 

. 25348 

.96734 

.27032 

.96277 

■ .28708 ' 

.95791 

10 

42 

. 23684 

.97155 

. 25376 

.96727 

.27060 

.96269 

.28736 

.95782 

IS 

43 

.23712 

.97148 

. 25404 

.96719 

.27088 

.96261 

.28764 

-95774 

17 

44 

. 23740 

.97141 

. 25432 

.96712 

.27116 

.96253 

.28792 

.95766 

16 

45 

. 23769 

.97134 

. 25460 

.96705 

.27144 

.96246 

.28820 

.95767 

16 

46 

.23797 

.97127 

. 25488 

.96697 

.27172 

.96238 

. 28847 

.95749 

14 

47 

.23825 

.'97120 

.25516 

.96690 

.27200 1 

.96230 

.28875 

. 95740 

13 

48 

. 23863 

.97113 

. 25545 

. 96682 

.27228 ; 

.96222 

.28903 

.96732 

12 

49 

. 23882 

.97106 

. 25573 

.96675 

.27256 

.96214 

.28931 

.95724 

11 

50 

.23910 

.97100 

. 25601 

.96667 

.27284 1 

.06206 

.28959 

.95715 

10 

51 

. 23928 

.97093 

. 25629 

.96660 

.27312 

.96198 

.28987 

. 95707 

9 

52 

. 23066 

.97086 

. 25657 

.96653 

.27340 

.96190 

.29015 

.95698 

8 

63 

. 23905 

.97079 

. 256S5 

.96646 

.27368 

.96182 

.29042 

.95690 

7 

64 

.2-1 (1-23 

.97072 

.25713 

.96638 

. 27396 

.96174 

.29070 

.95681 

6 

55 

.240.51 

.97065 

.25741 

.96630 

.27424 

.96166 

.29098 

.05673 

5 

66 

.21079 

.97068 

. 25769 

.96623 

. 27462 

.96158 

.29126 

.95664 

4 

57 

.24108 

.97051 

. 25798 

.96615 

. 27480 

.96150 

.29154 

.95666 

3 

58 

.24136 

.97044 

. 25826 

.96608 

.27508 ! 

.96142 

.29182 

.95647 

2 

59 

. 24 1 64 

.97037 

. 25854 

.96600 

.27636 

.96134 

.29209 

.96639 

1 

*60 

. 21 1 92 

.97030 

. 25882 

.96593 

. 27564 

.96126 

.29237 

.95630 
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sine 

cosine 

sine 

cosine 

sine 

cosine 
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0 

.29237 

'..95630 

.30902 

.95106 

.32557 

.94552 

. 34202 

. 93969 

60 

i 

.29265 

.95622 

. 30929 

.95097 

.32684 

.94542 

. 34229 

. 93969 

59 

2 

.29293 

.95613 

.30957 

.95088 

.32612 

-.94533 

. 34257 

.93949 

58 

3 

.29321 

.95605 

.30985 

-95079 

.32639 

.94523 

.34284 

. 93939 

57 

4 

.29348 

.95596 

.31012 

.95070 

.32667 

.94514 

.34311 

. 93929 

56 

5 

.29376 

.96588 

.31040 

.95061 

.32694 

.94504 

.34339 

.93919 

55 

6 

.29404 

.95579 

.31068 

.95052 

.32722 

.94495 

.34366 

. 93909 

54 

7 

.29432 

.95571 

.31095 

.95043 

.32749 

.94485 

.34393 

.93899 

53 

8 

.29460 

.95562 

.31123 

.95033 

.32777 

.94476 

.34421 

.93889 

52 

9 

.29487 

.95554 

.31151 

.95024 

.32804 

.94466 

.34448 

. 93879 

51 

10 

.29515 

.95545 

.31178 

.95015 

.32832 

.94457 

.34475 

.93869 

50 

11 

.29543 

.95536 

.31206 

.95006 

-32859 

.94447 

.34503 

.93859 

49 

12 

.29571 

.95528 

.31233 

.94997 

. 32887 

.94438 

.34530 

.93849 

48 

13 

.29599 

.95519 

.31261 

.94988 

.32914 

.94428 

.34557 

.93839 

47 

14 

.29626 

.95511 

.31289 

.94979 

.32942 

.94418 

.34584 

.93829 

46 

15 

. 29654 

.95502 

.31316 

.94970 

.32969 

.94409 

.34612 

.93819 

45 

16 

. 29682 

.95493 

.31344 

.94961 

.32997 

.94399 

.34639 

.93809 

44 

17 

.29710 

. 95485 

.31372 

. 94952 

.33024 

.94390 

.34666 

.93799 

43 

18 

. 29737 

. 95476 

.31399 

.94943 

.33051 

.94380 

. 34694 

.93789 

42 

19 

. 29765 

. 95467 

.31427 

.94933 

.33079 

. 94370 

.34721 

.93779 

41 

20 

.29793 

.95459 

.31454 

.94924 

.33106 

.94361 

.34748 

.93769 

40 

21 i 

.29821 

.95450 

.31482 

.94915 

.33134 

.94351 

. 34775 

.93759 

39 

22 

.29849 

.95441 

.31510 

.94906 

.33161 

.94342 

.34803 

.93748 

38 

23 

. 29876 

.95433 

.31537 

.94897 

.33189 

.94332 

.34830 

.93738 

37 

24 

.29904 

. 95424 

.31565 

.94888 

-33216 

.94322 

.34857 

.93728 

36 

25 

.29932 

.95415 

.31593 

.94878 

. 33244 

.94313 

.34884 

.93718 

36 

26 

.29960 

. 95407 

.31620 

.94869 

.33271 

.94303 

.34912 

.93708 

34 

27 

.29987 

.95398 

.31648 

.94860 

.33298 

.94293 

. 34939 

.98698 

33 

28 

.30015 

. 95389 

.31676 

.94851 

.33326 

.94284 

.34966 

,93688 

32 

29 

.30043 

. 05380 ’ 

.31703 

.94842 

.33353 

.94274 

.34993 

.93677 

31 

30 

.30071 

. 95372 

-.31730 

.94832 

.33381 

.94264 

.35021 

.93667 

30 

31 

.30098 

. 95363 

.31758 

.94823 

.33408 

.94254 

.35048 

.93657 

29 

32 

.30126 

. 95354 

.31786 

' .94814 

.33436 

.94245 

.35075 

.93647 

28 

33 

.30154 

.95345 

.31813 

.94805 

.33463 

.94235 

.35102 

.93637 

27 

34 

.30182 

.95337 

,31841 

.94795 

.33490 

.94225 

.35130 

.93626 

26 

35 

.30209 

. 95328 

.31868 

.94786 

.33518 

.94215 

.35157 

.93616 

25 

36 

• .30237 

.95319 

.31896 

.94777 

.33645 

.94206, 

.35184 

.93606 

24 

37 

.30265 

.95310 

.31923 

-94768 

.33673 

.94196 

.35211 

.93596 

23 

38 

.30292 

.95301 

.31951 

.94758 

.33600 

.94186 

.35239 

.93585 

22 

39 

. 30320 

.95293 

.31979 

.94749 

.33627 

.94176 

.35266 

.93575 

21 

40 

. 30348 

. 95284 

.32006 

^4740 

.33655 

.94167 

.35293 

.93565 

20 

41 

.30376 

.95275 

.32034 

.94730 

.33682 

.94157 

.35320 

.93555 

19 

42 

.30403 

. 95266 

.32061 

.94721 

.33710 

.94147 

. 35347 

.93544 

18 

43 

.30431 

. 95257 

.32089 

.94712 

.33737 

.94137 

.35375 

.93534 

17 

44 

.30459 

.95248 

.32116 

.94702 

.33764 

.94127 

.35402 

.93524 

16 

45 

.30486 

. 95240 

.32144 

.94693 

.33792 

.94118 

.35429 

-93514 

15 

46 

.30514 

.95231 

.32171 

.94684 

.33819 

.94108 

.35456 

.93503 

14 

47 

. 30542 

.95222 

.32199 

.94674 

.33846 

.94098 

. 35484 

-93493 

13 

48 

.30570 

.95213 

.32227 

.94665 

.33874 

.94088 

.35511 

.93483 

12 

49 

. 30597 

.95204 

.32264 

.94656 

.33901 

.94078 

.35538 

.93472 

11 

50 

.30625 

.95195 

.32282 

.94646 

.33929 

. 94068 

.35565 

, 93462 

10 

51 

. 30653 

.95186 

.32309 

.94637 

.33956 

.94058 

.35692 

.93452 

9 

52 

. 30680 

.95177 

.32337 

.94627 

.33983 

.94049 

.35619 

.93441 

8 

53 

. 30708 

.95168 

. 32364 

.94618 

.34011 

.94039 

.35647 

.93431 

7 

54 

. 30736 

.95159 

.32392 

.94609 

.34038 

. 94029 

.35674 

.93420 

6 

55 

. 30763 

.95150 

.32419 

. 94599 

1 .34065 

.94019 

.35701 

.93410 

5 

56 

.30791 

.95142 

.32447 

.94590 

.34093 

. 94009 

.35728 

. 93400 

4 

57 

.30819 

.95133 

. 32474 

.94580 

.34120 

.93999 

.35755 

.93389 

3 

58 

. 30846 

.95124 

.32502 

.94571 

.34147 

.93989 

.35782 

.93379 

2 

59 

. 30874 

.95115 

.32529 

.94561 

.34175 

.93979 

.35810 

.93368 

1 

60 

.30902 

.95106 

.32557 

.94552 

.34202 

.93969 

.35837 

.93358 

0 

/ 

cosine 

sine 

cosine 

sine 

cosine 

sine 

cosine 

sine 



o 

i 71° I 

7C 

)° 

6C 






264 


APPENDIX 



1 21° II 

: 22^ i 

1 23° f 

1 24° 1 



sine 

cosine 

sine 

cosine 

sine 

cosine 

Sine 

cosine 


0 

.35837 

.93358 

.37461 

.92718 

.39073 

.92050 

.40674 

.91355 

60 

1 

.35864 

.93348 

. 37488 

.92707 

.39100 

.92039 

.40700 

.91343 

59 

2 

.35891 

.93337 

.37515 

.92697 

.39127 

.92028 

.40727 

.91331 

58 

3 

.35918 

.93327 

.37542 

.92686 

.39153 

.92016 

.40753 

.91319 

57 

4 

. 35945 

.93316 

.37569 

.92675 

.39180 

.92005 

.40780 

.91307 

56 

5 

.35973 

.93306 

.37595 

.92664 

.39207 

.91994 

.40806 

.91295 

65 

6 

.36000 

.93295 

.37622 

.02653 

.39234 

.91982 

.40833 

.91283 

64 

7 

.36027 

.93285 

.37649 

.92642 

.39260 

.91971 

.40860 

.91272 

53 

8 

.36054 

.93274 

.37676 

.92631 

.39287 

.91959 

.40886 

.91260 

: 52 

9 

.36081 

.93264 

.37703 

.92620 

.39314 

.91948 

.40913 

.91248 

i 51 

10 

.36108 

. 93253 

.37730 

.92609 

.39341 

.91936 

.40939 

.91236 

50 

11 

.36135 

.93243 

.37757 

.92598 

.39367 

.91925 

.40966 

.91224 

49 

12 

.36162 

.93232 

.37784 

.92587 

.39394 

.91914 

.43992 

.91212 

48 

13 

.36190 

.93222 

.37811 

^.92576 

.39421 

.91902 

.41019 

.91200 

47 

14 

.36217 

.93211 

.37838 

.92565 

.39448 

.91891 

.41045 

.91188 

46 

15 

. 36244 

.93201 

.37865 

.92554 

.39474 

.91879 

.41072 

.91176 

45 

16 

.36271 

.93190 

.37892 

.92543 

.39501 

.01868 

.41098 

.91164 

44 

17 

. 36298 

.93180 

.37919 

.92532 

.39528 

.91856 

.41125 

.91162 

43 

18 

. 36325 

.93169 

.37946 

.92521 

.39555 

.91845 

.41151 

.91140 

42 

19 

.36352 

.93159 

.37973 

.92510 

.39581 

.91833 

.41178 

,91128 

41 

20 

.36379 

.93148 

.37999 

.92499 

.39608 

.91822 

.41204 

.91116 

40 

21 

. 36406 

.93137 

. 38026 

.92488 

.39636 

.91810 

.41231 

.91104 

39 

22 

. 36434 

.93127 

.38053 

.92477 

.39661 

.91799 

.41267 

.91092 

38 

23 

.36461 

.93116 

.38080 

.92466 

.39688 

.91787 

.41284 

.91080 

37 

24 

. 36488 

.93106 

.38107 

.92455 

.39715 

.91775 

.41310 

.91068 

36 

25 

.36515 

.93095 

.38134 

.92444 

‘ .39741 

.91764 

.41337 

.91056 

36 

26 

. 36542 

.93084 

.38161 

.92432 

,39768 

.91752 

.41363 

.91044 

34 

27 

. 36569 

.93074 

.38188 

.92421 

.39795 

.91741 

.41390 

.91032 

33 

28 

.36596 

.93063 

.38215 

.92410 

.39822 

.91729 

.41416 

.91020 

32 

29 

. 36623 

.93052 

.38241 

.92399 

.39848 

.91718 

.41443 

.91008 

31 

30 

. 36650 

.93042 

.38268 

.92388 

.39876 

.91706 

.41469 

.90996 

30 

31 

.36677 

.93031 

.38295 

.92377 

.39902 

.91694 

.41496 

.90984 

29 

32 

. 36704 

.93020 

.38322 

.92366 

.39928 

.91083 

.41622 

.90972 

28 

33 

.36731 

.93010 

. 38349 

.92355 

.39955 

.91671 

.41549 

.90960 

27 

34 

.36758 

.92909 

.33376 

.92343 

.39982 

.91600 

.41575 

.90948 

26 

35 

.36785 

.92988 

.38403 

.02332 

.40008 

.91648 

.41602 

.90936 

25 

36 

.36812 

.92978 

.38430 

.92321 

.40035 

.91636 

.41628 

.90924 

24 

37 

. 368C9 

.92967 

. 38456 

.92310 

.40062 

.91625 

.41655 

.90911 

23 

38 

. 368C7 

..92956 

.28483 

.92299 

• .40088 

.91613 

.41681 

.90899 

22 

39 

.36894 

.92945 

.38510 

.92287 

.40115 

.91601 

.41707 

.90887 

21 

40 

.36921 

.92935 

.38537 

.92276 

.40141 

.91590 

.41734 

.90875 

20 

41 

.36948 

.92924 

.38564 

.92265 

.40168 

.91578 

.41760 

.90863 

19 

42 

.36975 

.92913 

.38591 

,92254 

.43195 ; 

.91666 

.41787 

.90851 

18 

43 

.37002 

.92902 

.33617 

.92243 

,43221 

.91555 

.41813 

.90839 

17 

44 

.37029 

.92892 

.33644 

,92231 

.40248 

.91543 

.41840 

.90826 

16 

45 

.37056 

.92881 

.38671 

92220 

.43275 

.91531 

.418C6 

.90814 

15 

46 

.37083 

.92870 

.33608 

.92209 

.43301 

.91519 

.41892 

.90802 

14 

47 

.37110 

.92859 

.33725 

.92198 

.43328 

.91508 

.41919 

.90790 

13 

48 

.37137 

.92849 

.33752 

.92186 

.40355 

.91496 

.41945 

.90778 

12 

49 

.37164 

.92838 

.38778 

.92175 

.40381 

.91484 

.41972 

.90766 

11 

50 

.37191 

.92827 

.38805 

.92164 

.40408 

.91472 

.41998 

.90753 

10 

51 

.37218 

.92816 

.38832 

.92152 

.40434 

.91461 

.42024 

.90741 

9 

52 

.37245 

.92805 1 

. 38859 

.92141 

.40461 

.91449 

.42051 

.90729 

8 

53 

.37272 

.92794 

. 38SS6 

.92130 

.40483 

.91437 

.42077 

.90717 

7 

54 

.37299 

.92784 

.38912 

.92119 

.40514 

.91425 

.42104 

.90704 

6 

55 

.37326 

.92773 

.38939 

.92107 

.40541 

.91414 

.42130 

.90692 

5 

56 

.37353 

.92762 

.38966 

.92096 

.40667 

.91402 

.42156 

.90680 

4 

57 

.37380 

.92751 

.38993 

.92085 

.43594 

.91390 

.42183 

.90668 

3 

58 

.37407 

.92740 

.39020 

.92073 

.43621 

.91378 

.42209 

.90665 

2 

59 

.37434 

.92729 

. 39046 

.92062 

.40647 

.91363 

.42235 

.90643 

1 

60 

.37461 

.92718 

'.39073 

.92050 

.40674 

.91355 

.42262 

.90631 

0 


cosine 

sine 

cosine 

sine 

cosine 

sine 

cosine 

sine 

, 



1 68° 

11 67° 

11 66° i 

6i 

5° 
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25“ 

26° 1 

1 27° 1 

0 

00 



siae 

cosine 

sine 

cosine 

sine 

cosine 

sine 

cosine 

9 . 

0 

.42262 

.90631 

.43837 

.89879 

.45399 

.89101 

.46947 

.88295 

60 

1 

.42288 

.90618 

,43863 

.89867 

.45425 

.89087 

.46973 

.88281 

59 

2 

.42315 

.90606 

.43889 

.83854 

.45451 

.89074 

.48999 

.88267 

58 

3 

.42341 

.90594 

.43916 

.89811 

.45477 

.89061 

.47024 

.88254 

57 

4 

,42367 

.90582 

.43942 

.89823 

.45503 

.89048 

.47050 

.88240 

56 

6 

.42394 

.90569 

.43968 

.8981 6 

.45529 

.89035 

.47076 

.88226 

55 

6 

.42420 

.90557 

.43994 

.89803 

.45554 

.89021 

.47101 

.88213 

54 

7 

.42446 

.90545 

.41020 

.89790 

.45580 

.89008 

.47127 

.88199 

53 

S 

.42473 

.90532 

,44046 

.89777 

.45606 

.88995 

.47153 

.88185 

52 

9 

.42499 

.90520 

.44072 

.89764 

.45632 

.88981 

.47178 

.88172 

51 

10 

.42525 

.90507 

.44098 

.89752 

.45658 

.88968 

.47204 

.88158 

50 

11 

.42552 

.90495 

.44124 

.89739 

.45684 

.88955 

.47229 

.88144 

49 

12 

.42578 

.90483 

.44151 

.89726 

.45710 

.88942 

.47255 

.88130 

48 

la 

.42604 

.90470 

.41177 

.89713 

.45736 

.88928 

.47281 

.88117 

47 

14 

.42631 

.90458 

.44203 

.89700 

.45762 

.83915 

.47306 

.88103 

46 

15 

.42657 

.90446 

.41229 

.89687 

.45787 

.83902 

.47332 

.88089 

45 

16 

.42683 

.90433 

.44255 

.89674 

.45813 

.88888 

.47358 

.88075 

44 

17 

.42709 

.90421 

.44281 

.89662 

.45839 

.83875 

.47383 

.88062 

43 

18 

.42736 

.90408 

.44307 

.89649 

.45865 

.83882 

.47409 

.88048 

42 

19 

.42762 

.90396 

.44333 

.89636 

.45891 

.88848 

.47434 

.88034 

41 

20 

.42788 

.90383 

.44359 

.89623 

.45917 

.88835 

.47460 

.88020 

40 

21 

.42815 

.90371 

.44385 

.89610 

.45942 

.88822 

.47486 

.88006 

39 

22 

.42841 

.90358 

.44411 

.89597 

.459GS 

.83808 

-47511 

.87993 

38 

23 

.42867 

.90346 

.41437 

.89584 

.45994 

.83795 

.47537 

.87979 

37 

24 

.42894 

.90334 

.41464 

.89571 

.46020 

.83782 

.47562 

.87965 

36 

25 

.42920 

.90321 

.4-1490 

.89558 

.46046 

.88768 

.47588 

.87951 

35 

26 

.42946 

.90309 

,41516 

.89545 

.43072 

.83755 

.47614 

.87937 

34 

27 

.42972 

.90296 

.41542 

.89532 

.43097 

.£3741 

.47639 

.87923 

33 

28 

.42999 

.90284 

.44568 

.89519 

.43123 

.88728 

.47665 

.87909 

32 

29 

.43025 

.90271 

.44594 

.80506 

.43149 

.83715 

.47690 

.87896 

31 

30 

.43051 

.90259 

.44620 

.89493 

.46175 

.88701 

.47716 

.87882 

30 

31 

.43077 

.90246 

.44646 

.89480 

.46201 

.88688 

.47741 

.87868 

29 

32 

.43104 

.90233 

.44672 

.80467 

.46226 

.88674 

.47767 

.87854 

28 

33 

.43130 

.90221 

.44698 

.89454 

.43252 

.88861 

.47793 

.87840 

27 

34 

.43156 

.90208 

.44724 

.89441 

.46278 

.88647 

.47818 

.87826 

26 

35 

.43182 

.90196 

.44750 

.89428 

.46304 

.88634 

.47844 

.87812 

25 

36 

.43209 

.90183 

.44776 

.89415 

.43330 

.88620 

.47869 

.87798 

21 

37 

.43235 

.90171 

,44802 

.89402 

.46355 

.88607 

.47895 

.87784 

23 

38 

.43261 

.90158 

.44828 

.89389 

.46381 

.88593 

.47920 

1 .87770 

2 ^ 

39 

.43287 

.90146 

.44854 

.89376 

.46407 

.88580 

.47946 

i .87756 

21 

40 

.43313 

.90133 

.44880 

.8936? 

.46433 

.88566 

.47971 

.87743 

20 

41 

.43340 

.90120 

.44906 

. 89350 

.46468 

.88553 

.47997 

.87729 

10 

42 

.43366 

.90108 

.44932 

.80337 

.46404 

.83509 

.48022 

.87715 

IS 

43 

,43392 

.90095 

.41958 

,89324 

.43510 

.83526 

.48048 

.87701 

17 

-14 

.43418 

.90082 

.41984 

,89311 

.43506 

.83512 

.43073 

.87687 

16 

45 

.43445 

.90070 

.45010 

.89208 

.46561 

.83499 

.43099 

.87673 

15 

46 

.43471 

.90057 

.45036 

.89285 

,43587 

.83485 

.43124 

.87659 

14 

47 

.43497 

.90045 

.45062 

.89272 

.43613 

.83472 

.43150 

.87645 

13 

48 

.43623 

.90032 

.45088 

.89259 

.43609 

.83458 

.43175 

.87631 

12 

49 

.43549 

.90019 

.45114 

. 89245 

. 43G34 

.83415 

.48201 

.87617 

11 

50 

.43575 

.90007 

.45140 

.89232 

.46690 

.88431 

.48226 

.87603 

10 

51 

.43602 

.89994 

.45166 

.89219 

.46716 

.88417 

.48252 

.87589 

9 

52 

.43628 

.89981 

.45192 

.89206 

.43742 

.83404 

.48277 

.87575 

8 

53 

.43654 

.89968 

.45218 

.89193 

.43767 

.83390 

.43303 

.87561 

7 

64 

.43680 

.89956 

.45243 

.89180 

.43793 

.83377 

.43328 

.87546 

6 

55 

,43706 

.89943 

.45269 

.89167 

.43819 

.88363 

.48354 

.87532 

5 

56 

.43733 

.89930 

.4529 5 

.89153 

.46844 

. 88349 

.48379 

.87518 

4 

57 

.43759 

.89918 

.45321 

.89140 

.46870 

. 88336 

.43405 

.87504 

3 

58 

.43785 

.89905 

.45347 

.80127 

.43896 

. 8S322 

.48430 

.87490 

2 

59 

,43811 

.89892 

.45373 

■.89114 

.43921 

. 88308 

.48456 

.87476 

1 

60 

.43837 

.89879 

.45399 

.89101 

.46947 

.88295 

.48481 

.87462 

0 


cosine 

sine 

cosine 

sine 

cosine 

sine 

cosine 

sine 



1 64*" 

6: 

3° 

6: 

2° 

1 61° 1 
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1 29” 

II 30“ 

Ti 3P 


52” 



sine 

cosine 

sine 

cosine 

sine 

cosine 

sine 

cosine 


0 

.48481 

. 87462 

.50000 

.86603 

.51504 

.85717 

.52992 

.84805 

60 

1 

.48506 

.87448 

.50025 

.86588 

.51529 

. 85702 

.53017 

.84789 

59 

2 

.48532 

. 87434 

.50050 

.86573 

-51554 

. 85687 

.53041 

.84774 

58 

3 

.48557 

.87420 

.50076 

.86569 

.51579 

. 85672 

.53066 

.84759 

57 

4 

.48583 

.87406 

.50101 

.86544 

-51604 

.85657 

.53091 

. 84743 

56 

5 

.48608 

.87391 

.50126 

.86530 

.51628 

. 85642 

.53115 

. 84728 

55 

6 

.48634 

.87377 

.60151 

.86515 

.51653 

.85627 

.53140 

.84712 

54 

7 

.48659 

. 87363 

.50176 

.88501 

.51678 

.85612 

.53164 

.84697 

63 

8 

.48684 

.87349 

.60201 

.86486 

.51703 

.85597 

.53189 

.84681 

52 

9 

.48710 

.87835 

.50227 

.86471 

.51728 

.85582 

.63214 

. 84666 

51 

10 

.48735 

.87321 

. 60262 

.86457 

.51753. 

.85567 

.53238 

.84650 

50 

11 

-48761 

.87306 

.60277 

.86442 

.51778 

.85551 

.53263 

. 84635 

49 

12 

.48786 

. 87292 

.60302 

.86427 

.51803 

.85536 

.53288 

.84619 

48 

13 

.48811 

.87278 

.50327 

.86413 

. 51828 

.85521 

.53312 

. 84604 

47 

14 

.48837 

.87264 

.50352 

.86398 

.51852 

.85506 

.53337 

. 84588 

46 

15 

.48862 

.87250 

.50377 

.86384 

.51877 

.85491 

.53361 

.84573 

45 

16 

.48888 

.87235 

.50403 

.86369 

.51902 

.86476 

.53386 

.84657 

44 

17 

.48913 

.87221 

.50428 

.86354 

. .51927 

.86461 

.53411 

. 84642 

43 

18 

.48938 

.87207 

. 50453 

.86340 

.51952 

.85446 

.53435 

.84526 

42 

19 

.48964 

.87193 

.50478 

.86325 

.51977 

.85431 

.53460 

.84511 

41 

20 

.48989 

.87178 

.50503 

.86310 

.52002 

.85416 

-63484 

.84495 

40 

21 

.49014 

.87164 

.50528 

.86295 

.52026 

.85401 

.53509 

.84480 

39 

22 

.49040 

.87160 

.60653 

.86281 

.52051 

. 85385 

.53534 

.84464 

33 

23 

.49065 

.87136 

. 50578 

.86266 

. 62076 

.85370 

.53658 

.84448 

37 

24 

.49090 

.87121 

. 50603 

.86251 

.52101 

.85356 

.53583 

.84433 

36 

25 

-49116 

.87107 

.60628 

.86237 

.52126 

.85340 

.63607 

.84417 

35 

26 

.49141 

.87093 

. 50654 

.86222 

.62151 

. 85326 

. 53632 

,84402 

34 

27 

.49166 

.87079 

. 60679 

.86207 

.52175 

.85310 

.53656 

.84386 

33 

28 

.49192 

.87064 

.50704 

.86192 

.52200 

.85294 

.53681 

.84370 i 

32 

29 

.49217 

.87050 

.50729 

.86178 

.52225 

.85279 

.53705 

.84365 

31 

30 

.49242 

,87036 

.50754 

.86163 

.52250 

.86264 

. 53730 

.84339 

30 

31 

.49268 

.87021 

.50779 

.86148 

. 62275 

.85249 

.53764 

.84324 

29 

32 

.49293 

.87007 

.50804 

.86133 

.52299 

.85234 

.53779 

.84308 

28 

S3 

.49318 

.86993 

.60829 

.86119 

.62324 

.85218 

. 63804 

.84292 

2T 

34 

.49344 

.86978 

.60854 

.86104 

.62349 

.85203 

.63828 

.84277 

26 

35 

.49369 

.86964 

.50879 

.86089 

.52374 

.85188 

1 .53853 

.84261 

25 

36 

.49394 

.86949 

.50904 

.86074 

. 52399 

.85173 

.53877 

.84245 

24 

37 

.49419 

.86935 

.50929 

.86059 

.62423 

.85157 

.53902 

.84230 

23 

38 

.49445 

.86921 

.60954 

.86045 

.52448 

.85142 

.53926 

.84214 

22 

39 

.49470 

.86906 

. 50979 

.86030 

.52473 

.85127 

.53951 

.84198 

21 

40 

.49495 

.86892 

-51004 

.86015 

.62498 

.85112 

.53975 

.84182 

20 

41 

.49521 

.86878 

.51029 

.86000 

,52622 

. 85096 

.54000 

.84167 

19 

42 

.49546 

.86863 

.51054 

.85985 

.52547 

.86081 

. 54024 

.84151 

18 

43 

.49571 

.86849 

.51079 

.85970 

.52572 

.85066 

. 54049 

.84135 

17 

44 

.49596 

.86834 

.51104 

.85956 

.52597 

.85051 

.54073 

.84120 

16 

45 

.49622 

.86820 

.51129 

.85941 

.52621 

. 86035 

. 64097 

.84104 

15 

46 

.49647 

.86805 

.51154 

.85926 

' .52646 

. 85020 

A 54122 

.84088 

14 

47 

.49672 

.86791 

.51179 

.85911 

.52671 

.85005 

.54146 

. 84072 

13 

48 

.49697 

. 86777 

.51204 

.85896 

.52696 

.84989 

.54171 

. 84057 

12 

49 

.49723 

.86762 

.61229 

. 85881 

. 52720 

. 84974 

.54195 

.84041 

11 

50 

.49748 

.86748 

.51254 

. 85866 

.52745 

.84959 

.54220 

. 84025 

10 

51 

.49773 

.86733 

.51279 

.85851 

.52770 

.84943 

. 64244 

. 84009 

9 

52 

.49798 

.86719 

.51304 

.85836 

. 62794 

. 84928 

. 54269 

.83994 

8 

53 

.49824 

. 86704 

.51329 

.85821 

.52819 

.84913 

.64293 

. 83978 

7 

54 

.49849 

.86690 

.51354 

.85806 

.52844 

. 84897 

.54317 

.83962 

6 

55 

.49874 

.86675 

.51379 

.85792 

.52869 

.84882 

.54342 

.83946 

6 

56 

.49899 

.86661 

.51404 

.85777 

.52893 

. 84866 

.54366 

.83930 

4 

57 

.49924 

.86646 

.51429 

.85762 

.52918 

.84851 

.54391 

.83915 

3 

58 

.49950 

. 86632 

.51454 

.85747 

.52943 

.84836 

.54415 

.83899 

2 

59 

.49975 

.86617 

.51479 

.85732 

.52967 

. 84820 

.54440 

.83883 

1 

60 

.50000 

.86603 

.51504 

.85717 

.52992 

. 84805 

. 54464 

.83867 
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sine 
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0 

.54464 

.83867 

.55919 

.82904 

. .57358 

.81915 

.58779 

.80902 

60 

1 

. 54488 

.83851 

.55943 

.82887 

.57381 

.81899 

.58802 

.80885 

59 

2 

.54513 

.83835 

.55968 

.82871 

.67405 

.81882 

, 58826 

.80867 

58 

3 

. 54537 

.83819 

.55992 

.82855 

.57429 

.81865 

. 58849 

.80850 

57 

4 

.54561 

.83804 

.56016 

.82839 

.57453 

.81848 

. 58873 

.80833 

56 

5 

. 54586 

.83788 

.56040 

.82822 

.57477 

.81832 

. 58896 

.80816 

55 

6 

.54610 

.83772 

.56064 

.82806 

.57501 

.81815 

. 58920 

.80799 

54 

7 

.54635 

.83756 

.56088 

.82790 

.57624 

.81798 

. 5S943 

.80782 

53 

3 

.54659 

.83740 

.56112 

.82773 

.67548 

.81782 

. 58967 

.80765 

52 

9 

.54683 

.83724 

.56136 

.82757 

.67572 

.81765 

. 68990 

.80748 

51 

10 

. 54708 

.83708 

.56160 

.82741 

.57596 

.81748 

.59014 

.80730 

60 

11 

. 54732 

.83692 

.56184 

.82724 

.57619 

.81731 

. 59037 

.80713 

49 

12 

.54756 

.83676 

.56208 

.82708 

.67643 

.81714 

.59061 

.80696 

48 

13 

. 54781 

.83660 

.56232 

. 82692 

,67667 

.81698 

. 59084 

.80679 

47 

14 

. 54805 

.83645 

,56256 

.82675 

.57691 

.81681 

.59108 

.80662 

46 

15 

. 54829 

.83629 

.56280 

.82659 

.57715 

.81664 

.59131 

.80644 

45 

16 

. 54854 

.83613 

.56305 

.82643 

.57738 

.81647 

.59154 

.80627 

44 

17 

. 54878 

.83597 

.56329 

.82626 

.57762 

.81631 

.59178 

.80610 

43 

18 

. 54902 

.83581 

.56353 

.82610 

.57786 

.81614 

.59201 

.80593 

42 

19 

. 54927 

.83565 

.56377 

.82593 

.67810 

.81597 

. 69225 

.80576 

41 

20 

.54951 

.83549 

.56401 

.82577 

.57833 

.81580 

.59248 

.80558 

40 

21 

.54975 

.83533 

.56425 

.82561 

.57857 

.81563 

. 59272 

.80541 

39 

22 

.54999 

.83517 

.56449 

.82544 

.57881 

.81546 

.59295 

.80524 

38 

23 

.55024 

.83501 

.56473 

.82528 

.57904 

.81530 

.59318 

.80507 

37 

24 

.55048 

.83485 

.56497 

.82511 

.67928 

.81613 

. 59342 

.80489 

36 

25 

.55072 

. 83469 

.56521 

.82495 

,67952 

.81496 

.59365 

.80472 

35 

26 

.55097 

.83453 

.56545 

.82478 

.67976 

.81479 

.59389 

.80455 

34 

27 

.55121 

.83437 

.56569 

.82462 

.67999 

.81462 

.59412 

.80438 

33 

28 

.55145 

.83421 

.56593 

.82446 

.68023 

.81445 

. 59436 

.80420 

32 

29 

.55169 

.83405 

.66617 

.82429 

.68047 

.81438 

.69459 

.80403 

31 

30 

,55194 

.83389 

.56641 

.82413 

.58070 

.81412 

.59482 

.80386 

30 

31 

.55218 

.83373 

.56666 

.82396 

.58094 

.81395 

.59606 

.80368 

29 

32 

,55242 

.83356 

.56689 

.82380 

,53118 

.81378 

.59529 

.80351 

28 

33 

.55266 

.83340 

.56713 

.82363 

.58141 

.81361 

.69552 

.80334 

27 

34 

.55291 

.83324 

.66736 

.82347 

.68165 

.81344 

.59576 

.80316 

26 

35 

.55315 

.83308 

.56760 

.82330 

.68189 

.81327 

.69599 

.80299 

25 

36 

.55339 

.83292 

.56784 

.82314 

.58212 

.81310 

.59622 

.80282 

24 

37 

.55363 

.83276 

.56808 

.82297 

.58236 

.81293 

.69646 

.80264 

23 

38 

.55388 

.83260 

.66832 

.82281 

.53260 

.81276 

.59669 

.80247 

22 

39 

.55412 

.83244 

.56856 

.82264 

.68283 

.81259 

.59693 

.80230 

21 

40 

.55436 

.83228 

.56880 

.82248 

.58307 

.81242 

.69716 

.80212 

20 

41 

.55460 

.83212 

.56904 

,82231 

.58330 

.81225 

.59739 

.80195 

19 

42 

,55484 

.83195 

.56928 

.82214 

.53354 

.81208 

.59763 

.80178 

18 

43 

.55509 

.83179 

. 56952 

.82198 

.53378 

.81'. 01 

.59786 

.80160 

17 

44 

.55533 

.83163 

.66976 

.82181 

.53401 

.81;.74 

.59809 

.80143 

16 

45 

.55557 

.83147 

.57000 

.82165 

.53425 

.81157 

.59832 

.80125 

15 

46 

.55581 

.83131 

.57024 

.82148 

.58449 

.811-10 

.59856 

.80108 

14 

47 

.55605 

.83115 

.57047 

.82132 

.58472 

.81:23 

.59879 

.80091 

13 

48 

.55630 

■ .83098 i 

.57071 

.82115 

.58496 

.SliOC 

.59902 

.80073 

12 

49 

.55654 

.83082 

.57095 

. 82098 

.58519 

.81089 

.59926 

.80056 

11 

60 

.55678 

. 83066 

.67119 

.82082 

.58543 

.81072 

.59949 

.80038 

10 

51 

. 55702 

..83050 

.57143 

.82065 

.58567 

.81055 

.59972 

.80021 

9 

52 

.55726 

.83031 

.67167 

.82048 

.58590 

.81038 

.59995 

.80003 

8 

53 

.55750 

.83017 

.67191 

. 82032 

.58614 

.81021 

.60019 

.79986 

7 

54 

.55775 


.57215 

.82015 

.58637 

.81004 

.60042 

.79068 

6 

55 

.55799 


.67238 

.s:«.)99 

.58661 

.80987 

.60065 

.79951 

5 

66 

.55823 

. 8J'. 

.67262 

.81982 

.58684 

.80970 

.60089 

.79934 

4 

57 

. 55847 

. .S29o3 

.57286 

.8:965 

.58708 

. 80953 

.60112 

.79916 

3 

58 

.55871 


.57310 

.8i*)49 

.58731 

.80936 

.60135 

.7989-9 

2 

69 

. 55895 

.82030 

.67334 

. 8 I 932 

.68756 

.80919 

.60168 

.79881 

1 

60 
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1! 38° 1 

1 39° 1 
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sine 

cosine 

sine 

cosine 

sine 

cosine 

sine 

cosine 


0 

.60182 

. 79864 

.61566 

.78801 

.62932 

.77715 

. 64279 

.76604 

60 

1 

.60205 

. 79846 

.61589 

.78783 

.62955 

. 77696 

.64301 

.76586 

59 

2 

. 60228 

.79829 

.61612 

.78765 

.62977 

. 77678 

. 64323 

.76567 

58 

3 

.60261 

.79811 

.61635 

.78747 

.63000 

.77660 

. 64346 

.76548 

57 

4 

. 60274 

.79793 

.61658 

.78729 

.63022 

.77641 

. 64368 

.76530 

66 

5 

. 60298 

.79776 

.61681 

.78711 

.63045 

.77623 

. 64390 

.76511 

55 

6 

.60321 

.79768 

.61704 

.78694 

.63068 

.77605 

.64412 

.76492 

54 

7 

. 60344 

.79741 

.61726 

.78676 

.63090 

.77586 

. 64435 

.76473 

63 

8 

. 60367 

. 79723 

.61749 

.78658 

.63113 

.77568 

. 64457 

.76455 

52 

9 

. 60390 

.79706 

.61772 

.78640 

.63135 

.77550 

. 64479 

.76436 

51 

10 

.60414 

.79688 

.61795 

.78622 

.63158 

.77531 

.64501 

.76417 

60 

11 

. 60437 

.79671 

.61818 

.78604 

.63180 

.77513 

. 64524 

.76398 

49 

12 

. 60460 

.79653 

.61841 

.78586 

. 63203 

.77494 

. 64546 

.76380 

48 

13 

. 60483 

.79635 

.61864 

.78568 

.63225 

.77476 

. 64568 

.76361 

47 

14 

. 60506 

.79618 

.61887 

.78550 

. 63248 

. 77458 

. 64590 

.76342 

46 

15 

. 60529 

.79600 

.61909 

.78532 

.63271 

.77439 

.64612 

.76323 

46 

16 

. 60553 

.79583 

.61932 

.78514 

. 63293 

.77421 

.64635 j 

76304 

44 

17 

.60576 

.79565 

.61955 

.78496 

.63316 

.77402 

.€465^ ' 

.0 6286 ' 

43 

18 

. 60599 

.79547 

.61978 

.78478 

.63338 

.77384 

. 64679 

.76267 

42 

19 

. 60622 

.79530 

.62001 

.78460 

. 63361 

.77366 

. 64701 

.76248 

41 

20 

. 60645 

.79512 

.62024 

.78442 

.63383 

.77347 

. 64723 

.76229 

40 

21 

.60668 

.79494 

.62046 

.78424 

.63406 

.77329 

.64746 

.76210 

39 

22 

.60091 

.79477 

.62069 

.78405. 

.63428 

.77310 

. 64768 

.76192 

38 

23 

.60714 

.79459 

.62092 

.78387 

.63451 

.77292 

.64790 

.76173 

37 

24 

.00738 

.79441 

.62115 

.78369 

.63473 

.77273 

.64812 

.76154 

86 

25 

.60761 

.79424 

.62138 

.78351 

. 63496 

.77255 

. 64834 

.76136 

35 

26 

.60784 

.79406 

.62160 

.78333 

.63518 

.77236 

. 64856 

.76116 

34 

27 

.60807 

.79388 

.62183 

.78315 

.63540 

.77218 

. 64878 

.76097 

33 

28 

. 60830 

.79371 

.62206 

.78297 

.63563 

.77199 

. 64901 

.76078 

32 

29 

.60853 

.79353 

,62229 

.78279 

.63585 

.77181 

. 64923 

.76069 

31 

30 

. 60876 

.79335 

.62251 

.78261 

.63608 

.77162 

. 64945 

.76041 

30 

31 

. 60899 

.79318 

,62274 

,78243 

.63630 

.77144 

. 64967 

.76022 

29 

32 

. 60922 

.79300 

.62297 

.78225 

.63653 

.77125 

. 64989 

.76003 

28 

33 

. 60945 

.79282 

.62320 

.78206 

.63675 

.77107 

.65011 

.75984 

27 

34 

.60968 

.79264 

.62342 

.78188 

.63698 

.77088 

. 65033 

.76965 

26 

35 

.60991 

■ .79247 

.62365 

.78170 

. 63720 

.77070 

.65055 

.75946 

25 

36 

.61015 

.79229 

.62388 

.78152 

.63742 

.77051. 

. 65077 

.75927 

24 

37 

.61038 

.79211 

.62411 

.78134 

.63765 

.77033 

.65100 

.75908 

23 

38 

.61061 

.79193 

.62433 

.78116 

.63787 

,77014 

.65122 

.75889 

22 

39 

.61084 

.79176 

.62456 

,78098 

.63810 

.76996 

.65144 

.75870 

21 

40 

.61107 

.79158 

.62479 

,78079 

.63832 

.76977 

..65166 

.76851 

20 

41 

.61130 

.79140 

.62502 

,78061 

. 63854 

.76959 

.65188 

.75832 

19 

42 

.61163 

.79122 

. 62524 

.78043 

. 63877 

.76940 

.65210 

.75813 

18 

43 

.61176 

.79106 

. 62647 

.78025 

. 63899 

.76921 

. 65232 

.75794 

17 

44 

.61199 

.79087 

.62570 

.78007 

. 63922 

.76903 

. 65254 

.75775 

16 

45 

.61222 

.79069 

.62592 

.77988 

.63944 

.76884 

. 65276 

.75756 

16 

46 

.61245 

.79051 

.62615 

.77970 

. 63966 

.76866 

. 65298 

.75738 

14 

47 

.61268 

.79033 

.62638 

.77952 

. 63989 

.76847 

. 65320 

.75719 

13 

48 

.61291 

.79016 1 

.62660 

.77934 

.64011 

.76828 

. 65342 

• .75700 

12 

49 

.61314 

.78998 

.62683 

.77916 

. 64033 

.76810 

. 65364 

.75680 

11 

50 

.61337 

.78980 1 

. 62706 

.77897 

. 64056 

.76791 

. 65386 

.75661 

10 

51 

.61360 

.78962 

. 62728 

.77879 

. 64078 

.76772 

. 65408 

.75642 

9 

52 

.61383 

.78944 

.62751 

.77861 

.64100 

.76754 

. 65430 

.75623 

8 

53 

.61406 

.78926 

.62774 

.77843 

.64123 

.76735 

. 65452 

.75604 

7 

54 

.61429 

.78908 

.62796 

.77824 

.64145 

.76717 

. 65474 

.75586 

6 

55 

.61451 

.78891 

.62819 

.77806 

.64167 

.76698 

. 65496 

.75566 

5 

56 

.61474 

.78873 

. 62842 

.77788 

.64190 

.76679 

.65518 

.75547 

4 

57 

.61497 

.78855 

.62864 

.77769 

.64212 

.76661 

. 65540 

.75528 

3 

58 

.61520 

.78837 

.62887 

.77761 

. 64234 

.76642 

. 65562 

.75509 

2 

69 

.61543 

.78819 i 

. 62909 

.77733 

. 64266 

.76623 

. 65584 

.75490 

1 

60 

.61566 

.78801 

.62932 

.77715 

. 64279 

.76604 
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.75471 
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0 

. 65606 

.75471 

.66913 

.74314 

.68200 

.73135 

. 69466 

- .71934 

60 

1 

, 65628 

. 75452 

.66935 

. 74295 

.03221 

.73116 

.69487 

.71914 

59 

2 

.65650 

. 75433 

.66956 

. 74276 

.08242 

.73096 

.69508 

.71894 

58 

3 

.65672 

. .75414 

.66978 

. 74266 

.68204 

.73076 

.69529 

.71873 

57 

4 

.65694 

.75395 

,66999 

. 74237 

.68285 

.73056 

. 69549 

.71853 

56 

6 

.65716 

,75375 

.67021 

-74217 

.68306 

.73036 

. 69570 

,71833 

55 

6 

.65738 

. 75356 

.67043 

.74198 

.68327 

.73016 

.69591 

,71813 

54 

7 

.65759 

.75337 

. 67064 

.74178 

.68349 

.72996 

.69612 

.71792 

53 

8 

. 65781 

.75318 

. 67086 

.71159 

.68370 

.72976 

. 69633 

.71772 

52 

9 

. 65803 

.75299 

.67107 

.74139 

.68391 

.72957 

.69654 

.71752 

61 

10 

- 65825 

. 75280 

.67129 

. 74120 

.68412 

.72937 

. 69675 

.71732 

50 

11 

.65847 

.75261 

.67151 

.74100 

,68434 

.72917 

.69696 

.71711 

49 

12 

.65869 

,75241 

.67172 

.74080 

.68455 

.72897 

.69717 

.71691 

48 

13 

.65891 

. 75222 

.67194 

.74061 

.68476 

.72877 

.69737 

.71671 

47 

14 

.65913 

. 75203 

.67215 

.74041 

.68497 

.72857 

. 69758 

.71650 

46 

15 

.65935 

.75184 

. 67237 

. 74022 

-68518 

.72837 

.69779 

.71630 

45 

16 

.65956 

.75165 

. 67258 

.74002 

.68539 

.72817 

. 69800 

.71610 

44 

17 

.65978 

.75146 

. 67280 

. 73983 

.68561 

.72797 

.69821 

.71590 

43 

18 

.66000 

.75126 

.67301 

.73963 

.68582 

.72777 

. 69842 

.71569 

42 

19 

.66022 

.75107 

.67323 

. 73944 

.68603 

.72757 

.69862 

.71549 

41 

20 

.66044 

. 75088 . 

.67344 

.73924 

,68624 

.72737 

.69883 

.71529 

40 

21 

.66066 

. 75069 

.•67366 

.73904 

.68645 

.72717 

. 69904 

.71508 

39 

22 

.66088 

. 75050 

.07387 

. 73885 

.68666 

-72697 

. 69925 

.71488 

38 

23 

.66109 

. 75030 

.67409 

. 73865 

.68688 

.72677 

. 69946 

.71468 

37 

24 

.06131 

.75011 

,67430 

. 73846 

.63709 

.72657 

. 69966 

.71447 

36 

25 

.66153 

. 74992 

,67452 

. 73826 

.68730 

. 72637 

.69987 

.71427 

35 

26 

.66175 

. 74973 

. 67473 

. 73806 

.68751 

.72617 

.70008 

.71407 

34 

27 

.66197 

.74963 

.67495 

.73787 

.68772 

.72597 

-70029 

.71386 

33 

28 

.66218 

.74934 

.67516 

.73767 

-68793 

.72577 

.70049 

.71366 

32 

29 

. 66240 

.74915 

.67538 

.73747 

.68814 

.72557 

.70070 

.71345 

31 

30 

.66262 

.74896 

,67559 

.73728 

.68835 

.72537 

.70091 

.71325 

30 

31 

.66284 

. 74876 

.67580 

.73708 

.68857 

.72517 

.70112 

.71305 

29 

32 

.66306 

.74857 

.67602 

.73688 

.68878 

.72497 

.70132 

.71284 

28 

33 

.66327 

.74838 

, 67623 

.73669 

.68899 

.72477 

.70153 

.71264 

27 

34 

. 66349 

.74818 

.67645 

.73649 

,68920 

.72457 

.70174 

.71243 

26 

35 

.66371 

.74799 

. 67666 

.73629 

,68941 

.72437 

.70195 

.71223 

25 

36 

. 66393 

.74780 

.67688 

.73610 

.68962 

.72417 

.70215 

.71203 

24- 

37 

.66414 

.74760 

.67709 

- 73590 

-68983 

.72397 

. 70236 

,71182 

23 

38 

. 66436 

.74741 

.67730 

, 73670 

.69004 

.72377 

.70257 

.71162 

22 

39 

. 66458 

. 74722 

.67752 

-73551 

.69025 

.72357 

.70277 

.71141 

21 

40 

. 66480 

.74703 

.67773 

.73531 

.69046 

.72337 

.70298 

.71121 

20 

41 

.66501 

. 74683 

.67795 

.73511 

.69067 

.72317 

.70319 

.71100 

19 

42 

.66523 

. 74664 

.67816 

.73491 

.69088 

.72297 

.70339 

.71080 

18 

43 

. 66545 

. 74644 

.67837 

. 73472 

! .69109 

.72277 

.70360 

.71059 

17 

44 

. 66566 

. 74625 

.67859 

. 73452 

.69130 

. 72257 

.70381 

.71039 

16 

45 

. 66588 

. 74606 

. 67880 

. 73432 

1 .69151 

. 72236 

. 70401 

.71019 

15 

46 

.66610 

. 74586 

.07901 

.73413 

.69172 

.72216 

.70422 

.70998 

14 

47 

.66632 

. 74567 

. 67923 

. 73393 

.69193 

.72196 

. 70443 

.70978 

13 

48 

. 66653 

. 74648 

. 67944 

. 73373 

.69214 

.72176 

.70463 

.70957 

12 

49 

.66675 

. 74528 

.67965 

. 73353 

. 69235 

.72156 

. 70484 

. 70937 

11 

50 

.66697 

. 74509 

.67987 

. 73333 

.69256 

.72136 

.70505 

.70916 

10 

51 

.66718 

.74489 

. 68008 

.73314 

.69277 

.72116 

.70525 

.70896 

9 

52 

. 66740 

. 74470 

. GS029 

. 73294 

.69298 

, 72095 

. 70546 

.70875 

8 

S3 

. 66762 

.74451 

.68051 

. 73274 

.69319 

.72075 

. 70567 

.70855 

7 

54 

. 66783 

.74431 ' 

. 68072 

. 73254 

. 69340 

.72055 

. 70587 

.70834 

6 

55 

. 66805 

.74412 

. 68093 

. 73234 

.69361 

. 72035 

. 7060S 

.70813 

5 

56 

. 66827 

.74392 

.68115 

.73215 

. 69382 

.72015 

.70628 

.70793 

4 

57 

. 66848 

. 74373 

.68136 

.73195 

.69403 

.71995 

.70649 

. 70772 

3 

58 

.66870 

.74363 

.68157 

.73175 

.69424 

.71974 

.70670 

. 70752 

2 

59 

.66891 

. 74334 

.68179 

.73155 

. 69445 

. 71964 

.70690 

.70731 

1 

60 

.66913 

.74314 

. 68200 

.73135 

. 69466 

.71934 

.70711 

.70711 

0 


cosine 

sine 

cosine 

sine 

cosine 

sine 

cosine 

sine 
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( 

sec 

r 

cosec 

] 

sec 

L ° 

cosec 

sec 

2 ° 

cosec 

soc 

5 ° 

cosec 


0 

1 

Infinite . 

1,0001 

57.299 

1 . 0006 

28.654 

1.0014 

19.107 

60 

1 

1 

3437.70 

1.0001 

56.359 

1 . 0006 

28.417 

1.0014 

19.002 

59 

2 

1 

1718.90 

1 . 0002 

55.450 

1 . 0006 

28.184 

1.0014 

18.897 

58 

3 

1 

1146.90 

1 . 0002 

54.570 

1.0006 

27.955 

1.0014 

18.794 

57 

4 

1 

859 . 44 

1 . 0002 

63.718 

1.0006 

27.730 

1.0014 

18.692 

66 

5 


687.55 

1 . 0002 

52.891 

1.0007 

27.508 

1.0014 

18.591 

55 

6 

1 

572.96 

1 . 0002 

52 . 090 

1.0007 

27.290 

1.0015 

18.491 

54 

7 

1 

491.11 

1.0002 

51.313 

1.0007 

27.075 

1.0015 

18.393 

53 

s 

1 

429.72 

1.0002 

50.558 

1 . 0007 

26.864 

1.0015 

18.295 

52 

9 

1 

381.97 

1 . 0002 

49.826 

1.0007 

26.655 

1.0015 

18. 198 

51 

10 

1 

343.77 

1.0002 

49.114 

1.0007 

26.450 

1.0015 

18.103 

50 

11 

1 

312.62 

1 1.0002 

48.422 

1.0007 

26.249 

1.0015 

18.008 

49 

12 

1 

236.48 

1 . 0002 

47.750 

1.0007 

26.050 

1.0016 

17.914 

48 

13 

1 

264.44 

1.0002 

47.096 

1.0007 

25.854 

1.0016 

17.821 

47 

14 

1 

245.55 

1 . 0002 

46.460 

1.0008 

25.661 

1.0016 

17.730 

46 

15 

1 

229.18 

1.0002 

45 . 840 

1.0008 

25.471 

1.0016 

17.639 

45 

16 

1 

214.86 

1 . 0002 

45.237 

1 . 0008 

25.284 

1-0016 

17.549 

44 

17 

1 

202.22 

1:0002 

44.650 

1.0008 

25.100 ! 

1.0016 

17.460 

43 

18 

1 

1 190.99 

1.0002 

44.077 

1.0008 

24.918 

1.0017 

17.372 

42 

19 

1 

180.73 

1.0003 

43.520 

1.0008 

24.739 

1.0017 

17.285 

41 

20 

1 

171.89 

1 . 0003 

42.976 

1.0008 

24.562 

1,0017 

17.198 

40 

21 

1 . 

163.70 

1.0003 

42.445 

1.0008 

24.388 • 

1.0017 

17.113 

39 

22 

1 

156.26 

1 . 0003 

41.928 

1.0008 

24.216 

1.0017 

17.028 

38 

23 

1 

149.47 

1.0003 

41.423 

1.0009 

24.047 

1.0017 

16.944 

37 

24 

1 

143.24 

1.0003 

40.930 

1.0009 

23.880 

1.0018 

16.861 

36 

25 

1 

137.51 

1.0003 

40.448 

1.0009 

23.716 

1.0018 

16.779 

35 

26 

1 

132.22 

1.0003 

39.978 

1.0009 

23.553 

1.0018 

16.698 

34 

27 

1 

127,32 

1.0003 

39.518 

1.0009 

23.393 

1.0018 

16.617 

33 

28 

1 

122.78 

1.0003 

39.069 

1.0009 

23 . 235 

1.0018 

16.538 

32 

29 

.1 

118.54 

1.0003 

38.651 

1.0009 

23.079 

1.0018 

16.459 

31 

30 

1 

114.59 

1.0003 

38.201 

1.0009 

22 . 925 

1.0019 

16.380 : 

30 

31 

1 

110.90 

1.0003 

37.782 

1.0010 

22.774 

1.0019 

1 16.303 

29 

32 

1 

107.43 

1.0003 

37.371 

1.0010 

22.624 

1.0019 

16.226 

28 

33 

1 

104.17 

1.0004 

36.969 

1.0010 

22.476 

1.0019 

16,150 

27 

34 

1 

101.11 

1 . 0004 

36.576 

1.0010 

22.330 

1.0019 

16.075 

26 

35 

1 

98.223 

1 . 0004 

36.191 

1.0010 

22.186 

1.0019 

16.000 

25 

36 

1 

95.495 

1 . 0004 

35.814 

1.0010 

22.044 

1.0020 

15.926 

24 

37 

1 

92.914 

1.0004 

35.445 

1.0010 

21.904 

1.0020 

15.853 

23 

38 

1.0001 

90.469 

1 . 0004 

35.084 

1.0010 

21.765 

1.0020 

15.780 

22 

39 

1.0001 

88.149 

1 . 0004 

34.729 

1.0011 

21.629 

1.0020 

15.708 

■21 

40 

1.0001 

85.946 

1.0004 

34.382 

1.0011 

21.494 

1.0020 

15.637 

20 

41 

1.0001 

83.849 

1.0004 

34.042 

1.0011 

21.360 

1.0021 

15.566 

19 

42 

1.0001 

81.853 

i .0004 

33.708 

1.0011 

21.228 

1.0021 

15.496 

18 

43 

1.0001 

79.950 

1.0004 

33.381 

1.0011 

21.098 

1.0021 

15.427 

17 

44 

1.0001 

78.133 

1.0004 

33.060 

1.0011 

20.970 

1.0021 

15.358 

16 

45 

1.0001 

76.396 

1 . 0005 

32.745 

[ 1.0011 

20.843 

1.0021 

15.290 

15 

46 

1.0001 

74.736 

1.0005 

32.437 

1 1.0012 

20.717 

1^0022 

15.222 

14 

47 

1.0001 

73.146 

1.0005 

32.134 

1.0012 

20.593 

1.0022 

15.155 

13 

48 

1.0001 

71.622 

1.0005 

31.836 

1.0012 

20.471 

1.0022 

15.089 

12 

49 

1.0001 

70.160 

1.0005 

31.544 

i 1.0012 

20.350 

1.0022 

15.023 

11 

50 

1.0001 

68.757 

1.0005 

31.267 

1.0012 

20.230 

1.0022 

14.958 

10 

51 

1.0001 

67.409 

1.0005 

30.976 

1.0012 

20.112 

1 . 0023 

14.893 

9 

62 

1.0001 

66.113 

1.0006 

30.699 

1.0012 

19.995 

1 . 0023 

14.829 

8 

53 

1.0001 

64.866 

1.0005 

30.428 

1.0013 

19.880 

1 . 0023 

14.765 

7 

54 

1.0001 

63,664 

1.0005 

30.161 

1,0013 

19.766 

1 . 0023 

14.702 

6 

55 

1.0001 

62 . 507 

1.0005 

29.899 

1.0013 

19.653 

1 . 0023 

14.640 

5 

66 

1.0001 

61.391 

1.0006 

29.641 

1.0013 

19.541 

1.0024 

14.578 

a . 

57 

1.0001 

60.314 

1.0006 

29.388 

1.0013 

19.431 

1.0024 

14.517 

3 

58 

1.0001 

59 . 274 

1.0006 

29.139 

1.0013 

19.322 

1 . 0024 

14.456 

2 

59 

1.0001 

58.270 

1.0006 

28.894 

1.0013 

19.214 

1 . 0024 

14.395 

1 

60 

1.0001 

57.299 

1 . 0006 

28.654 

1.0014 

19.107 

1.0024 

14.335 

0 


cosec 

sec 

cosec 

sec 

cosec 

sec 

cosec 

sec 
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4 

O 


5” 

1 6“ 1 

7 

ro 



sec 

cosec 

sec 

cosec 

sec 

cosec 

sec 

cosec 


0 

1.0024 

14.335 

1.0038 

11.474 

1.0055 

9.5668 

.1.0075 

8.2055 

60 

1 

1 . 0025 

14.276 

1.0038 

11.436 

1.0055 

9 . 5404 

1.0075 

8.1861 

59 

2 

1 . 0025 

14.217 

l.()i)39 

11.398 

1.0056 

9.5141 

1 . 0076 

8.1668 

58 

3 

1.0025 

14.159 

1 . 0039 

11.360 

1.0056 

9.4880 

1 . 0076 

8 . 1476 

57 

4 

1.0025 

14.101 

l.(:039 

11.323 

1 . 0056 

9.4620 

1 . 0976 

8 . 1285 

56 

5 

1.0025 

14.043 

1.0039 

11.286 

1.0057 

9.4362 

1 . 0077 

8 . 1094 

55 

6 

1.0026 

13.986 

1 . 0:140 

11.249 

1 . 0057 

9.4105 

1 . 0077 

8.0905 

54 

7 

1.0026 

13.930 

1.U040 

11.213 

1.0057 

9 . 3850 

1 . 0078 

. 8.0717 

53 

8 

1 . 0026 

13.874 

1.0040 

11.176 

1.0057 

9.3596 

1 . 0078 

8 . 0529 

52 

9 

1 . 0026 

13.818 

1.0040 , 

11.140 

1.0058 

9.3343 

1 . 0078 

8 . 0342 

51 

lO 

1.0026 

13.763 

1.0041 

11.104 

1.0068 

9.3092 

1 . 0079 

8.0156 

50 

11 

1.0027 

13.708 

1.0041 

11.069 

1.0058 

9 . 2842 

1 . 0079 

7.9971 

49 

12 

1 . 0027 

13.654 

1.0041 

11,033 

1.0059 

9 . 2598 

1 . 0079 

7 . 9787 

48 

13 

1 . 0027 

13.600 

1.0041 

10.988 

1.0059 

9 . 2346 

1 . OOSO 

7.9604 

47 

14 

1 . 0027 

13.547 

1 . 0042 

10.963 

1.0059 

9.2100 

1 . OOSO 

7.9421 

46 

15 

1 . 0027 

13.494 

1 . 0042 

10.929 

1.0060 

9 . 1855 

1 . OOSO 

7.9240 

45 

16 

1.0028 

13.441 

1 . 0042 

10.894 

1.0060 

9.1612 

1 . 0081 

7 . 9059 

44 

17 

1 . 0028 

13.389 

1 . 0043 

10.860 

1.0060 

9 . 1.370 

1 . 0081 

7.8879 

43 

18 

1 . 0028 

13.337 

1 . 0043 

10.826 

1.0061 

9.1129 

1.0082 

7 . 8700 

42 

19 

1 . 0028 

13.286 

1 . 0043 

10.792 

1.0001 

9.0890 

1 . 0082 

7 . 8522 

41 

20 

1.0029 

13,235 

1 . 0043 

10.758 

1.0061 

9.0651 

1 . 0082 

7.8344 

40 

21 

1 . 0029 

13.184 

r.0044 

10.725 

1.0062 

9.0414 

1.0083 

7.8168 

39 

22 

l.()029 

13.134 

1 , 0044 

10.692 

1.00G2 

9.0179 

1 , 0083 

7.7992 

38 

23 

1 , 0029 

13.084 

1 . 0044 

10.659 

1.0062 

8.9944 

1.0084 

7.7817 

37 

24 

1 . 0;)29 

13.034 

1.0044 

10.626 

1.0063 

8.9711 

1 . 0084 

7 . 7642 

36 

25 

1 . 0030 

12.985 

1.0045 

10.593 

1.0063 

8.9479 

1 . 0084 

7 . 7469 

35 

26 

1 . 

12.937 

1 . 0045 

10.561 

1.0063 

8.9248 

1.0085 

7.7296 

34 

27 

1 . OOoO, 

12.888 

1 . 0045 

10.529 

1.0064 

8.9018 

1 . 0085 

7.7124 

33 

28 

1.0030 

12.840 

1 . 0046 

10.497 

1.0064 

8.8790 

1 . 0085 

7 . 6953 

32 

29 

1 . 003 1. 

12.793 

1 . 0046 

10,465 

1.0064 

8.8563 

1 . 0086 

7.6783 

31 

30 

1.003J. 

12.746 

1.0046 

10.433 

1.0065 

8.8337 

1 . 0086 

7.6613 

30 

31 

1.0031 

12.698 

1.0046 

10.402 

1.0065 

8.8112 

1 . 0087 

7 . 6444 

29 

32 

1.0031 

12.652 

1 . 0047 

10.371 

1.0065 

8.7888 

1.0087 

7.6276 

28 

33 

1.0-)32 

12.606 

1 . 0047 

10.340 

1.0066 

8.7665 

1 . 0087 

7.6108 

27 

34 

l.(m2 

12,560 

1 .-0047 

10.309 

1.0066 

8.7444 

1.0088 

7.5942 

26 

35 

1 . 0i)32 

12.514 

1 . 0048 

10.278 

1.0066 

8.7223 

1 . 0088 

7.5776 

25 

36 

1 . 0032 

12.469 

1 , 0048 

10.248 

1.0067 

8 . 7004 

1 . 0089 

7.5611 

24 

37 

1 . 0032 

12.424 

1 . 0048 

10.217 

1.0087 

8.6786 

1.0089 

7.5446 

23 

38 

1 . 0033 

12.379 

1 . 0048 

10.187 

1 . 0087 

8.6569 

1.0089 

7.5282 

22 

39 

1.00.33 

12.335 

1 . 0049 

10.157 

1 . 0068 

8.6353 

1.0090 

7.5119 

21 

40 

1.0o:53 

12.291 

1.0049 

10.127 

1.0068 

8.6138 

1.0090 

7.4957 

j 20 

41 

1 . 0033 

12.248 

1 . 0049 

10.098 

1 . 0068 

8.5924 

1.0090 

7.4796 

' 19 

42 

1 . 0034 

12.204 

1 . 0050 

10.068 

1 . 0089 

8.5711 

1.0091 

7.4634 

18 

43 

1.0034 

12.161 

1 . 0050 

10.039 

1 . 0069 

8 . 5499 

1 . 0091 

7 . 4474 

i 17 

44 

1 . 0034 

12. 118 

1.0050 

10.010 

1.0069 

8.5289 

1 . 0092 

7.4315 

16 

45 

1 . 0034 

12.076 

1 . 0050 

9.9812 

1 . 0070 

8 . 5079 

1 . 0092 

7.4156 

15 

46 

1 . 0035 

12.034 . 

1.0051 

9.9525 

1 . 0070 

8.4S71 

1 . 0092 

7.3998 

14 

47 

1 . 0035 

11.992 

1.0051 

9.9239 

1 . 0070 

8.4663 

1.0093 

7 . 3840 

13 

48 

1 . 0035 

11.950 

1 . 0051 

9.8955 

1.0071 

8.4457 

1 . 0093 

7.3683 

12 

49 

1 . 0035 

11.909 

1 . 0052 

9.8672 

1.0071 

8.4251 

1 . 0094 

7 . 3527 

11 

50 

1.0036 

11.868 

1 . 0052 

9.8391 

1.0071 

8.4046 

1.0094 

7.3372 

10 

51 

1.0036 

11.828 

1 . (0-2 

9.8112 

1.0072 

8 . ;i.S43 

1 . 0094 

' 7.3217 

9 

52 

1.0036 

11.787 


9.7834 

1 . 0072 

8.30-10 

1 . 0095 

7.3063 

8 

53 

1 . 0036 

11.747 

1.!=-)53 

9.7558 

1 . 0073 

S.34;i0 

1 . 0095 

7.2909 

7 

54 

1.0037 ' 

11.707 

1 . 

9.7283 

1.0073 

8. 3 ’.-IS 

1 . 0096 

7.2757 

6 

55 

1 . 0037 

11.668 

1 . 

9.7010 

1.0073 

8.3.i;i0 

1 . 0096 

7 . 2604 

5 

56 

1.0037 

11.628 

1 .!:c)54 

9.6739 

1.0074 

8.2.S-iO 

1 . 0097 

7 . 2453 

4 

67 

1 . 0037 

11.589 

l.nn^A 

9.6469 

1 . 0074 

8.2042 

1 . 0097 

7.2302 

3 

58 

1.0038 

1 1 . 550 

1 .on.’t 

9.6200 

1 . 0074 

8.2446 

1 . 0097 

7.2152 

2 

59 

1 . 0038 

11.512 

1 .*)f -"iO 

9 . 5933 

1.0075 

8.2250 

1.009S 

7.2002 

1 

60 

1.0038 

11.474 

l.nf}55 

9 . 5668 

1 . 0075 

8.20.55 

1.0098 

7.1853 

0 


cosec 

sec 

cosec 

sec 

cosec 

sec 

cosec 

sec 



8. 

5*" 

II 84'^ 1 

O 

CO 

00 

1 82° ( 




272 


APPENDIX 


' 

1 8 ° 

tt 9“ 1 

II 10 “ 1 

1 11“ 1 



see 

cosec 

sec 

cosec 

sec 

cosec 

sec 

cosec 


0 

1 . 0098 

7. 1853 

1.0125 

6.3924 

1.0154 

5 . 75 SS 

1 .0187 

5.2408 

60 

1 

1 . 0099 

7.1704 

1.0125 

6.3807 

1.0155 

5.7493 

1.0188 

5.2330 

59 

2 

1 . 0099 

7,1557 

1.0125 

6.3690 

1.0155 

5.7398 

1 .0188 

5.2252 

. 58 

3 

1 . 0099 

7.1409 

1.0126 

6.3574 

1.0166 

5.7304 

1 . 0189 ' 

6.2174 

57 

4 

1.0100 

7.1263 

1.0126 

6 . 3458 

1.0156 

5.7210 

1 .0189 

5.2097 

56 

5 

1.0100 

7.1117 

1.0127 

6,3343 

1.0157 

5.7117 

1.0190 

5.2019 

55 

6 

1.0101 

7,0972 

1.0127 

6.3228 

1.0157 

5.7023 

1.0191 

5.1942 

54 

7 

1.0101 

• 7.0827 

1.0128 

6.3113 

1.0158 

5.6930 

1 .0191 

5.1866 

53 

8 

1.0102 

7.0683 

1.0128 

6 , 2999 

1.0158 

5 . 6 S >38 

1 .0192 

5. 1788 

52 

9 

1.0102 

7.0539 

1.0129 

6.2885 

1.0159 

5.6745 

1.0192 

6.1712 

51 

10 

1.0102 

7.0396 

1.0129 

6.2772 

1.0159 

5.6653 

1 .0193 

5.1636 

50 

11 

1.0103 

7,0254 

1.0130 

6.2659 

1.0160 

5.6561 

1.0193 

5.1560 

49 

12 

1.0103 

7.0112 

1.0130 

6.2546 

1.0160 

5.6470 

1.0194 

6.1484 

48 

18 

1.0104 

6.9971 

1.0131 

6.2434 

1.0161 

5.6379 

1 .0195 

5.1409 

47 

14 

1.0104 

6.9830 

1.0131 

6.2322 

1.0162 

5.6288 

1 .0195 

5.1333 

46 

15 

1.0104 

6.9690 

1.0132 

6.2211 

1.0162 

5.6197 

1.0196 

5. 1258 

45 

16 

1.0105 

6.9550 

1.0132 

6.2100 

1.0163 

5.6107 

1 .0196 

6.1183 

44 

17 

1.0105 

6.9411 

1.0133 

6.1990 

1.0163 

5,6017 

1 .0197 

5.1109 

43 

18 

1.0106 

6.9273 

1.0133 

6.1880 

1.0164 

5.5928 

1.0198 

5.1034 

42 

19 

1.0106 

6.9135 

1.0134 

6.1770 

1.0164 

5 . 5838 

1 .0198 

6.0960 

41 

20 

1.0107 

6.8998 

1.0134 

6.1661 

1.0165 

5.5749 

1.0199 

5.0886 

40 

21 

1.0107 

6.8861 

1.0135 

6.1552 

1.0165 

6.5660 

1.0199 

6.0812 

39 

22 

1.0107 

6 , 8725 

1.0135 

6.1443 

1.0166 

5.5572 

1 .0200 

6.0739 

38 

23 

1.0108 

6 . 8689 

1.0136 

6.1335 

1.0166 

5 . 5484 

1.0201 

5.0666 

37 

24 

1.0108 

6.8454 

1.0136 

6.1227 

1.0167 

5.5396 

1-.0201 

5.0593 

36 

25 

1.0109 

6.8320 

1.0136 

6.1120 

1.0167 

6.5308 

1 .0202 

6.0520 

36 

26 

1.0109 

6.8185 

1.0137 

6.1013 

1.0168 

6.5221 

1 .0202 

6.0447 

34 

27 

1.0110 

6.8052 

1.0137 

6.0906 

1.0169 

5.5134 

1.0203 

6.0376 

33 

28 

1.0110 

6.7919 

1.0138 

6.0800 

1.0169 

5.5047 

1.0204 

6 . 0302 . 

32 

29 

1.0111 

6.7787 

1.0138 

6.0694 

1.0170 

5.4960 

1 .0204 

6.0230 

31 

30 

1.0111 

6.7655 

1.0139 

6.0588 

1.0170 

6.4874 

1 .0205 

5.0168 

30 

31 

1.0111 

6.7523 

1.0139 

6.0183 

1.0171 

6.4788 

1 .0206 

6.0087 

' 29 

32 

1.0112 

6.7392 

1.0140 

6.0379 

1.0171 

6.4702 

1 .0206 

5.0016 

28 

33 

1.0112 

6.7262 

1.0140 

6.0274 

1.0172 

6.4617 

1.0207 

4.9944 

27 

34 

1.0113 

6.7132 

1.0141 

6.0170 

1.0172 

5.4532 

1 . 0207 

4.9873 

26 

35 

1.0113 

6.7003 

1.0141 

6 . 0066 

1.0173 

5.4447 

1 .0208 

4.9802 

I 25 

36 

1.0114 

6.6874 

1.0142 

5.9903 

1.0174 

5.4362 

1 .0208 

4.9732 

24 

37 

1.0114 

6 . 6745 

1,0142 

5 , «‘. sr »(> 

1.0174 

5.4278 

1 .0209 

4.9661 

23 

38 

1.0115 

6.6617 

1.0143 

5.9758 

1.0175 

5.4194 

1 .0210 

4.9591 

22 

39 

1.0115 

6 . 6490 

1.0143 

5 . 9 n . 5.5 

1.0175 

5.4110 

1 .0210 

4.9521 

21 

40 

1.0015 

6.6363 

1.0144 

5.9554 

1.0176 

5.4026 

1 .0211 

4.9452 

20 

41 

1.0116 

6.6237 

1.0144 

5.9452 

1.0176 

6 . 3943 

1 .0211 

4.9382 

19 

42 

1.0116 

6.6111 

1.0145 

5.9351 

1.0177 

6.3860 

1 .0212 

4.9313 

IS 

43 

1.0117 

6.5985 

1.0145 

5 . 9250 

1.0177 

5.3777 

1 .0213 

4.9243 

17 

44 

1.0117 

6.5860 

1.0146 

5.9150 

1.0178 

6.3695 

1 .0213 

4.9 175 

16 

45 

1.0118 

6.5736 

1.0146 

5.9049 

1.0179 

6.3612 

1 .0214 

4.9106 

15 

46 

1.0118 

6.5612 

1.0147 

5.8950 

1.0179 

5.3530 

1 .0215 

4.9037 

14 

47 

1.0119 

6.5488 

1.0147 

5.8850 

1.0180 1 

5.3449 

1 .0215 

4.8969 

13 

48 

1.0119 

6.5365 

1.0148 

5.8751 

1.0180 1 

6.3367 

1 .0216 

4.8901 

12 

49 

1.0119 

6.6243 

1.0148 

5 . 8652 

1.0181 1 

5.3286 

1 .0216 

4. 8833 

11 

50 

1.0120 

6.5121 

1.0149 

5 . 8554 

1.0181 i 

5.3205 

1 .0217 

4.8765 

10 

51 

1.0120 

6^4999 

1.0150 

5 . 8456 

1.0182 

5.3124 

1.0218 

4.8697 

9 

52 

1.0121 

6.4878 

1.0150 

5 . 8358 

1.0182 

5.3044 

1,0218 

4.8630 

8 

58 

1.0121 

6.4757 

1,0151 

6.8261 

1.0183 

5.2963 

1 .0219 

4.8563 

7 

54 

1.0122 

6.4637 

1.0151 

5.8163 

1.0184 

5.2883 

1 .0220 

4.8496 

c , 

55 

1.0122 

6.4517 

1.0152 

5 . 8067 

1.0184 

5.2803 

1.0220 . 

4 . 8429 

5 

66 

1.0123 

6.4398 

1.0152 

5 . 7970 

1.0185 

5.2724 

1 .0221 

4 . 8362 

4 

67 

1.0123 

6.4279 

1.0153 

5.7874 

1.0185 

5.2645 

1 .0221 

4.8296 

3 

68 

1.0124 

6.4160 

1.0153 

5 . 7778 

1.0186 

5.2566 

1 .0222 

4.8229 

0 

69 

1.0124 

6.4042 

1.0154 

5 . 7683 

1.0186 

5.2487 

1 .0223 

4.8163 

1 

60 

1.0125 

6.3924 

1.0154 

5 . 7588 

1.0187 

5.2408 

1 .0223 

4.8097 

0 

/ 

cosec 

sec 

cosec 

sec 

cosec 

sec 

cosoc 

sec 



00 

O 

i SO" 1 

1 79 " j 

7 \ 

S" 




SECANTS 


273 



sec 

2® 

coscc 

1 

sec 

T 

■ cosec 

1 

sec 

cosec 

i 

sec 

5° 

cosec 


0 

1 . 0223 

4 . 8097 

1 . 0263 

4 . 4454 

1.0306 

4.1336 

1 . 0353 

3.8637 

60 

1 

1 . 0224 

4 . 8032 

1 . 0264 

4.4398 

1.0307 

4.1287 

1 . 0353 

3.8595 

59 

2 

1 . 0225 

4.7966 

1 . 0264 

4.4342 

1.0308 

4.1239 

1.0354 

3 . 8553 

58 

3 

1 . 0225 

4.7901 

1 . 0265 

4,4287 

1.0308 

4.1191 

1.0355 

3.8512 

57 

4 

1 . 0226 

4.7835 

1 . 0266 

4.4231 

1.0309 

4. 1144 

1.0356 

3.8470 

56 

5 

1 . 0226 

4 . 7770 

1 . 0266 

4.4176 

1.0310 

4.1G96 

1.0357 

3 . 8428 

55 

6 

1 . 0227 

4.7706 

1 . 0267. 

4.4121 

1.0311 

4.1C4S 

1.0358 

3 . 8387 

54 

7 

1.0228 

4.7641 

1.0268 

4.4065 

1.0311 

4.1001 

1.0358 

3 . 8346 

53 

8 

1 . 0228 

4.7676 

1.0268 

4.4011 

1.0312 

4.0953 

1.0359 

3.8304 

52 

9 

1.0229 

4.7512 

1-0269 

4.3956 

1.0313 

4.0906 

1.0360 

3 . 8263 

51 

10 

1 . 0230 

4.7448 

1.0270 

4.39^ 

1.0314 

4.0859 

1 . 0361 

3.8222 

50 

11 

1 . 0230 

4.7384 

1.0271 

4.3847 

1.0314 

4.0812 

1.0363 

3.8181 

49 

12 

1.0231 

4.7320 

1.0271 

4.3792 

1.0315 

4.0705 

1.0362 

3.8140 

48 

13 

1.0232 

4.7257 

1.0272 

4.3738 

1.0316 

4.0718 

1.0363 

3.8100 

47 

14 

1.0232 

4.7103 

1.0273 

4.3684 

1.0317 

4.0672 

1.0364 

3 . 8059 

46 

15 

1 . 0233 

4.7130 

1.0273 

4.3630 

1.0317 

4.0625 

1.0365 

3.8018 

45 

16 

1 . 0234 

4.7007 

1 . 0274 

4.3576 

1.0318 

4.0579 

1.0366 

3.7978 

44 

17 

1 . 0234 

4.7004 

1 . 0275 

4.3522 

1.0319 

4.0532 

1.0367 

3.7937 

43 

18 

1.0235 

4.6042 

1 . 0276 

4.3469 

1.0320 

4.0486 

1.0367 

3.7897 

42 

19 

1.0235 

4.6S70 

1 . 0276 

4.3415 

1.0320 

4.0440 

1.0368 ■ 

3.7857 

41 

20 

1.0236 

4.68;.7 

1 . 0277 

4.3362 

1.0321 

4.0394 

1.0369 

3.7816 

40 

21 

1.0237 

4.6754 

1.0278 

4.3309 

1.0322 

4.0348 

1.0370 

3.7776 

39 

22 

1.0237 

4.6692 

1.0278 

4.3256 

1.0323 

4.0302 

1.0371 

3.7736 

38 

23 

1.0238 

4.6631 

1 . 0279 

4.3203 

1.0323 

4.0256 

1.0371 

8 . 7697 

37 

24 

1.0239 

4.6569 

1.0280 

4.3160 

1.0324 

4.0211 

1 .0372 

3.7657 

36 

26 

1.0239 

4.6507 

1 . 0280 

4.3098 

1.0325 

4.0165 

1.0373 

3.7617 

35 

26 

1.0240 

4.6446 

1.0281 

4.3045 

1.0326 

4.0120 

1.0374 

3.7677 

34 

27 

1.0241 

4.6385 

1.0282 

4.2993 

1.0327 

4.0074 

1 .0375 

3 . 7538 

33 

28 

1.0241 

4.6324 

1 . 0283 

4.2941 

1.0327 

4.0029 

1.0376 

3.7498 

32 

29 

1.0242 

4.6263 

1.0283 

4.2388 

1.0328 

3.9984 

1.0376 

3 . 7469 

31 

30 

1.0243 

4.6202 

1.0284 

4.2836 

1.0329 

3.9939 

1.0377 

3.7420 

30 

31 

1.0243 

4.6142 

1.0285 

4,2785 

1.0330 

3.9894 

1.0378 

3.7380 

29 

32 

1 . 0244 

4.6081 

1.0285 

4.2733 

1.0330 

3 . 9350 

1.0379 

3.7341 

28 

33 

1.0245 

4.6021 

1.0286 

4. 2081 

1.0331 

3.9805 

1.0380 

3.7302 

27 

34 

1.0246 

4.5961 

1.0287 

4.2630 

1.0332 

3.9760 

1.0381 

3 , 7263 

26 

35 

1.0246 

4.6901 

1.0288 

4.2679 

1.0333 

3.9716 

1.0382 

3.7224 

25 

36 

1.0247 

1 4.5841 

1.0288 

4.2527 

1.0334 

3.9672 

1.0382 

3.7186 

24 

37 

1.0247 

4.5782 

1.02S9 

4.2476 

1.0334 

3.9027 

1.0383 

3.7147 

23 

38 

1.0248 

4.5722 

1.0200 

4,2425 

1.0335 

3 . 9533 

1.0384 

3.7108 

22 

39 

1.0249 

4.5663 

1.0291 

4.2375 

1.0336 

3.9539 

1.0386 

3.7070 

21 

40 

1.0249 

4.5604 

1.0291 

4.2324 

1.0337 

3.9495 

1.0386 

3.7031 

20 

41 

1.0250 

4.5545 

1 . 0292 

4.2273 

1.0338 

3.9451 

1.03S7 

3.6993 

19 

42 

1.0251 

4.5486 

1.0293 

4.2223 

1.0333 

3.94JS 

1 . 0387 

3.6955 

IS 

43 

1.0251 

4.5428 

1.0293 

4.2173 

1.0339 

3.9364 

1.0388 

3.6917 

17 

44 

1.0252 

4. 5369 

1 . 0294 

4.2122 

1.0340 

3.9320 

1 . 0389 

3 . 6878 

16 

45 

1 .0253 

4.5311 

1.0295 

4.2072 

1.0341 

3.9277 

1 . 0.390 

3 . 6840 

15 

46 

1.0253 

4.5253 

1.0296 

4.2022 

1.0341 

3 . 9234 

1.0391 

3 . 6802 

14 

47 

1.0254 

4.5195 

1.0296 

4.1972 

1.0342 

3.9190 

1.0:392 

3 . 6765 

13 

48 

1.0255 

4.5137 

1.0297 

4.1923 

1.0343 

3.9147 

1.0393 

3.6727 

12 

49 

1.0255 

4.5079 

1,0298 

4.1873 

1.0344 

3.9104 

1.0393 

3. 6689 

11 

50 

1.0256 

4.6021 

1.0299 

4.1824 

1.0345 

3.9061 

1.0394 

1 3,6651 

10 

51 

1 .0257 

4.4964 

1.0299 

4.1774 

1.0345 

3.9018 

1 . 0.395 

1 3.6614 

9 

52 

1 .0257 

4.4907 

1.0300 

4.1725 

1 . 0346 

3 . 8976 

1.0396 

1 3.6576 

8 

53 

1.0258 

4.4850 

1.0301 

4. 1676 

1 . 0347 

3 . 8933 

I . 0397 

3 . 6539 

7 

54 

1 .0259 

4.4793 

1.0,302 

4. 1627 

1.0348 

3.8S90 

1 . 0,398 

3.6,502 

6 

55 

1 0260 

4.4736 

1 . 0302 

4. 1578 

1.0349 

3. 8848 

1 . 0.399 

3 . 6464 

5 

56 

1 .0260 

4.4679 

1 . 0303 

4.1529 

1.0349 

3 . 8805 

1 . 0399 

3 . 6427 

4 

57 

1 .0261 

4.4623 

1.0304 

4.1481 

1 . 0350 

3 . 8763 

1 . 0400 

3.6390 . 

3 

58 

1 .0262 

4.4566 

1 .0305 

4.14.32 

1.0351 

3.8721 

1.0401 

3.6353 

2 

59 

1 0262 

4.4510 

1.0305 

4. 1384 

1 . 0352 

3 . 8679 

1 . 0402 

3.6316 

1 

60 

1 .0263 

4.4454 

1.0306 

4.1336 

1 . 0353 

3.8637 

1 . 0403 

3.6279 

0 


cosec 

7 

sec 

7 ° 

f'osec 

7 ' 

sec 

6° 

cosec 

7. 

sec 

5^^ 

cosec 

7' 

sec 

4° i 




274 


APPENDIX 


— 

16” 

1 17” 

QO 

0 

19“ 1 

' 

sec 

cosec 

sec 

cosec 

sec 

cosec 

sec 

coseo 

0 

1 0403 

3 6279 

1 . 0457 

3.4203 

1.0515 

3.2361 

1.0576 

3.0715 

1 

1 0404 

3 6243 

1 . 0458 

3.4170 

1.0516 

3.2332 

1 . 0577 

3.0690 

2 

1 0405 

3 . 6206 

1 . 0459 

3.4138 

1.0517 

3.2303 

1.0578 

3.0664 

3 

i 0406 

3.6169 

1 . 0460 

3.4106 

1.0518 

3.2274 

1.0579 

3.0638 

4 

1 0406 

3.6133 

1.0461 

3.4073 

1.0519 

3.2245 

1.0580 

3.0612 

5 

1 0407 

3 . 6096 

1.0461 

3.4041 

1.0520 

3.2216 

1.0681 

3 . 0586 

Q 

1 _ 0408 

3 . 6060 

1 . 0462 

3.4009 

1.0521 

3.2188 

1 . 0582 

3.0661 

7 

1 0409 

3 . 6024 

1 . 0463 

3.3977 

1.0522 

3.2159 

1.0584 

3 . 0535 

8 

1 0410 

3 . 5987 

1 . 0464 

3.3945 

1.0523 

3.2131 

1.0585 

3 . 0509 

g 

i1d4ii 

3.5951 

1 . 0465 

3.3913 

1.0524 

3.2102 

1.0686 

3 . 0484 

10 

1.0412 

3 . 5915 

1 . 0466 

3.3881 

1.0525 

3.2074 

1.0587 

3.0458 

XI 

1 0413 

3 . 5879 

1 . 0467 

3.3849 

1.0526 

3.2045 

1 .0588 

3 . 0433 


1.0413 

3 . 5843 

1 . 0468 

3.3817 

1.0527 

3.2017 

1.0589 

3 . 0407 

13 

1.0414 

3 . 5807 

1 . 0469 

3.3785 

1.0528 

3.1989 

1.0590 

3 . 0382 

14 

1.0415 

3 . 5772 

1 . 0470 

3.3754 

1.0529 

3.1960 

1.0591 

3-. 0357 

1 5 

1 0416 

3 . 5736 

1.0471 

3 . 3722 

1.0530 

3.1932 

1 . 0592 

3.0331 

16 

1.0417 

3 . 5700 

1.0472 

3.3690 

1.0531 

3.1904 

1.0.193 

3.0306 

17 

1.0418 

3 . 5665 

1 . 0473 

3.3659 

1.0532 

3-. 1876 

1.0594 

3,0281 

18 

1.0419 

3 . 5629 

1.0474 

3.3627 

1.0533 

3.1848 

1.0595 

3 . 0256 

19 

1 . 0420 

3.5594 

1 . 0475 

3.3596 

1.0634 

3.1820 

1.0596 

3.0231 

20 

1 . 0420 

3 . 6559 

1.0476 

3.3565 

1.0535 

3.1792 

1.0598 

3.0206 

21 

1.0421 

3 . 5523 

1 . 0477 

3.3534 

1.0536 

3.1764 

1.0599 

3.0181 

22 

1 . 0422 

3 . 5488 

1.0478 

3.3502 

1.0537 

3.1736 

1.0600 

3.0156 

23 

1 . 0423 

3 . 5453 

1 . 0478 

3.3471 

1.0538 

3.1708 

1.0601 

3.0131 

24 

1 . 0424 

3.5418 

1 . 0479 

3.3440 

1,0539 

3.1681 

1.0602 

3.0106 

25 

1 . 0425 

3.5383 

1.0480 

3.3409 

1 . 0540 

3.1653 

1.0603 

3.0081 

26 

1.0426 

3.5348 

1.0481 

3 . 3378 

1.0541 

3.1625 

1.0604 

3 . 0056 

27 

1 . 0427 

3.6313 

1.0482 

3.3347 

1.0542 

3.1598 

1.0605 

3.0031 

28 

1 . 0428 

3 . 5279 

1.0483 

3.3316 

1.0543 

3.1570 

1.0606 

3 . 0007 

29 

1 . 0428 

3 . 5244 

1.0484 

3.3286 

1.0644 

3.1543 

1.0607 

2 . 9982 

30 

1.0429 * 

3.5209 

1.0485 

3.3255 

1.0645 

3.1515 

1.0608 

2.9967 

31 

1 . 0430 

3.5175 

1.0486 

3.3224 

1.0646 

3.1488 

1.0609 

2 . 9933 

32 

1.0431 

3.5140 

1.0487 

3.3194 

1.0647 

3.1461 

1.0611 

2.9908 

33 

1 . 0432 

3.5106 

1.0488 

3.3163 

1,0648 

3.1433 

1.0612 

2 . 9884 

34 

1 . 0433 

3 . 5072 

1.0489 

3.3133 

1.0549 

3.1406 

1.0613 

2.9859 

35 

1.0434 

3 . 5037 

1.0490 

3.3102 

1.0560 

3.1379 

1.0614 

2.9835 

36 

1 . 0435 

3.5003 

1.0491 

i 3.3072 

1.0551 

3.1352 

1.0616 

2.9810 

37 

1 . 0436 

3.4969 

1.0492 

3.3042 

1.0552 

3.1325 

1.0616 

2.9786 

38 

1 . 0437 

3.4935 

1.0493 

3.3011 

1.0553 

3.1298 

1.0617 

2.9762 

39 

1 . 0438 

3.4001 

1.0494 

3.2981 

1.0664 

3.1271 

1.0618 

2.9738 

40 

1.0438 

3.4S57 

1.0495 

3.2951 

1.0555 

3.1244 

1.0619 

2.9713 

41 

1 . 0439 

3.4833 

1.0496 

3.2921 

1.0556 

3.1217 

1.0620 

2.9689 

42 

1 . 0440 

3.4799 

1.0497 

3.2891 

1.0557 

3.1190 

1.0622 

2 . 9665 

43 

1.0441 

3.4766 

1.0498 

3.2861 

1.0558 

3.1163 

1.0623 

2.9641 

44 

1 . 0442 

3.4732 

1.0499 

3.2831 

1.0559 

3.1137 

1.0624 

2.9617 

45 

1 . 0443 

3.4698 

1.0500 

3.2801 

1.0660 

3.1110 

1.0626 

2.9593 

46 

1 . 0444 

3 . 4665 

1.0601 

3 . 2772 

1.0561 

3.1083 

1.0626 

2.9569 

47 

1 . 0445 

3.4632 

1.0502 

3 . 2742 

1.0562 

3.1057 

1.0627 

2 . 9545 

48 

1.0446 

3.4598 

1 . 0503 

3.2712 

1.0563 

3.1030 

1.0628 

2.9521 

49 

1 . 0447 

3.4566 

1 . 0604 

3.2683 

1.0565 

3.1004 

1.0629 

2 . 9497 

50 

1.0448 

3.4532 

1.0505 

3.2663 

1.0666 

3.0977 

1.0630 

2 . 9474 

51 

1.0448 

3 . 4498 

1 . 0506 

3.2624 

1.0567 ! 

3.0951 

1.0632 

2.9460 

52 

1.0449 

3 . 4465 

1.0507 

3 . 2594 

1.0568 

3.0925 

1.0633 

2.9426 

63 

1 . 0450 

3 . 4432 

1.0508 

3.2565 

1.0569 

3.0898 

1 . 0634 

2 . 9402 

54 

1.C451 

3.4399 

1.0509 

3 . 2535 

1.0570 

3.0872 

1.0636 

2.9379 

65 

1 . 0452 

3.4366 

1.0510 

3 . 2506 

1.0571 

3 . 0846 

1.0636 

2.9355 

56 

1.0453 

3.4334 

1.0611 

3.2477 

1 . 0572 

3.0820 

1.0637 

2.9332 

57 

1 . 0454 

3.4301 

1.0512 

3 . 2448 

1.0573 

3.0793 

1 . 0638 

2.9308 

58 

1 . 0455 

3.4268 

1.0513 

3.2419 

1.0574 

3 . 0767 

1.0639 

2.9285 

69 

1.0456 

3.4236 

1.0514 

3 . 2390 

1.0575 

3.0741 

1.0641 

2.9261 

60 

1.0457 

3.4203 

1.0515 

3.2361 

1.0576 

3.0715 

1.0642 

2.9238 


cosec 

sec 

cosec 

sec 

cosec 

sec 

cosec 

sec 


730 

72 “=* 

1 71 ° 

7 ( 

r 


11 

10 

9 

8 

7 

6 

5 

4 

3 

2 

1 

0 


00500Ni<OU5^MM iHO 05 00 b- O JO r}l CO <M O 05 00 bn «0 JO CO r-i O 05 00 b- «0 JO cO M r-i O 05 00 h- <D JO rfl cO CM 
{DlOJOiOJOiO»OJO»OJO»0 CO CO CO CO CO CO CO CO CO CO (M W <N (N W (N (N (N <N Oq iH rS rH »H tH tH t-c ,-( 



SECANTS 


275 



1 20^ 

II ^1" 

i 22° 

1 SF 



sec 

cosec 

j 

sec 

cosec 

sec 

cosec 

sec 

cosec 


0 

1.0642 

2.9238 

1.0711 

2.7904 

1.0785 

2.6695 

1.0864 

2.5593 

60 

1 

1.0643 

2.9215 ! 

1.0713 

2.7883 

1.0787 

2.6675 

1.0865 

2,5575 

59 

2 

1.0644 

2.9191 

1.0714 

2.7862 

1.0788 

2.6656 

1.0866 

2 . 5558 

68 

3 

1.0645 

2.9168 i 

1.0715 

2.7841 i 

1.0789 

2.6637 

1.0868 

2 . 5540 

57 

4 

1.0646 

2.9145 

1.0716 

2.7820 

1.0790 

2.6618 

1.0869 

2 . 5523 

56 

5 i 

1.0647 

2.9122 

1.0717 

2.7799 

1.0792 

2.6599 

1.0870 

2.5506 

55 

6 

1.0648 

2.9098 

1.0719 

2.7778 

1.0793 

2.6580 

1.0872 

2.5488 

54 

7 

1.0650 

2.9075 

1.0720 

2.7757 

1.0794 

2.6561 

1.0873 

2.5471 

53 

8 

1.0651 

2.9052 

1.0721 

2.7736 

1 .0795 

2.6542 

1.0874 

2.5463 

62 

9 

1.0652 

2.9029 

1.0722 

2.7715 

1.0797 

2.6523 

1.0876 

2 . 5436 

51 

10 

1.0653 

2.9006 

1.0723 

2.7694 

1.0798 

2.6504 

1.0877 

2.5419 

50 

11 

1.0654 

2.8983 

1.0725 

2.7674 

1.0799 

2.6485 

1.0878 

2.5402 

49 

12 

1.0655 

2.8960 

1.0726 

2.7663 

1.0801 

2.6466 

1.0880 

2.5384 

48 

13 

1.0656 

2.8937 

1.0727 

2.7632 

1.0S02 

2.6447 

1.0881 

2 . 5367 

47 

14 

1.0658 

2.8915 

1.0728 

2.7611 

1.0803 

2.6428 

1.0882 

2.5350 

46 

15 

1.0659 

2.8892 

1.0729 

2.7591 

1.0804 

2.6410 

1.0884 

2 . 5333 

45 

16 

1.0660 

2.8869 

1.0731 

2.7570 

1.0806 

2.6391 

1.0885 

2.5316 

44 

17 

1.0661 

2.8846 

1 .0732 

2.7550 

1.0807 

2.6372 

1.0886 

2.5299 

43 

18 

1.0662 

2.8824 

1.0733 

2.7529 

1-0808 

2.6353 

1.0888 

2.5281 

42 

19 

1.0663 

2.8801 

1.0734 

2.7509 

1.0810 1 

2.6335 

1.0889 

2.5264 

41 

20 

1-0664 

2.8778 

1.0736 

2.7488 

1.0811 

2.6316 

1.0891 

2.5247 

40 

21 

1.0666 

2.8756 

1.0737 

2.7468 

1.0812 

2.6297 

1 - 0892 

2.5230 

39 

22 

1 . 0667 

2.8733 

1 . 0738 

2.7447 

1,0813 

2.6279 

1 - 0893 

2.5213 

38 

23 

1.0668 

2.8711 

1.0739 

2.7427 

1.0815 

2.6260 

1 . 0895 

2.5196 

37 

24 

1-0669 

2 . 8688 

1,0740 

2.7406 

1.0816 

2.6242 

1.0896 

2.5179 

36 

25 

1.0670 

2.8666 

1.0742 

2.7386 

1.0817 

2.6223 

1.0897 

2.5163 

35 

26 

1.0671 

2.8644 

1.0743 

2.7366 

1.0819 

2.6205 

1 . 0899 

2.5146 

34 

27 

1.0673 

2.8621 

1 . 0744 

2.7346 

1.0820 

2.6186 

1 . 0900 

' 2.5129 

33 

28 

1.0674 

2.8699 

1 . 0745 

2.7325 

1.0821 

2.6168 

1 . 0902 

2.5112 

32 

29 

1.0675 

2 . 8677 

1 . 0747 

2.7306 

1.0823 

2.6150 

1 . 0903 

2 . 5095 

31 

30 

1.0676 

2 . 8554 

1.0748 

2.7285 

1.0824 

2.6131 

1.0904 

2.5078 

30 

31 

1.0677 

2 , 8532 

1 . 0749 

2.7265 

1.0825 

2.6113 

1.0906 

2 . 5062 

29 

32 

' 1.0678 

2.8510 

1.0750 

2.7245 

1.0826 

2.6095 

1-0907 

2.5045 

28 

33 

! 1.0679 

2.8488 

1.0751 

2.7225 

1.0828 

2.6076 

1 . 0908 

2 . 5028 

27 

34 

1.0681 

2.8466 

1 . 0753 

2.7205 

1.0829 

2.6058 

1.0910 

2.6011 

26 

35 

1 . 0682 

2.8444 

1.0754 

2.7186 

1.0830 

2.6040 

1.0911 

2.4995 

25 

36 

1 . 0683 

2.8422 

1.0755 

2.7165 

1.0832 

2 . 6022 

1.0913 

2.4978 

24 

37 

1 . 0684 

2.8400 

1.0756 

2.7145 

1 . 0833 

2 . 6003 

1.0914 

2.4961 

23 

38 

1 . 0685 

2.8378 

1 . 0758 

2.7125 

1.0834 

2.5985 

1.0915 

2.4945 

22 

39 

1 . 0686 

2 . 8356 

1.0759 

2.7105 

1.0836 

2.6967 

1.0917 

2.4928 

21 

40 

1.0688 

2.8334 

1.0760 

2.7085 

1.0837 

2.5949 

1.0918 

2.4912 

20 

41 

1.0689 

2.8312 

1.0761 

2.7065 

1.083S 

2.6931 

1 . 0920 

2.4895 

19 

42 

1 . 0690 

2 . 8290 

1.0763 

2.7045 

1.0840 

2.5913 

1.0921 

2 . 4879 

18 

43 

1.0691 

2 . 8269 

1.0764 

2 . 7026 

1.0841 

2 . 5895 

1 . 0922 

2.4862 

17 

44 

1 . 0692 

2 . 8247 

1 . 0765 

2.7006 

1.0842 

2 . 5877 

1 . 0924 

2.4846 

16 

45 

1 . 0694 

2 . 8225 

1.0766 

2.6986 

1.0844 

2 . 5859 

1.0925 

2.4829 

15 

46 

1 . 0695 

2 . 8204 

1.0768 

2.6967 

1.0845 

2.5841 

1.0927 

2.4813 

14 

47 

1 . 0696 

2.8182 

1.0769 

2.6947 

1.0846 

2 . 5823 

1 . 0928 

2 . 4797 

13 

48 

1.0697 

2.8160 

1 . 0770 

2 . 6927 

1.0847 

2.5805 

1 . 0929 

2.4780 

12 

49 

1.0698 

2.8139 

1.0771 

2.6908 

1 . 0849 

2 . 5787 

1.0931 

2.4764 

11 

50 

1 . 0699 

2.8117 

1.0773 

2.6888 

1.0860 

2.5770 

1.0932 

2 . 4748 

10 

51 

1.0701 

2.8096 

1.0774 

2 . 6869 

1.0851 

2.5752 

1.0934 

2.4731 

9 

52 

1 . 0702 

2.8074 

1.0775 

2.6849 

1.0853 

2 . 5734 

1 . 0935 

2.4715 

8 

53 

1 . 0703 

2.8053 

1.0776 

2 . 6830 

1.0854 

2.5716 

1 . 0936 

2 . 4699 

7 

54 

1 . 0704 

2.8032 

1.0778 

2.6810 

1.0855 

2 . 5699 

1 . 0938 

2 . 4683 

6 

55 

1.0705 

2.8010 

1 . 0779 

2.6791 

1.0857 

2 . 5681 

1.0939 

2.4666 

5 

56 

1 .0707 

2.7989 

1.0780 

2 . 6772 

1.0858 

2 . 5663 

1.0941 

2 . 4650 

4 

57 

1.0708 

2.7968 

1.0781 

2 . 6752 

1,0859 

2 . 5646 

1.0942 

2 . 4634 

3 

58 

1.0709 

2.7947 

1 . 0783 

2 . 6733 

1.0861 

2.5628 

1 . 0943 

2.4618 

2 

59 

1.0710 

2.7925 

1 . 0784 

2.6714 

1 . 0S62 

2.5610 

1.0946 

2 . 4602 

1 

60 

1.0711 

2.7904 

1.0785 

2.6695 

1.0864 

2.5593 

1.0946 

2. 4586 

0 


cosec 

sec 

cosec 

sec 

cosec 

sec 

cosec 

sec 

/ 


! 69" [ 

0 

00 

CD 

S'] 

7 ° 

6€ 







276 


APPENDIX 



2 . 4586 

[034 

2.3662 


2.2812 

1223 

2.2027 

60 

w 

2.4570 

1035 

2.3647 

.27 

2.2798 

1225 

2.2014 

59 

01 

2 . 4554 

[037 

2.3632 

.29 

2.2784 

1226 

2 . 2002 

58 

0! 

2 . 4538 

[038 

2.3618 

.31 

2.2771 

1228 

2.1989 

67 

0! 

2.4522 

[040 

2.3603 

32 

2.2757 

1230 

2.1977 

56 

0) 

2.4506 

[041 

2.3588 

34 

2.2744 

1231 

2 . 1964 

55 

Oi 

2 . 4490 

[043 

2.3574 

.35 

2.2730 

1233 

2.1962 

54 

0! 

2 . 4474 

[044 

2.3559 

.37 

2.2717 

1235 

2.1939 

53 

01 

2.4458 

[046 

2.3544 

.39 

2.2703 

1237 

2.1927 

62 

0! 

2.4442 

[047 

2.3530 

.40 

2.2690 

1238 

2.1914 

51 


2.4426 

.049 

2.3515 

.42 

2.2676 

1240 

2 . 1902 

50 

0962 

2.4411 

.050 

2.3501 

.43 

2.2663 

1242 

2 . 1889 

49 

0963 

2.4395 

[052 

2.3486 

.45 

2 . 26 /iO 

1243 

2. .1877 

48 

0965 

2.4379 

.053 

2.3472 

.47 

2.26 X 6 

1245 

2.1865 

47 

0966 

2.4363 

.055 

2.3457 

48 

2 . 26.23 

1247 

2.1862 

46 

0968 

2.4347 

.056 

2 . 3443 

50 

2.2 C :0 

1248 

2.1840 

45 

0969 

2.4332 

.058 

2 . 3428 

.51 

2 . 25[^6 

1250 

2.1828 

44 

0971 

2.4316 

.059 

2.3414 

.53 

2 . 25 S 3 

1252 

2.1815 

43 

0972 

2.4300 

.061 

2.3399 

55 

2.2570 

1263 

2.1803 

42 

0973 

2.4285 

.062 

2.3385 

56 

2.2556 

1255 

2.1791 

41 

0975 

2.4269 

.064 

2.3371 

.58 

2.2513 

1257 

2.1778 

40 

0976 

2.42 u 

.065 

2.3356 

.59 

2.2530 

1258 

2.1766 

39 

0978 

2.423 J 

.067 

2.3342 

,61 

2.2617 

1260 

2 . 1754 

38 

0979 

2.422^ 

.068 

2.3328 

.63 

2 . 2503 

1262 

2 . 1742 

37 

0981 

2.420' 

.070 

2.3313 

.64 

2 . 2490 

126-^ 

2.1730 

36 


2.419: 

,072 

2.3299 

.66 

2.2477 

126 J 

2.1717 

35 


2.417< 

.073 

2.3286 

67 

2.2464 

126^ 

2.1705 

34 


2.416< 

.075 

2.3271 

.69 

2.2461 

1269 

2.1693 

33 


2.414 J 

.076 

2 . 3256 

.71 

2 . 2438 

1270 

2.1681 

32 

09 

2.413< 

,078 

2 . 3242 

.72 

2 . 2425 

1272 

2.1669 

31 

09; ;9 

2.411^ 

,079 

2.3228 

.74 

2.2411 

1274 

2.1657 

30 

0991 

2.4099 

.081 

2.3214 

.76 

2.2398 

1275 

2.1645 

29 

0992 

2.4083 

.082 

2.3200 

.77 

2.2385 

1277 

2.1633 

28 

0994 

2 . 4068 

,084 

2.3186 

.79 

2.2372 

1279 

2.1620 

27 

0995 

2.4053 

,08$ 

2.3172 

.80 

2 . 2359 

1281 

2.1608 

26 

0997 

2.4037 

,087 

2.3158 

.82 

2.2346 

1282 

2.1596 

25 

0998 

2 ytnoo 

.088 

2.3143 

.84 

2.2333 

128 ^t 

2.1584 

24 

1000 

2 ! 

.090 

2.3129 

.85 

2.2320 

1286 

2.1572 

23 

1001 

2. 

.092 

2.3115 

.87 

2.2307 

1287 

2.1560 

22 

1003 


.093 

2.3101 

.89 

2.2294 

1289 

2. 1548 

21 

1004 

2.3961 

.095 

2.3087 

.90 

2.2282 

1291 

2.1536 

20 

005 

2.3946 

.096 

2.3073 

.92 

2 . 2269 

1293 

2.1525 

19 

007 

2.3931 

098 

2 . 3059 

.93 

2.2256 

1294 

2.1513 

18 

,008 

2.3916 

.099 

2 . 3046 

.95 

2.2243 

1296 

2.1501 

17 

010 

2.3901 

.101 

2 . 3032 

.97 

2.2230 

1298 

2.1489 

16 

.011 

2.3886 

.102 

2.3018 

l98 

2.2217 

1299 

2.1477 

15 

013 

2.3871 

.104 

2 . 3004 

JOO 

2 . 2204 

1301 

2.1465 

14 

014 

2 . 3866 

.106 

2.2990 

J 02 

2.2192 

1303 

2.1463 

13 

.016 

2.3841 

.107 

2.2976 

503 

2.2179 

1305 

2.1441 

12 

.017 

2.3826 

l109 

2.2962 

>5 

2.2166 

1306 

2.1430 

11 

.019 

2.3811 

[110 

2.2949 

17 

2.2153 

1308 

2.1418 

10 

.020 

2.3796 

[112 

2.2935 

108 

2.2141 

1310 

2.1406 

9 

.022 

2.3781 

L 113 

2.2921 

110 

2.2128 

1312 

2.1394 

8 

.023 

2.3766 

[115 

2.2907 

112 

2.2115 

1313 

2. 1382 

7 

.025 

2.3751 

[116 

2.2894 

113 

2.2103 

1315 

2. 1371 

6 

.026 

2.3736 

[118 

2.2880 

115 

2.2090 

1317 

2. 1359 

5 

.028 

2.3721 

L 120 

2.2866 

‘17 

2.2077 

1319 

2. 1347 

4 

029 

2 . 3706 

[121 

2.2853 

8 

2.2065 

1320 

2.1835 

3 

031 

2.3691 

L 123 

2.2839 

10 

2.2052 

1322 

2. 1324 

2 

032 

2.3677 

[124 

2. 2826 

12 

2 . 2039 

1324 

2. 1312 

1 

r\0/i 

2 . 3662 

L 126 

2.2812 

13 

2 . 2027 

1326 

2. 1300 

f . 


I 


65 ' 



ooS^So^^i^coMM OOOO^OiCnrf^COtOWO 


SECANTS, 


277 


28° 

: 55® 

CO 

o 

0 

1 gp 


sec 

eosec 

sec 

cosec 

• 

sec 

cosec 

sec 

cosec 


1.1326 

2.1300 

1 . 1433 

2.0627 

1.1647 

2.0000 

1.1666 

1.9416 

60 

1.1327 

2.1289 

1.1435 

2.0616 

1 . 1549 

1.9990 

1.1668 

1.9407 

59 

1.1329 

2.1277 

1.1437 

2.0605 

1.1551 

1 . 9980 

1.1670 

1 . 9397 

58 

1.1331 

2.1266 

1 . 1439 

2.0594 

1.1553 

1.9970 

1.1672 

1.9388 

57 

1.1333 

2.1254 

1 . 1441 

2 . 0583 

1.1555 

1.9960 

1.1674 

1 . 9378 

66 

1.1334 

2.1242 

1 . 1443 

2,0573 

1.1557 

1.9950 

1.1676 

1 . 9369 

55 

1.1336 

2.1231 

1 . 1445 

2.0562 

1.1559 

1.9940 

1.1678 

1 . 9360 

54 

1.1338 

2.1219 

1 . 1446 

2.0551 

1.1561 

1.9930 

1.1681 

1.9350 

53 

1 . 1340 

2.1208 

1 . 1448 

2.0540 

1,1562 

i.9920 

1.1683 

1 . 9341 

52 

1.1341 

2.1196 

1 . 1450 

2.0530 

1.1564 

1.9910 

1.1685 

1.9332 

51 

1 . 1343 

2.1185 

1.1452- 

2.0519 

1.1566 

1.9900 

1 . 1687 

1 . 9322 

50 

1.1345 

2. 1173 

1 . 1454 

2.0508 

1.1568 

1.9890 

1 . 1689 

1.9313 

49 

1.1347 

. 2.1162 

1 . 1466 

2.0498 

1.1570 

1 . 9880 

1.1691 

1 . 9304 

48 

1.1349 

2.1150 

1 . 1458 

2.0487 

1.1572 

1.9870 

1.1693 

1.9295 

47 

1.1350 

2.1139 

1 . 1459 

2.0476 

1.1574 

1 . 9860 

1 . 1695 

1.9285 

46 

1.1352 

2.1127 

1.1461 

2.0466 

1.1676 

1.9850 

1.1697 

1.9276 

45 

1.1354 

2.1116 

1 . 1463 

2.0455 

1.1578 

1.9840 

1.1699 

1 . 9267 

44 

1.1356 

2.1104 

1 . 1465 

2.0444 

1.1580 

1.9830 

1.1701 

1.9258 

43 

1.1357 

2.1093 

1 . 1467 

2.0434 

1.1582 

1.9S20 

1.1703 

1 . 9248 

42 

1.1359 

2.1082 

1 . 1469 

2 . 0423 

•1.1584 

1.9811 

1.1705 

1.9239 

41 

1.1361 

2.1070 

1 . 1471 

2.0413 

1.1586 

1.9801 

1.1707 

1 . 9230 

40 

1.1363 

2.1059 

1 . 1473 

2.0402 

1.1588 

1.9791 

1.1709 

1.9221 

39 

1.1365 

2.1048 

1 . 1474 

2.0392 

1.1590 

1.9781 

1.1712 

1.9212 

38 

1.1366 

2.1036 

1 . 1476 

2.0381 

1.1592 

1.9771 

1.1714 

1.9203 

37 

1.1368 

2. 1025 

1 , 1478 

2.0370 

1.1594 

1.9761 

1.1716 

1.9193 

36 

1.1370 

2.1014 

1 . 1480 

2.0360 

1.1696 

1 . 97'52 

1.1718 

1.9184 

35 

1.1372 

2.1002 

1 . 1482 

2. 0340 

1.1598 

1.9742 

1.1720 

1.9176 

34 

1.1373 

2.0991 

1 . 1484 

2.0339 

1.1600 

1.9732 

1 . 1722 

1.9166 

33 

1 . 1375 

2 . 0980 

1 . 1486 

2.0329 

1.1602 

1 . 9722 

1 . 1724 

1.9157 

32 

1.1377 

2.0969 

1 . 1488 

2.0318 

1.1604 

1.9713 

1 . 1726 

1.9148 

31 

1 . 1379 

2.0957 

1 . 1489 

2.0308 

1.1606 

1.9703 

1.1728 

1.9139 

30 

1.1381 

2.0946 

1.1491 

2.0297 

1.1608 

1.9693 

1.1730 

1.9130 

29 

1 . 1382 

2.0935 

1 . 1493 

2.0287 

1.1610 

1.9683 

1.1732 

1.9121 

28 

1.1384 

2 . 0924 

1 . 1495 

2.0276 

1.1612 

1.9674 

1.1734 

1.9112 

27 

1.1386 

2.0912 

1 . 1497 

2.0266 

1.1614 

1.9664 

1 . 1737 

1.9102 

26 

1.1388 

2.0901 

1 . 1499 

2 . 0256 

1.1616 

1.9654 

1 . 1739 

1.9093 

25 

1,1390 

2 . 0890 

1.1501 

2.0245 

1.1618 

1.9645 

1.1741 

1 .9084 

24 

1.1391 

2 . 0879 

1.1503 

2.0235 

1.1620 

1.9635 

1.1743 

1.9075 

23 

1.1393 

2 . 0868 

1.1505 

2.0224 

1,1622 

1.9626 

1 . 1745 

1.9066 

22 

1 1395 

2 . 0857 

1 . 1507 

: 2.0214 

1.1624 

1 1.9616 

1.1747 

1.9057 

21 

1.1397 

2.0846 

1.1508 

2.0204 

1.1626 

1.9606 

1 . 1749 

1.9048 

20 

1.1399 

2,0835 

1.1510 

2.0194 

1.1628 

1.950G 

1.1751 

1.9039 

. 19 

1.1401 

2.0824 

1.1512 

2.0183 

1.1630 

1.<.)->S7 

1 . 1753 

1.9030 

18 

1 . 1402 

2.0812 

1.1514 

2.0173 

1.1632 

i 1.0577 

1.1756 

1,9021 

17 

1 . 1404 

2 . 0801 

1.1516 

2.0163 

1.1834 

' 1.0508 

1.1758 

1.9013- 

16 

1.1406 

2.0790 

1.1518 

2.0162 

1.1636 

l.‘)55.S 

1.1760 

1.9004 

15 

1.1408 

2 . 0779 

1.1520 

2.0142 

1.1638 

l.Oo-IO 

1.1762 

1 . 8995 

14 

1.1410 

2.0768 

1.1622 

2.0132 

1.1640 

1 . o.s:;o 

1.1764 

1 . 8986 

13 

1.1411 

2 . 0757 

1 . 1524 

2.0122 

1.1642 

1 .053{) 

1.1766 

1.8977 

12 

1.1413 

2 . 0746 

1.1526 

2.0111 

1.1644 

l.O.ll'O 

1 . 1768 

1.8968 

11 

1.1415 

2.0735 

1.1528 

2.0101 

1.1646 

l.OoiO 

1.1770 

1.8959 

10 

1.1417 

2 . 0725 

1.1530 

2.0091 

1.1648 

1.9501 

1 . 1772 

1.8950 

9 

1 . 1419 

2.0714 

1.1531 

2 . 0081 

1.1650 

1.9491 

1 . 1775 

1 . 8941 

8 

1 . 1421 

2 . 0703 

1.1633 

2.0071 

1.1G52 

1.94S2 

1.1777 

1 . 8932 

7 

1 . 1422 

2 . 0692 

1.1535 

2.0061 

1.1654 

1 . 9473 

1 . 1779 

1.8924 

6 

1 . 1424 

2 . 0681 

1.1637 

2 . 0050 

1.1656 

1 . 9463 

1.1781 

1.8915 

5 

1 . 1426 

2 . 0670 

1.1539 

2.0040 

1.1658 

1.9454 

1 . 1783 

1 . 8906 

4 

1.1428 

2 . 0659 

1.1541 

2 . 0030 

1.1660 

1.9444 

1.1785 

1 . 8897 

3 

1 . 1430 

2.0648 

1.1543 

2 . 0020 

1.1662 

1.9435 

1.1787 

1.8888 

2 

1 . 1432 

2.0637 

1.1545 

2.0010 

1.1664 

1.9425 

1.1790 

1 . 8879 

1 

1.1433 

2.0627 

1.1647 

2 . 0000 

1.1666 

1.9416 

1.1792 

1 3. 8871 

0 

coaec 

sec 

cosec 

sec 

cosec 

sec 

1 ‘ cosec 

sec 


1 61° 

1 60° 

1 59 ° 

1 SS'-' 




278 


APPENDIX 


— 

1 32“ 

1 ss® 

II 34= 

1 35= 



sec 

cosec 

sec 

cosec 

sec 

cosec 

sec 

cosee 


0 

1.1792 

1.SS71 

1.1924 

1.8361 

1 . 2062 

1.7883 

1.2208 

1.7434 

60 

1 

1.1794 

1 . 8862 

1.1926 

1 . 8352 

1 . 2064 

1.7875 

1.2210 

1.7427 

69 

2 

1.1796 

1 . 8853 

1.1928 

1.8344 

1.2067 

1.7867 

1.2213 

1 . 7420 

68 

3 

1.1798 

1 . 8844 

1.1930 

1.8336 

1 . 2069 

1.7860 

1,2215 

1.7413 

57 

4 

1.1800 

1 . 8836 

1.1933 

1.8328 

1.2072 

1.7852 

1.2218 

1.7405 

56 

5 

1.1802 

1.88‘’7 

1.1935 

1.8320 

1.2074 

1.7844 

1.2220 

1.7398 

55 

6 

1.1805 

1.8818 

1.1937 

1.8311 

1.2076 ' 

1.7837 

1 . 2223 

1-7391 

54 

7 

1.1807 

1.8809 

1.1939 

1.8303 

1.2079 

1.7829 

1.2225 

1 . 7384 

53 

s 

1 . 1809 

1.8S01 

1.1942 

1.8295 

1.2081 

1 .7821 

1.2228 

1.7377 

52 

9 

1.1811 

1.8792 

1.1944 

1.8287 

1.2083 

1.7814 

1.2230 

1.7369 

51 

10 

1.1813 

1.8783 

1 . 1946 

1.8279 

1.2086 

1.7806 

1 . 2233 

1.7362 

50 

11 

1.1815 

1.8775 

1 . 1948 

1.8271 

1.2088 

1.7798 

1 . 2235 

1.7355 

49 

12 

1.1818 

1.8766 

1.1951 

1.8263 

1:2091 

1.7791 

1.2238 

1.7348 

48 

13 

1.1820 

1.8757 

1.1953 

1 . 8255 

1.2093 

1.7783 

1 . 2240 

1.7341 

47 

14 

1 . 1822 

1 . 8749 

1.1955 

1.8246 

1.2095 

1.7776 

1.2243 

1 . 7334 

46 

15 

1 . 1824 

1.8740 

1.1958 

1.8238 

1.2098 

1.7768 

1,2245 

1.7327 

45 

16 

1.1826 

1.8731 

1.1960 

1 . 8230 

1.2100 

1.7760 

1 . 2248 

1.7319 

44 

17 

1.1828 

1.8723 

1.1962 

1.8222 

1.2103 

1.7753 

1.2250 

1.7312 

43 

18 

1.1831 

1.8714 

1,1964 

1.8214 

1.2105 

1.7745 

1.2253 

1.7305 

42 

19 

1.1833 

1,8706 

1.1967 

1.8206 

1.2107 

1.7738 

1.2255 

1.7298 

41 

20 

1.1835 

1.8697 

1.1969 

1,8198 

1.2110 

1.7730 

1.2258 

1.7291 

40 

21 

1.1837 

1.8688 

1.1971 

1.8190 

1.2112 

1.7723 

1 . 2260 

1.7284 

■39 

22 

1.1839 

1.8680 

1 . 1974 

1.8182 

1.2115 

1.7715 

1 . 2263 

1.7277 

38 

23 

1.1841 

1.8671 

1.1976 

1.8174 

1.2117 

1.7708 

1.2265 

1 . 7270 

37 

24 

1 . 1844 

1.8663 

1.1978 

1.8166 

1.2119 

1.7700 

1 . 2268 

1.7263 

36 

25 

1 . 1846 

1 . 8654 

1 . 1980 

1.8158 

1.2122 

1.7693 

1 . 2270 

1 . 7256 

35 

26 

1 . 1848 

1.8646 

1 . 1983 

1,8150 

1.2124 

1.7685 

1 . 2273 

1.7249 

34 

27 

1 . 1850 

1.8637 

1 . 1985 

1,8142 

1.2127 

1.7678 

1.2276 

1.7242 

33 

28 

1 . 1852 

1.8629 

1 . 1987 

1.8134 

1,2129 

1.7670 

1 . 2278 

1.7234 

32 

29 

1 . 1855 

1.8620 

1 . 1990 

1.8126 

1.2132 

1.7663 

1.2281 

1.7227 

31 

30 

1 . 1857 

1.8611 

1 . 1992 

1,8118 

1.2134 

1.7655 

1.2283 

1.7220 

30 

31 

1 . 1859 

1.8603 

1 . 1994 

1.8110 

1.2136 

1.7648 

1.2286 

1.7213 

29 

32 

1.1861. 

1.8595 

1 . 1997 

1.8102 

1.2139 

1.7640 

1.2288 

1.7206 

28 

33 

1 . 1863 

1.8586 

1.1999 

1.8094 

1.2141 

1.7633 

1.2291 

1.7199 

27 

34 

1.1866 

1.8578 

1,2001 

1.8086 

1.2144 

1.7625 

1.2293 

1.7192 

26 

35 

1.1868 

1.8569 

1 . 2004 

1.8078 

1.2146 

1.7618 

1.2296 

1.7185 

25 

36 

1.1870 

1.8561 

1 . 2006 

1 . 8070 

1.2149 

1.7610 

1.2298 

1.7178 

24 

37 

1 . 1872 

1.8552 

1 . 2008 

1.8062 

1.2151 

1.7603 

1.2301 

1.7171 

23 

38 

1 . 1874 

1.8544 

1.2010 

1.8054 

1.2153 

1.7596 

1.2304 

1.7164 

22 

39 

1 . 1877 

1.8535 

1.2013 

1.8047 

1.2156 

1.7588 

1.2306 

1.7157 

21 

40 

1 . 1879 

1.8527 

1.2015 

1.8039 

1.2158 

1.7581 

1 . 2309 

1.7161 

20 

41 

■ 1.1881 

1.8519 

1.2017 

1.8031 

1.2161 

1.7573 

1.2311 

1.7144 

19 

42 

1.1883 

1.8610 

1 . 2020 

1.8023 

1.2163 

1.7566 

1.2314 

1.7137 

18 

43 

1.1886 

1.8502 

1 . 2022 

1.8015 

1.2166 

1.7559 

i.2316 

1.7130 

17 

44 

1.1888 

1.8493 

1.2024 

1.8007 

1.2168 

1.7551 

1.2319 

1.7123 

16 

45 

1.1890 

1.8485 

1 . 2027 

1.7999 

1.2171 

1.7544 

1.2322 

1.7116 

15 

46 

1.1892 

1 . 8477 

1 . 2029 

1.7992 

1.2173 

1.7537 

1.2324 

1.7109 

14 

47 

1.1894 

1.8468 

1.2031 

1.7984 

1.2175 

1.7529 

1.2327 

1.7102 

13 

48 

1.1897 

1 . 8460 

1 . 2034 

1.7976 

1.2178 

1.7522 

1.2329 

1.7095 

12 

49 

1.1899 

1.8452 

1.2036 

1.7968 

1.2180 

1.7514 

1 . 2332 

1.7088 

11 

50 

1.1901 

1.8443 

1.2039 

1.7960 

1.2183 

1.7507 

1.2335 

1.7081 

10 

51 

1.1903 

1.8435 

1.2041 

1.7953 

1.2185 

1.7500 

1 . 2337 

1 . 7075 

9 

52 

1.1906 

1.8427 

1 . 2043 

1.7945 

1.2188 

1.7493 

1 . 2340 

1.7068 

8 

53 

1.1908 

1.8418 

1.2046 

1 1.7937 

1.2190 

1 . 7485 

1 . 2342 

1.7061 

7 

64 

1.1910 

1.8410 

1 . 2048 

1.7929 

1.2193 

1.7478 

1 . 2345 

1 . 7054 

6 

65 

1.1912 

1 . 8402 

1.2050 

; 1.7921 

1.2195 

1.7471 

1.2348 

1 . 7047 

5 

66 

1.1915 

1 . 8394 

1 . 2053 

1.7914 

1.219S 

1 . 7463 

1.2350 

1 . 7040 

4 

57 

1.1917 

1.8385 

1 . 2055 

1.7906 

1 . 2200 

1 . 7456 

1.2353 

1.7033 

3 

58 

1.1919 

1.8377 

1 . 2057 

1.7898 

1 . 2203 

1 . 7449 

1.2355 

1 . 7027 

2 

69 

1.1921 

1.8369 

1 . 2060 

1-7891 

1 . 2205 

1 . 7442 

1.2358 

1 . 7020 

1 

60 

1 . 1924 

1.8361 

1 . 2062 

1.7883 

1 . 2208 

1 . 7434 

1.2361 

1.7013 

0 


cosec 

sec 

cosec 

sec 

cosec 

sec 

cosec 

sec 



5' 

r 

1 56“ 1 

1 55“ II 

54“ 1 




SECANTS 


279 



1 36° I 

CO 

1 38° i 

1 39° 



sec 

coscc 

sec ] 

cosec 

sec 1 

cosec 

sec 

cosec 


0 

1.2361 

1.7013 

1.2521 

1.6616 

1.2690 

1 . 6243 

1.2867 

1 . 5890 

60 

1 

1.2363 

1.7006 

1.2524 

1.6610 

1.2693 

1 . 6237 

1.2871 

1 . 5884 

59 

2 

1.2366 

1.6999 

1.2527 

1 . 6603 

1.2696 

1.6231 

1.2874 

1 . 5879 

58 

3 

1.2368 

1.6993 

1.2530 

1-6597 

1.2699 

1 . 6224 

1.2877 

1 . 6873 

57 

4 

1.2371 

1.6986 

1.2532 

1.6591 

r ,2702 

1.6218 

1.2880 

1 . 5867 

56 

5 

1 . 2374 

1.6979 

1.2535 

1.6584 

1.2705 

1.6212 

1.2883 1 

1 . 5862 

55 

6 

1.2376 

1.6972 

1.2538 

1.6578 

1.2707 

1 . 6206 

1.2886 1 

1.5856 

54 

7 

1.2379 

1.6965 

1.2541 

1.6572 

1.2710 

1.6200 

1.2889 1 

1.5850 

53 

8 

1.2382 

1.6959 

1.2543 

1.6565 

1.2713 

1.6194 

1.2892 

1.5845 

52 

9 

1.2384 

1.6952 

1.2646 

1.6559 

1.2716 

1.6188 

1.2895 

1.5839 

51 

10 

1.2387 

1.6945 

1 .2549 

1.6552 

1.2719 

1.6182 

1.2898 

1.5833 

50 

11 

1.2389 

1.6938 

1.2552 

1 . 6546 

1.2722 

1.6176 

1.2901 

1.5828 

49 

12 

1.2392 

1 . 6932 

1.2554 

1.6540 

1.2725 

1 1.6170 

1.2904 

1.5822 

48 

13 

1.2395 

1.6925 

1.2557 

1.6533 

1.2728 

1.6164 

1.2907 

1.5816 

47 

14 

1.2397 

1.6918 

1.2560 

1.6527 

1.2731 

1.6159 

1.2910 

1.5811 i 

46 

15 

1.2400 

1.6912 

1.2563 

1.6521 

1.2734 

1.6153 

1.2913 

1.5805 : 

45 

16 

1.2403 

1.6905 

1.2565 

1.6514 

1.2737 

1.6147 

1.2916 

1.5799 

44 

17 

1.2405 

1.6898 

1,2568 

1.6508 

1.2739 

1.6141 

1.2919 

1.5794 

43 

18 

1.2408 

1.6891 

1.2571 

1 . 6502 

1.2742 

1.6135 

1 . 2922 

1.5788 

42 

19 

1.2411 

1.6885 

1.2574 

1.6496 

1.2745 

1.6129 

1 . 2926 

1.5783 

41 

20 

1.2413 

1.6878 

1.2577 

t 1.6489 

1.2748 

1.6123 

1-2929 

1.5777 

40 

21 

1.2416 

1.6871 

1.2579 

i 1.6483 

1.2751 

1.6117 

1 . 2932 

1.5771 

39 

22 

1.2419 

1.6865 

1.2582 

1 1.6477 

1.2754 

1.6111 

1 . 2935 

1.5766 

38 

23 

1.2421 

1 . 6858 

1.25 S 6 

! 1.6470 

1.2757 

1.6105 

1.2938 

1.5760 

37 

24 

1.2424 

1.6851 

1.2588 

1.6464 

1.2760 

1.6099 

1.2941 

1.6755 

36 

25 

1.2427 

1 . 6845 

1,2591 

1.6458 

1.2763 

1.6093 

1 . 2944 

1.6749 

35 

26 

1.2429 

1.6838 

1.2593 

1.6452 

1.2766 

1.60 S 7 

1 - 2947 

1.6743 

34 

27 

1.2432 

1.6831 

1,2596 

1.6445 

1.2769 

1.6081 

1.2950 

1.5738 

33 

28 

1.2435 

1 . 6825 

1.2599 

1.6439 

1.2772 

1 . 6077 

1 . 2953 

1.5732 

32 

29 

1.2437 

1.6818 

1.2602 

1.6433 

1.2775 

1.6070 

1 . 2956 

1.5727 

31 

30 

1.2440 j 

1.6812 

1.2605 

1.6427 

1.2778 

1.6064 

1.2960 

1.5721 

30 

31 

1.2443 ' 

1 . 6805 

1.2607 

1.6420 

1.2781 

1 . 6058 

1.2963 

1.6716 

29 

32 

1.2446 

1.6798 

1.2610 

1.6414 

1.2784 

1.6052 

1.2966 

•1.5710 

28 

33 

1.2448 

1 . 6792 

1.2613 

1.6408 

1.2787 

1.6046 

1.2969 

1.5705 

27 

34 

1.2451 

1.6785 

1,2616 

1.6402 

1.2790 

1.6040 

1 . 2972 

1.5699 

26 

35 

1.2453 

1.6779 

1.2619 

1.6396 

1.2793 

1.6034 

1.2975 

1 , 6694 

25 

36 

1.2456 

1 . 6772 

1,2622 

1.6389 

1,2795 

1.6029 

1.2978 

1 . 5688 

24 

37 

1.2459 

1 . 6766 

1.2624 

1.6383 

1.2798 

1.6023 

1.2981 

1.5683 

23 

38 

1.2461 

1.6759 

1 . 2627 

1,6377 

1 . 2801 

1.6017 

1.2985 

1.6677 

22 

39 

1 . 2464 

L .6752 

1.2630 

1.6371 

1 . 2804 

1.6011 

1.2988 

1 . 5672 

21 

40 

1 . 2467 

1 . 6746 

1.2633 

1.6365 

1.2807 

1.6005 

1.2991 

1.5666 

20 

41 

1 . 2470 

1.6739 

1.2636 

1.6359 

1.2810 

1.6000 

1.2994 

1.5661 

19 

42 

1 . 2472 

1.673^ 

1.2639 

1.6352 

1.2813 

1.5994 

1 . 2997 

1.5655 

18 

43 

1.2476 

1 . 6726 

1.2641 

1.6346 

1-2816 

1 . 5988 

1 . 3000 

1 . 5650 

17 

44 

1.2478 

1 . 6720 

1 . 2644 

1.6340 

1.2819 

1 . 5982 

1.3003 

1 . 5644 

16 

45 

1 . 2480 

1.6713 

1.2647 

1,6334 

1.2822 ; 

1.5976 

1.3006 

1.5639 

15 

46 

1 . 2483 

1.6707 

1.2650 

1,6328 

1.2825 

1.5971 

1.3010 

1 . 5633 

14 

47 

1 . 2486 

1.6700 

1 . 2653 

1.6322 

1.2828 

1.5965 

1.3013 

1.5628 

13 

48 

1 . 2488 

1.6694 

1.2656 

1.6316 

1.2831 

1.5959 

1.3016 

1.5622 

12 

40 

1.2490 

1 . 6687 

1 . 2659 

1.6309 1 

1.2834 ; 

1 . 5953 

1.3019 

1.5617 

11 

50 

1 . 2494 

1.6681 

1.2661 

1.6303 

1.2837 

1 . 5947 

1.3022 

1.5611 

10 

51 

1.2497 

1 . 6674 

1 . 2664 

1.6297 

1.2840 

1 . 5942 

1 . 3025 

1.5606 

9 

52 

1.2499 

1 . 6668 

1.2667 

1.6291 

1.2843 

1.5936 

1 . 3029 

1 . 5600 

8 

53 

1 . 2502 

1.6661 

1.2670 

1.6285 

1 . 2846 

1 . 5930 

1.3032 

1 . 5595 

7 

64 

1.2505 

1 . 6655 

1 . 2673 

1.6279 

1.2849 

1 . 5924 

1 . 3035 

1 . 5590 

6 

55 

1.2608 

1 . 6648 

1.2676 

1 . 6273 

1.2852 

1.5919 

1 . 3038 

1.5584 

5 

56 

1.2510 

1 . 6642 

1.2679 

1.6267 

1.2855 

1.5913 

1 . 3041 

1 . 5579 

4 

57 

1.2513 

1 .6636 

1.2681 

1.6261 

1.2858 

1 . 6907 

1 . 3044 

1.5573 

3 

68 

1.2516 

1.6629 

1 . 2684 

1.6255 

1.2861 

1.5901 

1 . 3048 

1.5568 

2 

69 

1.2519 

1 . 6623 

1 . 2687 

1 .6249 

1 . 2864 

1 . 5 S 96 

1.3051 

1 . 5563 

1 

60 

1.2521 

1.6616 

1 . 2690 

1.6243 

1 . 2867 

1 . 5890 

1.3054 

1.5557 

0 


cosec 

sec 

cosec 

sec 

cosec 

sec 

cosec 

sec 

, 


1 53^^ 1 

51 

2° 

II 51° ! 

o 

0 




280 


APPENDIX 



0 

O 

1 41° 

42“ 

0 

CO 


i 

see 

cosec 

sec 

cosec 

sec 

cosec 

sec 

cosec 


0 

1 . 3054 

1 . 5557 

1.3260 

1 . .5242 

1.3456 

1 . 4945 

1 . 3673 

1 . 4663 

60 

1 

1 . 3057 

1 . 5552 

1.3253 

1 . 5237 

1.3460 

1 . 4940 

1 . 3677 

1 . 4658 

59 

2 

i . 3060 

1 . 5546 

1 . 3257 

1.5232 

1.3463 

1 . 4935 

1.3681 

1 . 4654 

68 

3 

1 . 3064 

1.5541 

1.3260 

1 . 5227 

1.3467 

1 . 4930 

1.3684 

1.4849 

57 

4 

1 . 3067 

1 . 5536 

1.3263 

1 . 5222 

1.3470 

1 . 4925 

1.3688 

1 . 4844 

56 

5 

1 . 3070 

1 . 5530 

1.3267 

1.5217 

1.3474 

1.4921 

1.3692 

1 . 4540 

55 

6 

1 . 3073 

1 . 5525 

1.3270 

1.5212 

1.3477 

1.4916 

1.3695 

1.4635 

54 

7 

1 . 3076 

1 . 6520 

1.3274 

1 . 5207 

1.3481 

1.4911 

1.3699 

1.4631 

53 

8 

1 . 3080 

1.5514 

1.3277 

1.5202 

1.3485 

1.4906 

1.3703 

1.4626 

52 

9 

1 . 30S3 

1 . 5509 

1.3280 

1.5197 

1.3488 

1.4a'0l 

1.3707 

1.4622 

51 

10 

1 . 3086 

1 . 5503 

1.3284' 

1.5192 

1.3492 

1.4897 

1.3710 

1.4617 

50 

11 

1 . 3089 

1 . 5498 

1.3287 

1.5187 

1.3495 

1.4892 

1.3714 

1.4613 

49 

12 

1 . 3002 

1 . 5493 

1.3290 

1.5182 

1.3499 

1 . 4887 

1.3718 

1.4608 

48 

13 

1 . 3006 

1 . 6487 

1.3294 

1.5177 

1.3502 

1 . 4882 

1 . 3722 

1.4604 

47 

14 

1 . 3009 

1 . 6482 

1.3297 

1.5171 

1.3506 

1.4S77 

1.3725 

1.4599 

46 

15 

1,3102 

1 . 5477 

1.3301 

1.6166 

1.3509 

1 . 4873 

1.3729 

1.4595 

45 

16 

1.3105 

1 . 5471 

1 . 3304 

1.5161 

1.3513 

1.4S6S 

1.3733 

1.4590 

44 

17 

1.3109 

1 . 5466 

1.3307 

1.5156 

1.3517 

1.4363 

1.3737 

1.4586 

43 

18 

1.3112 

1.5461 

1.3311 

1.6151 

1 .3520 

1.435S 

1.3740 

1.4581 

42 

19 

1.3115 

1 . 5456 

1.3314 

1.6146 

1.3524 

1 . 4854 

1 . 3744 

1.4577 

41 

20 

1.3118 

1.5450 

1.3318 

1.5141 

1.3527 

1 . 4849 

1.3748 

1.4572 

40 

21 

1.3121 

1 . 5445 

1,3321 

1.5135 

1.3531 

1.4S44 

1 . 3752 

1 . 4568 

39 

22 

1.3125 

1 . 5440 

1.3324 

1,5131 

1.3534 

1.4S39 

1.3756 

1.4563 

38 

23 

1,3128 

1 . 6434 

1.3328 

1.6126 

1.3538 

1.4S35 

1.3769 

1.4559 

37 

24 

1.3131 

1 . 5429 

1.3331 

1.6121 

1.3542 

1 . 4830 

1.3763 

1.4554 

36 

25 

1 .3134 

1.5424 

1.3835 

1.5116 

1.3545 

1.4825 

1.3767 

1.4550 

35 

26 

1.3138 

1.6419 

1.333S 

1.5111 

1.3549 

1.4S21 

1.3771 

1.4546 

34 

27 

1.3141 

1.5413 

1,3342 

1.5106 

1.3552 

1.4816 

1 . 8774 

1.4541 

33 

28 

1.3144 

1 . 6408 

1.3345 

1.6101 

1.3556 

1.4311 

1.3778 

1.4536 

32 

29 

1.3148 

1 , 5403 

1.3348 

1.5096 

1.3560 

1.4806 

1.3782 

1.4532 

31 

30 

1.3151 

1.5398 

1.3352 

1.6092 

1.3563 

1.4802 

1.3786 

1.4527 

30 

31 

1.3154 

1 . 5392 

1.3356 

1.5087 

1.3567 

1.4797 

1 . 3790 

1.4523 

29 

32 

1.3157 

1.5387 

1.3359 

i 1.6082 

1.3571 

1 . 4792 

l.;5794 

1.4518 

28 

33 

1.3161 

1.5382 

1 . 3362 

1.5077 

1.3574 

1 . 4788 

1.3797 

1.4514 

27 

34 

1.3164 

1 . 5377 

1 . 3366 

1.5072 

1.3678 

1.4783 

1.3801 

1.4510 

26 

.35 

1.3167 

1.6371 

1.3369 

1.5067 

1.3581 

1.4778 

1.38;)5 I 

1.4505 

25 

86 

1 .3170 

1 . 5366 

1.3372 

1.6062 

1.3585 

1.4774 

1.3-H;)9 

1 .4501 

24 , 

37 

1 .3174 

1.5361 

1 . 3376 

1,6057 

1.3589 

1.4769 

1.38 -.3 

1.4496 

23 

38 

1.3177 

1.6366 

1 . 3379 

1.5962 

1.3592 

1 . 4764 

1. 3.-5 .6 

1.4492 

22 

39 

1,3180 

1.6351 

1 . 3.S83 

1.5047 

1.3506 

1.4760 

1 . 

1.4487 

21 

40 

1.3184 

1.5345 

1.3386 

1.5042 

1.3600 

1.4755 

1.31824 

1.4483 

20 

41 

1.3187 

1.5340 

1.3390 

1.5037 

1.3603 

1.4750 

1.3828 

1.4479 

19 

42 

1.3190 

1.5335 

1.3393 

1.5032 

1.3607 

1.4746 

1.3832 

1.4474 

18 

43 

1.3193 

1 . 6330 

1.3397 

1 . 5027 

1.3611 

1.4741 

f.3836 

1.4470 

17 

44 

1.3197 

1.5325 

1.3400 

1.5022 

1.3614 

1.4736 

1 . 3839 

1.4465 

16 

45 

1.3200 

1.5319 

1 . 3404 

1.5'.) 18 

1.3618 

1.4732 

1 . 3843 

1.4461 

15 

46 

1.3203 

1.5314 

1 . 3407 

1.5013 

1.3622 

1.4727 

1.3847 

1.4457 

14 

47 

1.3207 

1.5309 

1.3411 

1 . 5008 

1.3625 

1.4723 

1.3851 

1.4452 

13 

48 

1.3210 

1 . 5304 

1.3414 

1 . 5003 

1.3629 

1.4718 

1.3S65 

1.4448 

12 

49 

1.3213 

1.5299 

1.3418 

1.4098 

1.3633 

1.4713 

1.3859 

.1.4443 

11 

50 

1.3217 

1.5294 

1.3421 

1.4993 

1.3636 

1.4709 

1.3863 

1.4439 

10 

51 

1.3220 

1.5289 

1.3425 

1.4988 

1 , 3640 

1.4704 

1.3867 

1.4435 

9 

52 

1.3223 

1.5283 

1 . 3428 

1.4983 

1.3644 

1.4699 

1.3870 

1.4430 

8 

53 

1.3227 

1.5278 

1.3432 

1 .4979 

1.3647 

1.4695 

1.3874 

1.4426 

7 

54 

1.3230 

1.5273 

1.3435 

1.4974 

1.3651 

1.4690 

1.3878 

1.4422 

6 

55 

1.3233 

1.5268 

1.3439 

1.4969 

1 . 3655 

1.4686 

1.3882 

1 .4417 

5 

56 

1.3237 

1.5263 

1 . 3442 

1.4964 

1.3658 

1.4681 

1.3886 

1 .4413 

4 

57 

1.3340 

1 . 5258 

1 . 3446 

1.4959 

1 . 3662 

1.4676 

1.3890 

1.4408 

3 

58 

1.3243 

1.5253 

1.3449 

1.4954 

1 . 3(566 

1.4672 

1.3894 

1.4404 

2 

59 

1.3247 

1.5248 

1.3453 

1.4949 

1.3669 

1.4667 

1 . 3S98 

1 .4400 

1 

60 

1.3250 

1.5242 

1.3456 

1.4945 

1.3673 

1.4663 

1.3902 

1.4395 

0 


cosec 

sec 

cosec 

sec 

cosec 

sec 

eosec 

see 



49 *" 

0 

GO 

1 47 ° 

O 

CD 




SECANTS 


281 



4- 

see 

cosec 

' 


4 

sec 

cosec 



4 

sec 

4° 

cosec 


0 

1.3902 i 

1.4395 

60 

21 

1.39S4 

1.4305 

39 

41 

1.4065 

1.4221 

19 

1 

1.3905 

1.4391 

59 

22 

1.3988 

1.4301 

38 

42 

1.4069 

1.4217 

18 

2 

1 . 3909 

1.43S7 

58 

23 

1.3992 

1.4297 

37 

43 

1-41)73 

1.4212 

17 

3 

1.3913 

1.4382 

57 

24 

1.3996 

1.4292 

36 

44 

1.4077 

1.4208 

16 

4 

1.3917 

1.4378 

56 

25 

1.4000 

1.4288 

35 

45 

1.4081 

1.4204 

15 

5 

1.3921 

1.4374 

55 

26 

1.4004 

1.4284 

34 

46 

1.4085 

1.4200 

14 

6 

1.3925 

1.4370 

54 

27 

1.4008 

1.428a 

33 

47 

1.4089 

1.4196 

13 

7 

1.3929 

1 . 4365 

53 

28 

1.4012 

1.4276 

32 

48 

1.4093 

1.4192 

12 

8 

1.3933 

1.4361 

52 

29 

1.4016 

1.4271 i 

31 

49 

1.4097 

1.4188 

11 

9 

1.3937 

1 . 4357 

51 

30 

1.4020 

1.4267 1 

SO 

50 

1.4101 

1.4183 

10 

10 

1.3941 

1.4352 

50 



1 










■ 31 

1.4024 

1.4263 

29 

51 

1.4105 

1.4179 

9 

11 

1.3945 

1.4348 

49 

32 

1.4028 

1.4259 

28 

52 

1.4109 

1.4176 

8 

12 

1.3949 

1 . 4344 

48 

33 

1.4032 

1.4254 

27 

53 

1.4113 

1.4171 

7 

13 

1.3953 

1 . 4339 

47 

34 

1.4036 

1.4250 

26 

54 

1.4117 

1.4167 

6 

14 

1.3957 

1 . 4335 

46 

35 

1.4040 

1.4246 

25 

55 

1.4122 

1-4163 

1 5 

15 

1.3960 

1.4331 

45 

36 

1.4044 

1.4242 

24 

66 ^ 

1.4126 

1.4159 

4 

16 

1.3964 

1 . 4327 

44 
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17 
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43 

38 
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22 
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18 
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42 

39 

1.4056 

' 1.4229 

21 

59 
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INDEX 


Abscissa, 21 
Accuracy, 198 
Aerodynamic twist, 42, 47 
Angle, line and plane, 86, 93,* 113, 
197 

made on one plane by the inter- 
sections of two other planes, 
118, 189 

of two lines, 70, 73 
of two planes, 89, 95, 115 
Angle revolution chart, 16 
Angles, greater than 90°, 9 
special planes, 178, 190-191 

B 

Basic data tables, 182, 185, 186 
Basic dimensions, control of, 80 
Bend angle, 18 
Bevels, 188 
Bisector, of angle, 142 
Brianchon's theorem, 210 
special cases, 212 
Buttock line, 55 

C 

Cant-rib plane, 117 
Cartesian coordinates, in space, 37 
Chord plane wing axes, 44 
Closing line segment, 68 
Common per cent plane, 48 
Complementary angles, functions 
of, 5 

Conic, determined by five lines, 211 
determined by five points, 202, 
224 

determined by one point slope 
and three additional points, 
203, 229 


Conic, determined by two point 
slopes and one additional point, 
204, 230 

formulas for coefficients, 226 
general equation, 223 
Conic sections, 199 
Control point, 209, 234 
Cross multiplication, 91 
Curvature, 237 
Curve plotting, 35 
Cylinders and planes, 171 

D 

Descriptive geometry textbook prob- 
lems, 174 
Dihedral, 46 

Directed line segments, 68 
Directed lines, 76 
Direction cosines, 63 
Direction ratios, 57 
and direction cosines of axes with 
respect to themselves, 80 
and direction cosines of wing 
chord plane axes with respect 
to rigged axes, S3 
and direction cosines of wing 
reference plane axes with 
respect to rigged axes, 81 
of a line, from its equations, 140 
Distance, between parallel planes, 

no 

point to line, 33, 131 
point to plane, 106 
between two lines, 135 

E 

Engine mount, 61, 166 
Equation of a line, point-slop^ 
form, 27 

slope-intercept form, 32 
two-point form, 30 
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TRIGONOMETR Y 


Equation of a plane, determined 
by a point and the direction 
ratios of a normal to the plane, 
103 

determined by three points, 106 
geiieral form, 101 
intercept form. 111 
normal form, 97 

parallel to a reference plane, 103 
perpendicular to a reference plane, 
101 

reduction to normal form, 100 
Equations, per cent lines, 181 
Equations of basic lines in the wing, 
181 

Equations of a line, determined by 
one point and the direction 
ratios of the line, 127 
determined by two points in 
space, 129 
in space, 122 
special cases, 129 


Flange angles, 188 
Formulas, summary of, 241 
Fuselage axes, 54 

H 

Hexagon, 200 

Horizontal stabilizer and elevator 
axes, 52 

Hyperbola, construction for, 217 
I 

Identities, trigonometric, 2 
Incidence,. 46 
Inclination of a line, 24 
Interpolation, 4 
inverse, 5 

Intersection, lino and plane, 138, 194 
L 

Landing gear, 72, 176 
Leading edge of rudder, equation 
of, 28 


Length of a line segment, 22, 60 
Line, inclination of, 24 - 

of intersection of two planes, 115 
point-slope equation, 27 
slope of, 25 

two-point equation, 30 
Lines’, parallel to the axes, 32 
test for parallel, 27 
test for perpendicular, 27 
Loft layout, 180 
Lofted line, 57n. 

Lofting by conies, 220 

m‘ 

Master wing diagram, 180 
Matching conics, 237 
Milling setup, 17 
Mold line, 57n. 

N 

Nacelle axes, 48 
Normal to a given plane, 89 
Normal ribs, calculation of, 184 
Nose rib, 104 

O 

Oblique triangles, solution of, 13—14 
Ordinate, 21 


Parabola, constructed by tangents, 
215, 218 
equation of, 235 
Pascal’s theorem, 200 
Plane of symmetry, 40 
Planes, parallel, 109 
perpendicular, 109 
special, 178 

Projection theorems, 67 
K 

Rectaiigvdar coordinates, in a plane, 
20 

Rigged axes, chord plane wing, 39 
wing reference plane wing, 42 
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Rigged view, chord plane* wing, 46 
Right triangles, solution of, 2, 6 
Rho (p) value, 234 
Rotation of axes, combined, 167 
flap, 192 

general remarks, 169 
horizontal stabilizer and elevator, 
157 

nacelle, 155, 196 
special cases, 163 
successive, 1-67 

vertical stabilizer and rudder, 153 
wing chord plane system, 159 
wing reference plane system, 150 


Slope of a line, 25 
Spar trace, length of, 7, 22-23 
slope of, 26 
Special planes, 178 
Special wings, 48 

Squares of direction cosines, sum of, 
65 

Subassemblies, major, 43 
Subscripts, to denote rotation, 45 
System of axes, in a plane, 20 


Tangent to a conic, 206—208 
Thrust, center line, 48 
Tip chord, length of, 19 
Torque, propeller, 51 
Trailing edge of rudder, equation of, 
28-29 

Translation of axes, in a plane, 144 
in space, 147 

Translation and rotation of axes, 
161, 163 

Triangles, chart for solution of, 15 
Trigonometric functions, definitions 
of, 1 

graphs of, 11 

Trigonometric identities, fundamen- 
tal, 2 


Unit sides of a triangle, 1 
V 

Vertical ribs, calculation of, 184 
Vertical stabilizer and rudder axes, 50 

W 

Water line, 55 



